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@ We consider a one particle Hilbert space H.

@ Creation and annihlation operators a*(f), a(f) on the
Fermionic Fock space I'_(H).

@ (*-algebra CAR (H)=C"-algebra generated by {a*(f), a(f)}.

@ Dynamics is given by group of *-automorphismes:
Tt(a(f)) - Oitc/r(H)a(f)(;itdr(H) . a((}itHf)

H is the one particule Hamiltonian.

@ The group of jauge play an important role
z)f(a(f)) . (V\isdr(Q)a(f)ofisdr(Q) o a(oisQf)

Q is the charge.
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CAR Algebra and free dynamics

@ We consider a one particle Hilbert space H.

@ Creation and annihlation operators a*(f), a(f) on the
Fermionic Fock space I'_(H).

@ (C*-algebra CAR (H)=C*-algebra generated by {a*(f), a(f)}.
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CAR Algebra and free dynamics

@ We consider a one particle Hilbert space H.

@ Creation and annihlation operators a*(f), a(f) on the
Fermionic Fock space I'_(H).

@ (C*-algebra CAR (H)=C*-algebra generated by {a*(f), a(f)}.
@ Dynamics is given by group of *-automorphismes:

Tt(a(f)) — eit“dF(H)a(f)efitdF(H) — a(eitHf)

H is the one particule Hamiltonian.
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CAR Algebra and free dynamics

@ We consider a one particle Hilbert space H.

@ Creation and annihlation operators a*(f), a(f) on the
Fermionic Fock space I'_(H).

@ (C*-algebra CAR (H)=C*-algebra generated by {a*(f), a(f)}.
@ Dynamics is given by group of *-automorphismes:

Tt(a(f)) — eit“dF(H)a(f)efitdF(H) — a(eitHf)

H is the one particule Hamiltonian.

@ The group of jauge play an important role
ﬁt(a(f)) — eisdr(Q)a(f)efisdr(Q) — a(eisQf)

Q is the charge.
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@ A state w on a C*-algebra is a normalized positive linear
functional.

@ w on CAR(H) is completly characterized by

Fmn(gt,s---, gm> ..., fn) =w(a*(gm)...a"(g1)a(f)...a(f)).

Such a state ¥J-invariant is called gauge invariant quasi free
state if there exists a self adjoint operator T on H such that
0<T</and

w(a*(gm)...a"(g1)a(fr)...a(fn)) = On,mdet{(f;, Tgk)}jk=1,...n;
@ If c is a trace class operator on H then dl'(c) € CAR(H) and

w(dl(c)) = Tr(Tc).
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Gauge invariant states

@ A state w on a C*-algebra is a normalized positive linear
functional.

@ w on CAR(H) is completly characterized by

Fon(gt, .. 8m,f,....MH) =w(@ (gm)...a"(g1)a(f)...a(f)).

Such a state ¥-invariant is called gauge invariant quasi free
state if there exists a self adjoint operator T on H such that
0<T</and

w(a*(gm)...a"(g1)a(fr)...a(fn)) = On,mdet{(f;, Tgk)}j k=1, n
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Gauge invariant states

@ A state w on a C*-algebra is a normalized positive linear
functional.

@ w on CAR(H) is completly characterized by

Fon(gt, .. 8m,f,....MH) =w(@ (gm)...a"(g1)a(f)...a(f)).

Such a state ¥-invariant is called gauge invariant quasi free
state if there exists a self adjoint operator T on H such that
0<T</and

w(a*(gm).--a" (g1)a(h)...a(f)) = 0n,m det{(fj, Tgk)}jk=1....n,
@ If c is a trace class operator on H then dl'(c) € CAR(H) and

w(dl(c)) = Tr(Tc).
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o wis a (7,)-KMS if w(ATHP(B)) = w(rt(B)A), such a state
characterizes a thermal equilibrium of the system at inverse
temperature 3.
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KMS states

o wisa (7, 3)-KMS if w(ArtH8(B)) = w(7t(B)A), such a state
characterizes a thermal equilibrium of the system at inverse
temperature (3.

wis (tf o9~ H B) — KMS state on CAR(H) for p € R

0

: . : . 1
w is a quasi free state with density T =

1+ eﬂ(h_l")

[ is the inverse temperature and p the chemical potential.
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Open Systems of fermions

@ Let a free Fermi gas (ideal) confined in a connexe geometric
structure Mt for example a domain M C R such that M is
the disjoint union of a compact part & and M infinite ends
Ri1,... Ry with a tubular or cylindric structure.

L0
e

R,

O

Figure: Geometrical Structure of Fermi gas.

R. Ben Saad Transport in Open Systems of Fermions



@ Let T the generator of a jauge invariant quasi free state
wr € CAR(H).
o Forall f1,..., g1, ... € H we have

wr ot (a*(gm)---a"(g1)a(fr) - a(fn))

= wr,(a"(gm) ---a"(g1)a(f1) - - - a(fn)),
where T, = e itH T¢ltH

@ We conclude that w o 7! is the jauge invariant quasi free state

on CAR(h) generated by Ts.



@ Let T the generator of a jauge invariant quasi free state
wr € CAR(H).
o Forall f1,...,41,... € H we have

wro7'(a"(gm) -+ a"(g1)a(h) - -~ a(fa))
=wr,(a"(gm) -~ a"(g1)a(h) - - a(fn)),

where T; = e itH TeitH,
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Quasi free NESS

@ Let T the generator of a jauge invariant quasi free state
wr € CAR(H).
o Forall f1,...,&1,... € H we have

wr o' (a"(gm) - a"(g1)a(h) - a(fa))
= wr,(a"(gm) -~ a"(g1)a(f1) - - - a(fn)),

where T, = e itH TeitH |

@ We conclude that w o 7t is the jauge invariant quasi free state
on CAR(h) generated by Ts.
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Mourre estimate

Definition

Let H and A self adjoint operators on the Hilbert space H.

(i) H satisfies a Mourre estimate in E € R with the conjuguate
operator A if it exists § > 0, g € C§°(R) and a compact
operator K such that 0 < g <1, g(E) =1 and

g(H)ilH, Alg(H) > 6g(H)* + K. (1)

(ii) Let an open O C R. We say H satisfies a Mourre estimate on
O with the conjugate operator A if, for all E € O, H satisfies
a Mourre estimate with the conjugate operator A in E.

(i) If we can take K =0 in (1), we say H satisfies a strict
Mourre estimate in E (resp on O) with A.

R. Ben Saad Transport in Open Systems of Fermions
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Definition

If H is selfadjoint on the Hilbert space H, N = (I + |H

Dom (A®) with the norm

lullms = 1A% ull.

Definition

Let A a selfadjoint operator on H. For all integers n > 0 we define

Ba(HE, H) = {B € B(Hiy, 1) |adk(B) € B(HE, M), k=0,1,....n}.

fors > 0 and

ady(B) =B,  adk(B) =i[A,ads"}(B)], (k=1,2,..

R. Ben Saad Transport in Open Systems of Fermions

), and
s € R we denote 'H}, the Banach space obtained by completion of

).
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The first consequences of the Mourre estimate concern the singular
spectrum of H(Commun .Math. Phys. 78, 391 (1981)).

Definition
A selfadjoint operator H is C" (A) class if, for all u € H and for all

loc
f € Cg°(R) the function
R 3 0 — 74(f(H))u = e?Af(H)e %Au = f(73(H))u is C" class.

Theorem

We assume that the selfadjoint operator H on ‘H satisfies a Mourre
estimate on the open O C R with the conjugate operator A.

(i) IfH e G} (A) and | C O is compact then spec,,,(H) N1 is
finite. This ensemble is empty if the Mourre estimate is strict

inl.
(i) IfH € C2.(A), specg(H) N O est empty.

ocC

R. Ben Saad Transport in Open Systems of Fermions
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Our main tool ta control dynamics is the propagation estimate
(Sigal-Soffer,Preprint, Princeton University,
(1988),Hunziker-Sial-Soffer Commun. Partial Differential
Equations 24, 2279 (1999).)

Proposition

Let A and H selfadjoint operators on 'H such that:
(i) He G2_(A) for an integer n > 2.

(i) H satisfies a Mourre estimate strict with the conjugate
operator A on the open O C R.

Then, for s < n—1 and g € C3°(0), there exist constants ¥ > 0
and c such that

IF(£A < a— b+ 9t)eFtHg(HYF(£A > a)|| < c (b+0t) ", (2)

forallaeR, b>0ett>0.

R. Ben Saad Transport in Open Systems of Fermions
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We consider a system of quasi free fermions propagating in the
structure 9 of 3. The fermions visiting the compact part & C M
consist in the small system S. The reservoirs R1,..., Ry are
composed of the fermions contenained in the infinite ends

O
G

R,
Ri,..., Ry O

Figure: Geometrical structure of the Fermi gas.
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Construction of NESS

The system of fermions is described by the C*-algebra
O = CAR(H) with the Bogoliubov *-automorphisms group

Tt(a(f)) = a(e'tf'f).
S

e

Figure: Immersion de la branche étendue R; dans le super-réservoir E)N‘il.
The parameter r describes the deep of immersion. My f = (X«f) o ik.

R. Ben Saad Transport in Open Systems of Fermions
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(H1) Imbedding.

For k € {1,..., M} there exists an Hilbert space H, and an
identification operateur M, C B(ﬁk,H) we dénote by M, = Jix«
the polar decomposition, Xx = |Mx| = (M} My)/?,
Xk = (MKM)Y2, 1) = JfJi et 1 = S Jf. We assume:

(i) [IMk]l = 1.

(i) Jidy =0 for k # 1.

R. Ben Saad Transport in Open Systems of Fermions
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(H2) Coupling.

For k € {1,..., M} it exists a selfadjoint hamiltonian Hj on H,
such that

(i) M¢Dom (Hy) € Dom (H) and M;Dom (H) € Dom (Hy).
(ii) H coincides with Hy on M Dom (Hy):

HMyu = JyHeXu,

for all u € Dom (Hy).
(ii)) (I — 1)) HeXxu = 0 for all u € Dom (Hy).
(iv) The operator By = [Itlk,ik] is Ijlk—compact.
(v) The operator B;J; is H-compact.
)

(vi) 1o is H-compact.

R. Ben Saad Transport in Open Systems of Fermions
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(H3)Mourre.

For k € {1, ..., M}, there exists a selfadjoint operator Z\k on 7—~£k
and a denomlzrable closed subset ¥, C R such that , for all

E e R\ Xk, Hk satisfies a stict Mourre estimate with the
conjugate operator A,. Moreover:

(i) XxDom (Ay) C Dom (A).

(ii) e®Dom (Hy) € Dom (Hy) for 6 € R.

(i) Hy € B3 (HL,Hy) for an integer n > 2.
k

ﬁ}( denotes the Sobolev scale associated to Hy.

R. Ben Saad Transport in Open Systems of Fermions
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Theorem
Under assumptlons (H1), (H2) and (H3) , the operator A defined
by A= Zk 1 JkAKJ, is selfadjoint and satisfies
(i) €®*Dom (H) C Dom (H) for all § € R.
(i) H e By (Hy, H) for k € {1,..., M}.
(i) H e G2 (A).
(iv) There exists a closed and denombrable set ¥; C R such that

H satisfies a strict Mourre estimate on R \ ¥y with the
conjugate operator A.

Remarque The system § is localised in Ran 1g, it is also localised
in Ran F(A=0). For a > 0, Ran F(+Ax > a) C Ran 1y, it results
that F(£Ax > a) localise in the interior of reservoir Ry.

R. Ben Saad Transport in Open Systems of Fermions
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Theory of multi-canal scattering

Definition
We call Mgller partiels operators the strong limits

Qj{t = St::ll:icgl O ) o Pac(Hk),
if it exists. Qi is a partial isorftry from initial space H m(ﬁ;)
and we have f(H)QF = QiEf(Hy).
Qf are complete if ©,Ran Qj{t = HE?,(H)‘ We call asymptotic
projections on Hy (respectivement Hy) the operators

Py =s — lime "1, Pyc(Hi)e 1,
t—=+oo

P =s — lime' ™1, Py (Hi)e 1tk
t—+oo

R. Ben Saad Transport in Open Systems of Fermions
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Proposition

Under (H1), (H2), et (H3) the partiels Mgller operators Qf exist,
and satisfy

M
QEQF = 0P, D QEQ = Pac(H).
k=1

In particular, the Mgller operators Q* = @yzlﬂf : EB,’Y’:l?jlk —H
are complete: Ran Q™ = Ran Q1 = H,.(H).

The scattering matrix S : @"H@ — @kHﬁk given by

L — QT
Sik = Qj P
is unitary and
Qi =s — lim et Jre it
t—=+o0

R. Ben Saad Transport in Open Systems of Fermions
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Definition
wt is the NESS associated to the initial state w if
T

1
TlToo7 A woTH(A)dt = wT(A)

VA€ O.

Theorem

Under (H1) and (H2). For all k € {1,..., M} let T\ = fi(H) the
Jjauge invariant quasi free generator and T-invariant on O.

M
T=> 1Tl
k=1

generates jauge invariant quasi free state on O. If (H3) is true, the
NESS w}t associated to wT exists.

R. Ben Saad Transport in Open Systems of Fermions
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Theorem ((suite))
(i) The restriction w¥|c AR(Ha.) IS the invariant gauge quasi free

state generated by T+ = Z,’Y’Zl P, T«P, .
(ii) For all gauge invariant state and wt-normal n on O and for
A € CAR(Hac(H)),

lim 7o 7Y (A) = wr+(A).

t—o00

(iii) For all trace class operator ¢ on 'H,

wHAr(e) =Te(Tre)+ Y. Te(P.TP.c), (3)
e€specy,, (H)

where P. denote the orthogonal projection on the
eigenvectors space of H for the eigenvalue ¢.

R. Ben Saad Transport in Open Systems of Fermions
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Landauer-Buttiker formula

H4

'(I'her)e exists an integer m > 2 such that, for k € {1,..., M},
(i) (Ax+1)""g(Hx) is trace class for all g € C&°(R \ ).
(i) Hy € Bg’k“(ﬁl,ﬁk).

(iii) log(H) is trace class for all g € C5°(R).

(H5)

There exists an integer v such that, for k € {1,..., M},

() adl, (%) € B(HY/? ) for j=1,...,4v.
k
(i) (1 = Ti)adk (k) =0 for j=1,...,2v.
k

R. Ben Saad Transport in Open Systems of Fermions
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Charges

Definition
A charge of one particule system is an observable, described by a
selfadjoint operator @ on H, such that
(i) et Qe " = Q for all t € R.
(ii) Foreach k € {1,..., M} there exists a selfadjoint operator
Q on Hy such that eitH Que™ ith = Qy forall t € R.
(iii) For all diffusion state u € Hac(H) we have

M
t_ligoo Z(Mze_lmu, QuM;e ™) = (u, Qu).

k=1

R. Ben Saad Transport in Open Systems of Fermions
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Courants

Soit @ une charge du systéeme a une particule. La charge totale
située a l'intérieur du réservoir R est décrite par I'observable
dlr(1,Q1k). L'observable de courant correspondante est

%Tt(dr(lelk)) =dl(i[H, 1, Q14]).
t t=0

Notre but dans ce paragraphe est de donner un sens au courant
stationnaire

wr(dr(i[H, 1 Q14])), (4)

valeur moyenne de |'observable de courant dans le NESS que nous
avons construit dans le paragraphe précédent.

R. Ben Saad Transport in Open Systems of Fermions
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Courants régularisés

Definition

Une charge Q est tempérée si Dom (|H|*) C Dom (Q) pour un
a > 0.

Si Q est une charge tempérée alors Q. = Q(1 + eHz)_O‘/2 est une
charge bornée. Régularisons le commutateur en le localisant a
I'aide d'une fonction g € Cg°(R \ ). On remarque que si

f € C°(R) est telle que g(x)f(x) = xg(x) pour tout x € R, alors
I'expression

¢Qe,g,k = g(H)[Hv 1erlk]g(H) = g(H)[f(H)a 1erlk]g(H)7

est a trace.

R. Ben Saad Transport in Open Systems of Fermions
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Représentations spectrales des hamiltoniens /tlk

Pour k € {1,..., M} il existe une famille (hx(£))zcr d'espaces de
Hilbert et un opérateur unitaire

_ ®
Us : Hk,ac - / bk(g) de, (5)

tel que (UxHyu)(e) = e(Ugu)(e) pour tout u € ﬁk,ac. La
représentation (5) fait correspondre a tout opérateur

B € B(Hk, H;), tel que f(H;)B = Bf(Hj) pour toute fonction
bornée f, une famille mesurable b(c) € B(hk(e), hj(e)) telle que
(U;Bu)(e) = b(e)(Uku)(e) pour tout u € Hy ae. On a en
particulier les correspondances

Qk — Qk(5)7
P;E - pf(e)v

Skj — Skj(é).

R. Ben Saad Transport in Open Systems of Fermions
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Formule de Landauer-Buttiker

Theorem

Supposons que les hypothéses (H1)-(H5) soient satisfaites. Soit
wJTr le NESS et Q une charge tempérée tels que

Ran 7‘1 C Dom ,Z,Jy+a+17 Dom H* € Dom Q.

Alors, pour toute suite g, € Cg°(R\ X ) telle que 0 < g, <1 et
lim, gn(x) = 1 presque partout la limite

WHAr(9g.)) = lim lim wH(dT(®q, g,.))

wr(dM(®g.))

M
= Z/Trbj(€) {6(5) (sﬁ((s)qk(€)5kj(€) — 5ijf(5)qj(5)Pf(5)>
j=1

R. Ben Saad Transport in Open Systems of Fermions




Mathematical framework Th. Mourre NESS Landauer-Biittike Idées de la preuve

Equivalences des courants

Soit h € C*>°(R) une fonction réelle telle que 0 < h <1 et

0 si x<-—1;
h(X){l sio x> 1.

Pour a > 1 on, pose h$)(x) = h(+x — a) et h(®) = ) + hgf) et
g@ =1—h@ ¢ C(R) avec suppg® C [-a—1,a+1]

Theorem

Si les hypotheses (H4) et (H5) sont satisfaites et a > 1 I'opérateur

w8 = g(H)lF(H), D (A) QD (AL)]g(H). (6)

est a trace. De plus, si T est le générateur d'un état quasi-libre
invariant de jauge et T-invariant sur O

Tr(T\IIE;‘;)& )= T&“(Td)&,l’)g’ ).

R. Ben Saad Transport in Open Systems of Fermions




Mathematical framework Th. Mourre NESS Landauer-Biittike Idées de la preuve

Calcul du courant

L'idée est de développer |'opérateur de courant
SR DI A (7)
o,0’e{£}
WEr) = g(H)ilf(H), KO (A) QB (AIg(H),  (8)

et d'exploiter une propriété du commutateur [H, he? ( x)]- En
développant ce commutateur

[H, b (A] ~ b (AQ[H, A,

on remarque qu'il est bien localisé, dans un voisinage spectral de
Ai = oa. L'estimation de Mourre nous renseigne sur la facon dont
se propagent les états localisés au voisinage de Ay = o3,

e (AL) ~ K (A + 0t)e ™.

R. Ben Saad Transport in Open Systems of Fermions



Mathematical framework Th. Mourre NESS Landauer-Biittike Idées de la preuve

Le systeme S étant confiné au sous-espace A, = 0 par I'hypothese
(H5), on en déduit que ces états ne subissent pas de diffusion
lorsque t — ooo. L'opérateur de Mgller Q7* donc agit trivialement
sur de tels états. alors que Q77* = Q77*Q7Q%* agit comme la
matrice de diffusion Q77*Q° ou son adjointe.

R. Ben Saad Transport in Open Systems of Fermions



Mathematical framework Th. Mourre NESS Landauer-Biittike Idées de la preuve

Le résultat de cette premiere réduction du probleme est le suivant.
Theorem

On suppose les hypotheses (H3), (H4), (H5) et (H4) satisfaites.
Soit T; = f;(H;) le générateur d'un état quasi-libre invariant de

Jauge et 7j-invariant sur O; tel que Ran 7'1-1/2 C Dom Flj Pour
tout g € Cg°(R\ Xpy) on a

. — — 1 * 101 7+7+
Jim [P TR0, 0 = 1 (5 {39610
v (BrVSe By + i 80Py + Prugyisu) 1] =0

©

oi WG = g(HIF (F), 6" (A )M QMich) (Al (Hie).

R. Ben Saad Transport in Open Systems of Fermions




Mathematical framework Th. Mourre NESS Landauer-Biittike Idées de la preuve

Le principal outil technique nécessaire a la démonstration de ce
résultat est le lemme de localisation suivant du a Avron-Graf et
al(Commun. Pure and Applied Math. 57, 528 (2004).)

Lemma

Si les hypothéses (H3), (H4), (H5) et (H4) sont satisfaites alors,
pour tout f € Cg°(R) et g € Cg°(R\ XH):

(i) supas: [[F(H), h (A)a(H)llx < oo.
(ii) Il existe des constantes s > 1 et C telles que, pour tous
a,a>1,

IF(£A < a— Q)[f(H), ' (Alg(H)ll < Cla)~>.

Remarque. |l découle de (i) que les composantes \U(SZZ) du

courant sont des opérateurs a trace.
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Opérateurs a trace

Theorem

Si C est un opérateur 3 trace sur §) = f@ bhe de alors:

(i) Il existe un ensemble mesurable Ay C R tel que R\ Aq soit
négligeable au sens de Lebesgue et, pour tout
(¢',e) € Ay x Ao, un opérateur 3 trace c(g’,e) : h. — b tel
que (€',e) — (u(e’), c(¢',e)v(e))p,, soit mesurable pour tout
u,vesn.

(ii) Pour tout u,v € 9, (u, Cv) = [(u(e), c(¢’,€)v(e))s,, dede’.

(iii) [llc(e,€)llade <|ICllx-

(iv) [ Try.(c(e, £)) de = To(C).
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La diagonale

La diagonale ¢(g,¢) du noyau intégral d'un opérateur a trace C sur
une intégrale directe de Lebesgue f® bhe de est définie presque
partout. Pour calculer cette diagonale, le résultat suivant est
souvent utile.

Lemma

Soit E I'opérateur autoadjoint sur ) = f@ he de défini par
(Eu)(e) = eu(e). Si C € LY($) et c(¢',e) dénote son noyau
intégral alors il existe un sous-espace dense M C 'H tel que

1 & - ;
/(U(E); c(e,e)v(e)) de = Ii?a > e Mt (et u, CelEv) dt,
10 27 J_oo

pour tout u,v € M.
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Représentation spectrale du courant

Theorem

Supposons que les hypothéses (H3), (H4) et (H5) soient
satisfaites. Si g € C3°(R\ Xy) et si l'opérateur

VETT) _ g(FIF(F), h (A )M QM (Ai)lg (Fie).

est a trace alors:
(i) \U : (“7) se réduit & sa partie dans Hy .c, c'est 3 dire que
\U(acrcr) P F/ w(aUU)P Fl
Qek = PaclH)VQ gk " Pac(Hi)-

(i) Pour tout e € A,
¢S,§Z (e,€) = %g(g)z p7(e)ak(e)pf ()dsor - (10)
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