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Motivation

Twin Sil icon Nanowire FET ( TSNWFET )

Our model: Sun Dae Suk, et al . , IEDM Tech. Dig. p. 735, (2005)

K. H. Cho, et al . , Appl . Phys. Lett . 92 , 052102 (2008)
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Motivation

Resonant tunneling in nanocolumns

Our model:

J . Wensorra, M. Lepsa et al . , Nano Letters 5 , 2470, (2005)
,
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Schrödinger equation

Cylindric al coordinates (r θ z)

• one band envelope func tion in the effec t ive mass aproximation[
− h̄2

2µ

(
1
r

∂

∂ r

(
r

∂

∂ r

)
+

1
r2

∂ 2

∂θ 2 +
∂ 2

∂ z2

)
+V (r,z)

]
Ψ(r,θ ,z) = EΨ(r,θ ,z)

Ψ(r,θ ,z) =
eimθ

√
2π

ψ(r,z), m = 0,±1,±2, ...

⇒ 2D problem solved within scatter ing theor y[
− h̄2

2µ

(
∂ 2

∂ r2 +
1
r

∂

∂ r
− m2

r2 +
∂ 2

∂ z2

)
+V (r,z)

]
ψ(r,z) = Eψ(r,z),

r ∈ [0,R],z ∈ (−∞,∞).
,
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Schrödinger equation

2D sc attering theor y in c ylindric al coordinates for two leads

. definit ion of scatter ing region: constant potential outside it

V (r,z) =


V1, r ∈ [0,R],z <−dz

V (r,z) r ∈ [0,R],−dz ≤ z≤ dz

V2, r ∈ [0,R],z > dz

,

. boundar y condit ions for no gate leakage current

ψ(R,z) = 0, z ∈ (−∞,∞)

. scatter ing boundar y condit ions on transpor t direc t ion z

,
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Schrödinger equation

Asymptotic regions: definition of channels

• outside the scatter ing region: separat ion of var iables

ψ(r,z) = φ(r)ϕ(z), E = E⊥+ ε

¨ radial equation: transversal modes

− h̄2

2µ

(
d2

dr2 +
1
r

d
dr
− m2

r2

)
φ(r) = E⊥φ(r), r ∈ [0,R].

φ(R) = 0⇒φ
(m)
n (r) =

√
2

RJ|m|+1(xmn)
Jm(xmnr/R),

E(m)
⊥n =

h̄2

2µ

(xmn

R

)2
,n = 1,2, ...

where xmn i s the nth root of B essel func t ion Jm(x)

⇒{φ
(m)
n (r)} or thonormal system of func t ions

,
Q uantum transpor t in c ylindric al nanowire heterostruc tures 4-7.12.08 8 (40)



Schrödinger equation

Asymptotic regions: definition of channels

¨ transpor t direc t ion: plane waves[
− h̄2

2µ

d2

dz2 +Vs

]
ϕ(z) = εϕ(z), |z|> dz, s = 1,2

ϕ(ε,z) =

{
Aeik1z +Be−ik1z, z <−dz

Ceik2z +De−ik2z, z > dz,
,

ε has continuous spec trum, ks(ε) =
√

(2µ/h̄2)(ε−Vs)

A,B,C,D at most t wo of them are l inearly independent

⇒ general solut ion: combination of channels φ
(m)
n (r)ϕ(ε,z).

,
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Schrödinger equation

Sc attering states

• incident from source s = 1 ( left)

ψ
(1)
nm(E,r,z)=

1√
2π



eik1nm(z+dz)φ
(m)
n (r)+

∞

∑
n′=1

(
Ŝ(m)

)T

1n,1n′
(E)e−ik1n′m(z+dz)φ

(m)
n′ (r),

z≤−dz

∞

∑
n′=1

(
Ŝ(m)

)T

1n,2n′
(E)eik2n′m(z−dz)φ

(m)
n′ (r), z≥ dz

. ksnm(E) =
√

(2µ/h̄2)(E−E(m)
⊥n −Vs), s = 1,2, n ∈ N+ , m ∈ Z

E−E(m)
⊥n −Vs > 0⇒(snm) = open channel ⇒ Nsm(E) nr. open channels

E−E(m)
⊥n −Vs < 0⇒(snm) = closed channel
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Schrödinger equation

Sc attering states

• incident from drain s = 2 (r ight)

ψ
(2)
nm(E,r,z)=

1√
2π



∞

∑
n′=1

(
Ŝ(m)

)T

2n,1n′
(E)e−ik1n′m(z+dz)φ

(m)
n′ (r), z≤−dz

e−ik2nm(z−dz)φ
(m)
n (r)+

∞

∑
n′=1

(
Ŝ(m)

)T

2n,2n′
(E)eik2n′m(z−dz)φ

(m)
n′ (r),

z≥ dz

. wave scatter ing matr ix or general ized scatter ing matr ix

Ŝ(m)(E) has N1m(E)+N2m(E) infinite columns

. consider Ŝ(E) infinite dimensional matr ix,
but (Θ̂)sn,s′n′ = θ(E−E(m)

⊥n −Vs)δss′δnn′ "cuts" the meaningless terms
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Schrödinger equation

Open and closed channels

µ = 0.19m0 , R = 5nm
,
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Tunneling coefficient

Reflec tion and transmission probabil it ies

• densit y current

~j(~r) =
h̄

2iµ

(
Ψ(~r)∇Ψ(~r)∗−Ψ(~r)∗∇Ψ(~r)

)
• reflec t ion probabi l i t y from (1n) into (1n′)

R(1)
nn′ =

k1n′

k1n
|ŜT

1n,1n′ |2

• transmission probabi l i t y from (1n) into (2n′)

T (1)
nn′ =

k2n′

k1n
|ŜT

1n,2n′ |2
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Tunneling coefficient

Current sc attering matrix

ˆ̃S(E)≡ K̂1/2(E)Θ̂(E)Ŝ(E)K̂−1/2(E)

with (K̂(E))sn,s′n′ = ksn(E)δss′δnn′ , s,s′ = 1,2, n,n′ ∈ N+

|S̃1n′,1n(E)|2 = R(1)
nn′(E) |S̃1n′,2n(E)|2 = T (2)

nn′ (E)

|S̃2n′,1n(E)|2 = T (1)
nn′ (E) |S̃2n′,2n(E)|2 = R(2)

nn′(E)

. ˆ̃S has (N1 +N2)× (N1 +N2) non-zero elements

. ˆ̃S ˆ̃S† = ˆ̃S† ˆ̃S = 1̂

. total tunnel ing coefficient

T (1)(E) = ∑
n,n′

T (1)
nn′ (E)
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R-matrix formalism

Wigner-Eisenbud problem

[
− h̄2

2µ

(
∂ 2

∂ r2 +
1
r

∂

∂ r
− m2

r2 +
∂ 2

∂ z2

)
+V (r,z)

]
χl(r,z) = El χl(r,z), l = 1,2, ...

defined on a closed domain

with mixed boundar y condit ions

∂ χ(r,z)
∂ z

∣∣∣∣
z=±dz

= 0 (v. Neumann at inter faces to leads)

χ(R,z) = 0 (Dir ichlet other wise)

⇒ {χl(r,z)}l≥1 or thonormal system of func t ions
,
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R-matrix formalism

Sc attering wave func tion inside the sc attering region

• expansion of scatter ing states in Wigner-Eisenbud func tions

ψ
(s)
n (E,r,z) =

∞

∑
l=1

a(s)
ln (E)χl(r,z), z ∈ [−dz,dz], r ∈ [0,R]

• define the R-func tion

R(E,r,z,r′,z′)≡ h̄2

2µ

∞

∑
l=1

χl(r,z)χl(r′,z′)
E−El

π

2dz

⇒

ψ
(s)
n (E,r,z) =

2dz

π

∫ R

0
dr′ r′

R(E,r′,−dz,r,z)
∂ψ

(s)
n (E,r′,z′)

∂ z′

∣∣∣∣∣
z′=−dz

− R(E,r′,dz,r,z)
∂ψ

(s)
n (E,r′,z′)

∂ z′

∣∣∣∣∣
z′=dz

 ,
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R-matrix formalism

Relation between R and S-matrix

• continuit y of the wave func tion

Ŝ(E) =
[
1̂−2

(
1̂+ iR̂(E)K̂(E)

)−1
]

Θ̂(E)

where define the R-matr ix: real and symmetric

R̂sn,s′n′(E) =
∫ R

0
dr r

∫ R

0
dr′ r′R(E;r,(−1)sdz,r′,(−1)s′dz) φn(r)φn′(r′)

. R̂ infinite dimensional matr ix
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R-matrix formalism

R-matrix representation of S̃ matrix

• current scatter ing matr ix

ˆ̃S(E) = Θ̂(E)
[

1̂−2
(

1̂+ iΩ̂(E)
)−1

]
Θ̂(E),

with the symmetric and complex matr ix

Ω̂(E) = K̂1/2(E)R̂(E)K̂1/2(E) =
∞

∑
l=1

~αl(E)~αT
l (E)

E−El

where

(~αl)sn(E) =
h̄√
2µ

k1/2
sn (E)

∫ R

0
dr r χl(r,(−1)sdz)φn(r), s = 1,2, n≥ 1.

. Ω̂ infinite dimensional matr ix
,
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R-matrix formalism

Resonances

Spl it Ω̂ matrix around a Wigner-Eisenbud energy Eλ

Ω̂ =
∞

∑
l=1

~αl~α
T
l

E−El
=

~αλ~αT
λ

E−Eλ

+ Ω̂λ

⇒ ˆ̃S = ˆ̃Sλ +2i
Θ̂~βλ

~β T
λ

Θ̂

E−Eλ − Ēλ (E)

Poles of the S̃ matrix

E−Eλ − Ēλ (E) = 0 ⇒ Ē0λ = E0λ − i Γλ /2

where

~βλ = (1+ iΩ̂λ )−1~αλ , Ēλ (E) =−i~β T
λ
·~αλ , ˆ̃Sλ = Θ̂

[
1̂−2(1+ iΩ̂λ )−1]

Θ̂.
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Model systems Q uantum dot

Q uantum dot with same radius

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
E [eV]

0

1

2

3

T
(1

)
W

b
=0.0eV; m=0

W
b
=0.0eV; m=1

W
b
=-0.05eV; m=0

W
b
=-0.05eV; m=1

W
b
=-0.5eV; m=0

W
b
=-0.5eV; m=1

. separable potential : V (r,z) = V (z) ⇒ no channel mixing

. increasing well depth ⇒ deviat ions from steps at E(m)
⊥,n
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Model systems Q uantum dot

Q uantum dot surrounded by host material

. nonseparable potential : V (r,z) 6= V (z) ⇒ channel mixing

. dips due to quasi-bound states of evanescent channels

,
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Model systems Q uantum dot

Channel mixing

. interchannel potential

Vnn′(z) :=
∫ R

0
φn(r)V (r,z)φn′(r) rdr.

. attrac t ive potential ⇒ Vnn(z) < 0 ⇒ at least one bound state

. through channel mixing it becomes a quasi-bound state (resonance) whose
real par t gets embedded into continuum spec trum of the lower channel

_| 1
E _E | 2

| |

. P.F. Bagwell (1990) for δ potential
S.A. Gur vitz and Y.B. Levinson (1993) for ex tended potential
J .U. Nöckel and A.D.Stone (1994) Fano profile

V. Gudmundsson (2004) and (2005) for quantum wire tai lored in 2DEG
,
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Model systems Q uantum dot

Q uantum dot surrounded by host material: loc alization probabil ity density

E = 0.238eV , n = 1

E = 0.594eV , n = 2

. maximum around quantum well , decreases exponentialy to left and right

. number of nodes give information about the evanescent channel

. resonant back-reflec t ion
,
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Model systems Q uantum dot

Q uantum dot surrounded by host material: loc alization probabil ity density

E = 0.393eV , n = 1

E = 0.827eV , n = 2

. s imilar pic tures for m 6= 0, but ψ(r = 0,z) = 0
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Model systems Q uantum dot

Q uantum dot surrounded by host material: deeper well

E = 0.217eV , n = 1 E = 0.243eV , n = 1

E = 0.576eV , n = 2 E = 0.600eV , n = 2

. nodes in the z-direc t ion for higher-order quasi-bound states
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Model systems Core/shell quantum ring

Core/shell quantum ring

. same quantum well , but off-centered
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Model systems Core/shell quantum ring

Core/shell quantum ring: loc alization probabil ity density

E = 0.243eV , n = 1

E = 0.594eV , n = 2

. ex tension of the quasi-bound states over whole c yl inder radius
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Model systems Core/shell quantum ring

Core/shell quantum ring: deeper quantum well

Interband and intraband tunnel ing E = 0.599eV , n = 1

E = 0.599eV , n = 2

. nodes in the z-direc t ion for higher-order quasi-bound states

. inter ference patterns decided by interband and intraband tunnel ing
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Model systems Double-barrier heterostruc ture

Double-barrier heterostruc ture along the nanowire

. sharp peaks in transmission coefficient
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Model systems Double-barrier heterostruc ture

Double-barrier heterostruc ture along the nanowire

. V (r,z) = VDBRT (z)⇒ T (1)
nn (E) = TDBRT (ε +E(m)

⊥,n)
. poles of the ˆ̃S-matr ix denoted by symbols
. resonant poles wel l separated by others ,
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Model systems Double-barrier heterostruc ture

Double-barrier heterostruc ture along the nanowire: loc alization probabil ity density

(n, i ) i=1 i=2 i=3 i=4

n=1

n=2

n=3

. the peaks indexed by (n, i)
. n denotes the incident channel
. i denotes the resonance bet ween the barr iers

. s imilar pic tures for m 6= 0, but ψ(r = 0,z) = 0
,
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Conclusions

Conclusions

. solut ion of 3D Schrödinger equation for c yl indrical symmetric open systems

. R-matr ix formalism for c yl indrical coordinates

. efficient numerical method

. for attrac t ive nonseparable scatter ing potential ⇒ dips in tunnel ing
coefficient due to quasi-bound states of the evanescent channels

. for non-uniform potential along the nanowire ⇒ peaks in tunnel ing
coefficient due to quasi-bound-states bet ween barr iers

. quantitat ive descr ipt ion of peaks through the poles of the ˆ̃S-matr ix

P.N. R acec, E. R. R acec, H. Neidhardt, WIAS Preprint 1376 (2008)
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Appendix
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Appendix

General solution

ψ(E,r,z) =



∞

∑
n=1

(
an(E)eik1n(z+dz) +bn(E)e−ik1n(z+dz)

)
φn(r), z≤−dz

∞

∑
n′=1

(
cn(E)eik2n(z−dz) +dn(E)e−ik2n(z−dz)

)
φn(r), z≥ dz

ksn(E) =
√

(2µ/h̄2)(E−E⊥n−Vs), s = 1,2, n=1,2, . . .
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Appendix

General solution

• the outcoming- and ingoing coefficients are related throught
wave transmission matr ix Ŝ

b1(E)
b2(E)

...
c1(E)
c2(E)

...


= Ŝ(E)



a1(E)
a2(E)

...
d1(E)
d2(E)

...


(Ŝ(E))sn,s′n′ , s,s′ = 1,2, n,n′ = 1,2, ... ⇒ infinite dimensional matr ix
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Appendix

Double-barrier heterostruc ture along the nanowire

(n, i ) i=1 i=2 i=3 i=4

n=1

n=2

n=3

. s imilar pic tures for m 6= 0, but ψ(r = 0,z) = 0
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