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Preface

In 2017, I gave a series of 4 lectures on Pirogov-Sinai theory, following the
book by Sinai! which is based on the two ground-breaking articles by Pirogov
and Sinai?. At the time I was unhappy that there were certain details that I
did not fully understand. During the time in lockdown due to the COVID-19
epidemic in 2020, I therefore decided to write up more detailed notes of these
lectures. In doing so, I discovered that there were in fact more aspects of
the arguments which were rather sketchy. Elaborating these details further,
these notes will hopefully be useful for others who are trying to understand
this important development in the theory of phase transitions. It should
be noted that a slightly different approach to the theory was developed by

Zahradnik®. There are also extensions to certain quantum lattice models*

Ya. G. Sinai: Theory of Phase Transitions: Rigorous Results. Oxford etc.: Pergamon

Press, 1982
2S. A. Pirogov and Ya. G. Sinai: Phase Diagrams of Classical Lattice Systems I, II,

Teor. Mat. Fiz. 25 358-69 (1975) and Teor. Mat. Fiz. 26, 61-76 (1976). (In Russian)

3M. Zahradnik: An Alternative Version of Pirogov-Sinai Theory. Commun. Math.
Phys. 93, 559-81 (1984).

4See C. Borgs, R. Kotecky and D. Ueltschi: Low Temperature Phase Diagrams for
Quantum Perturbations of Classical Spin Systems. Commun. Math. Phys. 181 409-46
(1996) and N. Datta, R. Fernandez and J. Frohlich: Low-temperature phase diagrams of
quantum lattice systems. 1. Stability for quantum perturbations of classical systems with
finitely many ground states, J. Stat. Phys. 84, 455-534 (1996).
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1 The Peierls Argument

Pirogov-Sinai theory is a generalisation of the Peierls argument to classical
lattice spin models without symmetry. We therefore begin by reviewing the

Peierls argument for the Ising model.

The Ising model is a classical spin system with spins s, = 41 on Z? with
nearest-neighbour interaction given by a Hamiltonian
Ha(sp) = —J Z sxsy—hZSI, (1.1)
{z,y}CA: |z—y|=1 TEA
where A is a (large) finite subset of Z¢, and s, denotes the spin configuration

{sz}zen on A. h is an external magnetic field. The Gibbs measure ug at

inverse temperature 3 corresponding to this Hamiltonian is defined by

1
B _ —BHA(sA)
WE(A) = L 3 et (12)
ZnB) 22,
for any subset A C Q(A) = {—1,+1}", where
Za(B) = Y et (13)
SAEQ(A)

is a normalisation factor called the partition function.

Peierls® showed that in dimensions d > 2, this model has a phase tran-
sition for A = 0 at low temperatures. To be exact, he showed that there
is spontaneous magnetization for low temperatures, in the sense that if we

assume positive boundary conditions, changing the Hamiltonian to
Ha(sa|+)=—J Z SpSy — J Z Z Sz,
{z,y}CA: |[z—y|=1 x€0A yeA: |[z—y|=1

then the expected value of the spin sy (where 0 € A) w.r.t. the Gibbs measure
15" is bounded below by a positive constant mg(8) > 0 as A increases in all

directions.

R. Peierls: On the Ising model of ferromagnetism. Proc. Cambridge Phil. Soc. 32,
477-81 (1936). See also R. B. Griffiths: Peierls proof of spontaneous magnetization in a
two-dimensional Ising ferromagnet, Phys. Rev. A136, 437-9 (1964), and R. L. Dobrushin:
Existence of a phase transition in the two-dimensional and three-dimensional Ising models,
Sov. Phys. Doklady 10, 111-3 (1965).



In fact, it is known (by a simple compactness argument) that there exist
so-called limit-Gibbs measures p” on {—1, —l—l}Zd given by limits of Gibbs
measures ,uil where (A;)en is a sequence of subsets A; C Z? tending to Z¢
uniformly in all directions. One can then formulate Peierls’ result in the
following way. There exists 5y > 0 such that for 8 > [, there exist two

translationally-invariant limit-Gibbs states ,ui such that

ui(so) = +mg where mg > 0.

Peierls’ proof depends on a reformulation of the Ising model in terms of
contours.

w "

Figure 1 Ising model configuration:

Black squares represent minus spins, white ones plus spins.

A configuration of spins on the lattice can equivalently be described by a
collection of contours composed of lines or plaquettes between lattice points

separating opposite spins. A contour is defined as a maximal collection of con-



nected plaquettes which does not self-intersect. Given positive (or negative)

boundary conditions, these lines/plaquettes form closed curves/surfaces.

Figure 2 Contours for the above Ising configuration.

We denote the contours of a configuration s, on A by 9(sx). The energy
function is then given by
Hy=—dJIA+27 Y pl+h( Y ()= Y [t(y)]), (1.4)
Y€EI(sA) €0t (sA) YED™ (s4)
where || is the length/area of the contour v, 8*(ss) denotes the contours
with outer boundary equal to +1, and |Int(7)| is the total number of lattice

sites enclosed by the contour. (We use the fact that the total number of pairs
{z,y} with {z,y} N A # 0 equals 2|A|.)

Now suppose that h = 0. The corresponding Gibbs measure in A is then
given by

1
MX(SA):ZX(B)GXP BJ > SeSy ¢ (1.5)

{z.y}NAFD: ||z—y||=1



where s, = +1if x ¢ A.

We claim:

Lemma 1.1 (Peierls) Let vy be a given contour. Then

pa({sa s v €9(sa)}) < e 20, (1.6)

where |y| = () denotes the total length/area of the contour .

Proof. Set [0(sp)| = >_,cp 7| Then

Zs -'yea(s )6_26‘”6(81\)'
:UJX({SA Y€ a(SA)}) = AZ eﬁ%JI@(SA)\ . (17)
SA

Denote the set of configurations on A by Q(A) = {—1,+1}*, and let Q. (A) C
Q(A) be the subset of configurations s, such that v € 9(sx). Then there is a
bijective map 7, between €, (A) and its complement defined by flipping all
spins inside . Given sy € ., (A), obviously |0(sa)| = [0(m(sa))|+ |7/, since
in 7, (sa) the contour ~y is missing. We therefore have

—28J|9(sa)|

Zs Q~(A)e €
it ({sn s v € O(sy)}) = e 287 =AEn (D)

28}
S 28700 e (18)
SA

The existence of spontaneous magnetization now follows by counting con-

tours:

Theorem 1.1 (Peierls) There exists By > 0 independent of A such that for
all > By there is mo(3) > 0 such that

i (s € O(A) = 5= —1}) < 21— mo(5). (1.9)

Proof. If sy = —1 then the origin must be surrounded by at least one

contour v. By the lemma, we therefore have

isn: so=—1p) < 3 el
~:0€Int(7y)



Clearly, the smallest possible contour surrounding 0 has area 2d, so if C), is

the number of contours of area n then

0
ph({sa: so=—-1}) < Z C, e~ 28I,
n=2d
It is easy to estimate the number C,, of contours. There is a plaquette per-
pendicular to the first coordinate axis crossing that axis at minimal positive
distance 71 from the origin. Obviously, 2(d — 1)r; < n. Starting from that
plaquette, we can build up the contour by choosing a direction at every edge
of subsequent plaquettes. There are 3 possible directions in which to place

the next plaquette. Therefore C,, < ﬁiﬁ”. It follows that

[e.9]

pr({sa: so=—1}) < Z ﬁgn o~ 28Tn

n=2d

Clearly, the right-hand side converges for 5J > $1In(3) and tends to 0 for
£ — oo, uniformly in A. 1

At low temperatures the contours are likely to be small:

Corollary 1.1 There is 5y > 0 such that for B > By there is a constant
c(B) > 0 such that limg_, o c(B) =0 and

lim ut[3 : In |A[] = 0.
Jim gy [Fy € 9(sa) : Il > e(B) I |A]] =0

Proof. As in the above proof, we have

px [Fy € 0(sa) = Iyl > e(B8) In|A]]

n n_—2BJn
<>, g
n>c(B) In |A|

c(B) e(In3=257)c(8) In |A|
———|A|In(|A

<
= (1= 3c-207)2

it (28] — n3)c() > 1. I

Note that in Peierls’ proof the spin-flip invariance of the model is an

essential ingredient. Pirogov-Sinai theory is an extension of Peierls’ idea

b}



of writing the Hamiltonian in terms of contours to more general classical
spin systems. However, because in general the number of spin values is
greater than 2 and the spin-flip symmetry is absent, the phase transition(s)
in general do not occur at zero external field(s). The challenge is then to
determine the critical values of these fields. These can only be obtained in
the thermodynamic limit. We therefore consider first the thermodynamic

limit of classical spin models in general.



2 Classical Spin Systems

2.1 Invariant states

Pirogov-Sinai theory holds for periodic states, but for simplicity we only
consider translation-invariant Hamiltonians and states here. Some of the
proofs are omitted: see for example Israel or Hugenholtz®. Let the spins
take values in a finite set S = {1,...,q} and denote Q = SZ' The set
of translation-invariant probability measures on () is a compact convex set
(w.r.t. the topology of weak convergence). We denote it by P;. We can

characterize its extremal points as follows.

Theorem 2.1 An invariant probability measure p € Py is extremal invariant
if and only if the (orthogonal) projection P, on the set of invariant functions
f € L*Q,pn) is 1-dimensional, i.e.

P = ([ rau)s

Proof. Suppose that p is extremal invariant. Then any operator B €
B(L?*(p)) commuting with the multiplication operators M = {M;; f €
C(2)} and the translations must be a multiple of the identity. For, if B
is not a multiple of the identity, it has a non-trivial spectral projection P,
which also commutes with M and the translations. In that can we can define

translation-invariant probability measures p; and ps by

[IP1Efdp I = PP f dy
/fdl TP dy /f“ T = P)iPdy

so that 1 = cpy + (1 — ¢)pg with ¢ = [ |P1]2du = ||P1|]? < 1.

Now consider the space P,(L*(u)). This space is translation-invariant

because P, commutes with translations. There are therefore translation-

SR. B. Israel: Convexity in the Theory of Lattice Gases, Princeton University Press,
1979, and N. M. Hugenholtz: C*-algebras and Statistical Mechanics. In: Operator Algebras
and Applications (Proc. Symp. Pure Math. 38, Part 2. pp. 407-65. R. V. Kadison (ed).

Providence RI: American Mathematical Society).
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invariant functions f, € C(Q2) converging to ¢ € P,(L*(u)). Now M, com-
mutes with M and with translations, so must be a multiple of the iden-
tity. Hence f, = A, is a constant and it follows that ¢y = X is also a
constant. Consequently, P,f = A(f). Since (P, f|P,f) = (f| P.f), we have

A2 =AM [ fdp

Conversely, suppose that P, is one-dimensional: P,f = [ fdu and p =
A+ (1= XNpo for py,pue € Prand X € (0,1). Assuming that pu; # o
the measure v = pu; — po is neither positive nor negative. By the Hahn
decomposition there exist subset €2, Q_ C 2 such that v|q, is positive and
v|q_ is negative. Moreover, since v is translation-invariant, (). are also
translation-invariant. We can now write u = pu(Qy )y + p(Q_)u_ where
pr = lo.p/p(24). Now the functions lg, are translation-invariant and
P, =P, + P_, where P, = Mlﬂi are orthogonal projections, i.e. P, is not

1-dimensional. 1

There is another characterization of extremal invariant states as ergodic

states.

First we define an M-net as follows. It is a net (h,) of functions h, :
Z% — [0, +00) such that

Z ho(x) =1 and lim Z |ha(x +y) — ho(x)] =0

x€Z4 x€Z4

for all y € Z%. An example is h,(z) = 71k, (z,) Where
Ko(zg) ={r €2 —in<wj—z9; <in(i=1,...,d)}

is a cube centred at xg of side n. The mean ergodic theorem states:

Theorem 2.2 (mean ergodic theorem) If z +— U(x) is a unitary repre-

sentation of Z¢ on a Hilbert space § then
lim Z ho(x)U(x) = P,
“ x€Zd

where P is the projection onto the Z3-invariant vectors. Here the convergence

15 in the strong operator topology.



We have

Theorem 2.3 An invariant probability measure p € Py is extremal invariant

if and only if it is weakly clustering, i.e. for all f,g € C(Q) and all M-nets

(ha),
1101312 ha(fc)/(rxf)gduz /fdu /gdu,

xCZ4

where T, is the translation operator, (1,f)(y) = f(y — ).

Proof. Suppose first that p is weakly clustering. Then by the mean ergodic

theorem,
hmzh /Tmf gdu = /(Puf)gduz/fdu/gdu-
z€Z4

Since this holds for all f, g € C(Q), it follows that P,f = ([ f du)lq

Conversely, suppose that y is extremal invariant. Then P, f = [ f du and

we have

i Y k(o) [(mh)gdi = tim Y k(o) V(o))

reZd xeZd

_ <§|Puf>=<§|1>/fdﬂ

= /gdu/fdu-

A stronger version of this property is the following. An invariant measure

p € Py is called strongly clustering if for all f, g € C(Q),

lim (wa)gdﬂz/fdﬂ/gdw (2.1)

|z| =00

It is easy to see that this implies weak clustering. It is this property that we

shall use to prove the existence of pure phases.



EXAMPLE 1.1 Example of a mized state
Consider the following mixture of two measures: p = £(uy + p—) where py
are product measures given by iy (ds) = [],czq 1 (ds,) and g is a measure
on {—1,+1} given by

1—€e if s =41;
e (se =5) =L £1(1—2¢)s =
€ if s = F1.

where we assume ¢ < 1. The measures p+ are extremal invariant. Indeed,
we may assume that f(s) and g(s) only depend on finite sets of spins, i.e.
f(s) = f(sa) and g(s) = g(sa/) (so-called cylinder functions). This is because

the cylinder functions are dense in C(2) and

]/anvgdu\s|uuum«

But if f only depends on s, then for |z| large enough, 7, f depends on sy,
where (A +z) N A’ = (). Hence

/(T:cf)(SA)g(SA’)N+(d§)
= Zf(sAer)g(SAf) H TECH

seQ y€Zd4
= > fGar) [T #(s) D glsar) ] i (s)
SA+z yEAtT Sp/ yeN

= [ )it [ s)nsds)

and similarly for p_. Note that the measure - is concentrated on the subset
Q4 of Q given by the configurations s such that the (average) magnetization

equals

li;n Z ho(z)s, = £(1 — 2e¢).

These are disjoint translation-invariant sets, so P, is the projection onto the
two-dimensional subspace spanned by 1o, and 1lg_. The measure y is not
clustering. For example, for z # 0, E*(sgs.) = 5 [ sos. d(p4+p-) = (1—2¢)?
whereas EF(sg) = 0 = E#(s,).

10



2.2 Thermodynamic functions

The existence of thermodynamic functions for classical spin systems is quite

standard, so it suffices to be brief. We consider a Hamiltonian given by

Ha(P)(s2) = Y Px(sx), (2.2)

XCA

where ®x are a potential functions, ®x : Qx — R (where Qx = S¥) which

we assume to be translation-invariant and to satisfy

o
o= Y Il o

XcCzd:0eX |X|

(Here ||®x|| = max |®x(sx)|.) The Banach space of such potential is
sxellx

denoted B;. For & € By we have the useful bound
Lemma 2.1 ||HA(D)|| < |A|]|®]]1-

Later we need more restricted classes of potentials, for example Bey,, given
by
1@y = Y exp[|lX[] || @x]|

Xczd

and in particular the finite-range potentials B, defined by
|Ag| < 400, where Ag = U{X CZ:0€ X, dx #0}.

These are obviously dense in B;.

The free energy for H, is defined by

Fi(B,®) = —%ln Z e PHAD) 1), (2.3)

SAEQA
It follows from lemma 2.1 that F) is continuous.

Proposition 2.1 |F(5,®) — FA(B,®)| < |A]||® — @'|;.

11



This implies in particular,

1
WFA(ﬁ,q))an < [|®]}1. (2.4)

One can prove the existence of the free energy density in the thermody-

namic limit”:
Theorem 2.4 If & € By then the thermodynamic limit

lim ——Fy,(8,®) = [(4,0) (2.5)

n—o0 |An‘

erists if A, — Z% in the sense of Van Hove. Moreover, f is a concave
function of ® and

A similar result holds for the entropy density. Let y € P; be an invariant
measure. The restriction of u to Q(A) = S* will be denoted . The local
entropy is defined by

Sa(u) == Y malsa)Inpa(sa). (2.6)

SAEQA

It has the following basic properties.

Proposition 2.2 Sy(u) for u € Py satisfies

1.0 < Sa(p) < |A] In(q);
2. SA(u) is a concave function of u;
3. If Ay N Ay =0 then Sa,un, (1) < S, (1) + Sa, (1) (subadditivity);

4. If A C A then Sn(p) — Sa(p) < (JA'] — |A]) In(q).

"See R. B. Israel loc. cit. and Hugenholtz loc. cit. or T. C. Dorlas: Statistical Mechanics:
Fundamentals and Model Solutions 2nd edn., Taylor & Francis, 2021.

12



5. For arbitrary finite Ay, Ay C Z9,

SA1UA2(M> - SAl (M) - SAz(M) + SA1QA2 (:u) <0. (27)

(This is called strong subadditivity.)

Using the (strong) subadditivity property, one can prove that the ther-

modynamic limit exists:

Theorem 2.5 If u € Py then the entropy density defined by

I 1
1m —-
n—o0 |An|

Sh, (1) = s(u)

exists if A, — Z¢ in the sense of Van Hove. Moreover, it satisfies

1. 0 < s(p) < In(g);

2. The map p+— s(u) is affine and upper semi-continuous on P;.

The affine property of s(u) is proved as follows. By concavity,

ASa(p1) + (1= A)Sa(u2)
< Sa(AMu (1= Npg)
- _)\Zul(sA) In(Aper(sa) + (1 = A)pa(sa))

SA

—(1=A) > pa(sa) In(Apr () + (1 = Apz(s1))

SA

< A pai(sa) (v (sa)) — (1= A) 3 rasa) In((1 = A)paa(sn)

= ASa(u1) + (1= N)Sa(2) — An XA — (1 — A In(1 — \).

Using the simple bound —AInA — (1 — A)In(1 — X\) < In2 we obtain, after
dividing by |A| and taking the thermodynamic limit,

s(Apr + (L= Npz) = As(pa) + (1 = A)s(pz). (2.8)

Finally, we consider the energy density:

13



Theorem 2.6 If € P; and ® € By then

1

where Ag is defined by

A= Yy ) (2.10)

XCzd:0eX ’X|

This follows from the identity

ﬁ/m@)du ‘A’chj\/ xdp = Z ) /]X|

z€A XCA:zeX

2.3 Translation-invariant equilibrium states

We want to define translation-invariant equilibrium states as minimisers of

the free energy. First consider finite volume.

Proposition 2.3 For any finite A C 77,

Fy(B,®) < /HA<(I))dN - %SA(N)'

Moreover, there is precisely one probability measure v for which the equality

holds, namely the Gibbs measure

pa(sa) = Z2(50) exp[—BHA(P)(sa)], (2.11)

where Zx(BP) is the partition function

®) = Z e BHA(P)(sa) (2.12)

SAEQA

This is a straightforward calculation. The uniqueness follows from the

fact that the entropy Si(u) is a strictly concave function.

It follows that in the thermodynamic limit,
1

f(B,®) < /Aq>du — 58(“) (2.13)

14



for 4 € Py and ® € B;. We want to prove that there are measures p € Py for
which equality holds. For this we consider large cubes of side n: K,(na) for
a € Z%. These cubes are disjoint and constitute a covering of Z¢. We define
a product measure
fin = H N%n(na) (2.14)
acZd

and average over translates to obtain
Z flp © Ty (2.15)
acEKn (0)

We now compute the corresponding entropy and energy densities. Since s(u)

is affine, we have, writing K,, = K,,(0),

s(pn) = ‘Kn‘ xg}; 8(fin © Tz)
= i) = lim ==

But, since Ky = U,ck,, Kn(na),
SKmn ([)’n) = - Z H l’[’}};’n(na) (SKn(na))ln H Mg}n(ﬂd)(‘sKn(na))

SKmn 0EKm a€EKm
= —m*> ke (s,) Iy (sk,)
SKn
and hence .
o
n . 2.16
s(pa) = [ S k) (2.16)

Next we estimate the energy density of u,,. We have

/ A@dﬂn =

Tx A<I> d,un

TV (I)Xd/jn
x/

1
L / B djin
xGKn XCKn: xEX ‘

|K 2 2 |71|/‘I)Xdﬂ“'

zeK, Xcza.
xEX;XﬂKTCL;é@

:EEK

xeKn XCczd: xeX

15



The first term equals |K_1n| > wek, J Mk, (®)dfin. The second term is bounded

» [ox ]
Dy
AP x|

TE€EKn XCZh: ze X; XNKE#D

and tends to zero as n — oo if & € B; because it is a boundary term. Given

€ > 0 therefore, if n is large enough,

‘/ Aedin =15 ] o1 ) P @i <

Finally, we know that limy, e |FKn(5 ®) = f(5,P), so for n large enough,

(2.17)

also

e P (60,9) — £(5.9)] < 219

By proposition 2.3 we have

Fy, (B, /HKn )dpin — BSKn(NKn)

and combining this with (2.16), (2.17) and (2.18) we conclude that

f(B,®) > /Acp dpe, — %s(,un) — 2.

Now taking € — 0, we obtain

£(3,®) = inf U Agdy — ls(,u)] . (2.19)

pEPT ﬁ

Together with the fact that s(u) is lower semicontinuous, it follows from
(2.19) that the infimum is attained for at least one p. Moreover, since s is

affine, the set of minimisers is convex. Thus we have proved

Theorem 2.7 If ® € By, then

£(8,®) = min { / Agdys — B71s(1)

HEPT

The invariant measures for which the minimum is attained are called the
tnvariant equilibrium states for the interaction potential ® at inverse
temperature 3, and denoted Gr(®, 3). The set Gi(P, B) is a non-empty closed

convex set.

16



The extremal points of the set G;(®, ) are the pure states or pure
phases. Clearly, an extremal point of P; belonging to G;(®, 3) is also an

extremal point of G;(®, 3). The converse is also true:
Theorem 2.8 Ext(G;(®,)) = Ext(Pr).

Proof. Let p € Ext(G;(®,)) and suppose p ¢ Ext(P;). Then there are
1, po € Prand A € (0,1) such that g # pg and g = Apg+(1—=A)pe. At least
one of py or py does not belong to Gr(®,5). Assume py ¢ Gi(P,3). Then
f(B,®@) = [ Asdp — B s(p) = M [ Aadpn — B s(p1)) 4+ (1 = N)([ Apdpz —
B~ ts(ug)) > f(B,®), a contradiction. 1

2.4 The DLR condition

General, not necessarily translation-invariant equilibrium states are defined
by the Dobrushin-Lanford-Ruelle (DLR) condition®, as follows. Let
B C B, be the Banach space of potentials ® such that the norm ||®|| < +o0

1efl= > lexll

Xczd:0eX

where

Definition 2.1 (DLR condition) Let ® € B be a potential function. A
probability measure p on € is an equilibrium state for ® at inverse tem-
perature 3 > 0 if for all finite subsets A C Z%, and all boundary conditions

Spe on the compliment of A, the conditional measure is given by

1
She) = —— — E ) 5 2.20
p(sa | Sae) Zr (303 exp 5X ) x(Sxnn,5x\a) | - (2.20)
CZ4: XNAAD

8R. L Dobrushin: The description of a random field by its conditional distributions
and its regularity conditions. Theor. Veroyatn. Primen. 13, 201-29 (1971), and O. E.
Lanford and D. Ruelle: Observables at infinity and states with short-range correlations.
Commun. Math. Phys. 13, 194-215 (1969).

17



where

ZA(BO|5) = > exp|—B > Px(sxnn x| - (2.21)

SAEQA XCZ4: XNA#D

Here, the conditional measure is defined by the relations

/B (s | 5ae) e (d5ne) = p({sa} x B), (2.22)

where gy is the marginal distribution on Q)A¢), B € B(Q(A°)) is a Borel

set, and we have written p(sa | Sac) = p({sa}|8ac).

The DLR condition can be justified as follows. Let A, be a sequence
of increasing finite regions of Z¢ and suppose that the finite-volume Gibbs
measures £13 on €y, converge to an equilibrium measure g on Q. If A C A,

is a given region then the conditional distribution of ufn on A is given by

pR, (54 X 8a,00)

sACOn M%n(SA X ‘§An\A)’

1y (3a [ 3a,00) = 5= (2.23)

(This follows from P(A| B) = P(ANB)/P(B) with A = {sy, : sax =35x} and
B = {sa, : sa,\aA = 5a,\a}.) Inserting the Gibbs distribution
1

P _ - -
/’LAn (SAn) - ZAne

B EXcAn Px(sx)

we get

6_’3 ZXCAn D x (EXﬂA7§)(\A)

D= | = _
A (S| 8a,00) = S P S X
SA A

e*ﬁ ZXCAn, XNA#D Ox (§XﬂAa§X\A)

- Zs 6_BZXCAn,XmA¢@ CDX(SXMA7§X\A) . (224)
AEQA

As n — oo, the left-hand side tends to 1(Sa, Sac). This follows from rewriting
(2.23) as

px (Sa L 3aa) i a(Bana) = py, (5 X 3a,00)

and summing over a cylinder set §yc € B, B’ C Qu/, with A’ C A€ finite.
This yields the relation (2.22). In the right-hand side,

Z Px(Sxna, Sx\4) — Z Dx(Sxna; 8x\A)

XCAn, XNAZ£D XCZe, XNA#£D

18



because ® € B. For, if ) ., ||®x|| < 400 then for all € > 0 there exists Ag
such that 3y ocx xnagz0 [[Px|| < e Thus, if n is so large that 7,(Ag) C A,
for all @ € A then 3~ . vrnsp xnn,20 || Px|] < [Ale

We next prove that the DLR condition and the variational condition in

Theorem 2.7 are equivalent for translation-invariant measures p € P;.

Theorem 2.9 Suppose that ® € B. Then a measure pu € P; satisfies the
DLR condition if and only if it is an invariant equilibrium state in the sense
of Theorem 2.7.

Proof. Suppose first that u satisfies the DLR condition. Fix A C Z? finite.
Then

e P Xxnazo Px(sxna.8xnac)

p(sa | Sae) = ANCIES (2.25)
We want to compare the restriction of p to 2, with
o e B xcaPx(sx)
[ (sn) = D) (2.26)

The following identity holds:

Inpu(sy | 3pc) —Inpf(sy) = —B Z D x(Sxnn, Sxnac)

XNA#£D
XNASH£D

—In Zy(B® | $pc) + In Zy(BD), (2.27)

and we have

Zx(B2, 5c) < ) 2.98
Z7(59) _exp[ﬁg%;%l\ x]]- (2.28)

We now use properties of the relative entropy defined by

D(|va) = > wilsa)[Invi(sa) — Invy(sy)]

SA

= —S(1n) = > _wilsa)Inva(ss). (2.29)

SA
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for two probability measures on 4. It satisfies D(vy|1v,) > 0 and it is a

jointly convex function of its arguments.

With vy = (- | 8ac) and vy = %, we have by (2.27) and (2.28),

ul <28 Y l1ex]l.

XNAAD
XNAAD

[ D(pa(- | 3ac)

By definition,

/ i (5 | 5ac) piac(dine) = pa(sa).

Therefore, using convexity of the relative entropy,

o
IA

Diua 1) < [ Dloal- 550 1) (s

< 28 Y [|9x]l.

XNA#D
XNACED

If ® € B then

1
Al > llex|l—o.

XNA#D
XNASH#D

Inserting the definition (2.26) of u$ and taking the logarithm, we have
S In(puR) dun = =B [ Ha(®) dun — In Zx(SP) and therefore

0< —SA(MA) +ﬂ/7‘[/\(®) dpp + In ZA(ﬁ(I)) < €|A|

for |A| large enough. Dividing by 5|A| and taking the thermodynamic limit

this becomes

1
0< —gs(u) + / Agdyi — [(5,®) < ¢/B.
Then taking ¢ — 0 we conclude that the variational principle holds.

Conversely, suppose that p satisfies the variational principle. To prove
that p satisfies the DLR condition, we need the following proposition, which
follows from an identification of equilibrium states with tangent planes to
the graph of f(5,®), but which we shall not prove here.
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Proposition 2.4 If € P; is an equilibrium state for ® € By (in then
sense of Theorem 2.7) then p is contained in the (weakly) closed convex hull
of the set of equilibrium states v such that f(,®) is differentiable at ® with
derivative equal to the map ® — [ Ag dv.

Note that a continuous linear form « on B; is the derivative of a concave

function fz at ® if and only if
f3(P+ V) — f5(P) < (V) for all ¥ € B.

(The tangent lies above the graph. We have written fz for the functional
f3(®) = f(B,®).) Inserting the variational equality, f(8,®) = [ Apdp —
S~ 1s(u) of Theorem 2.7, we have

@+ 9) = (@) = [ Avdu

for an invariant equilibrium state p. Therefore if f3 is differentiable at @, its

derivative at ® must equal [ Ag dpu.

In the proof of Theorem 2.7 we showed that the measures p, converge
to an equilibrium state p. If fg is differentiable at ® then p is the only
equilibrium state and we conclude that p = lim,,_, ptn, where p, is given
by (2.15). Now consider a fixed finite subset A C Z¢. For n large enough,
A C K, = K,(0).

If A C K, then, since fi, is a product measure, fi,(sk, | $xe) = pi, (Sk,)

and
fn(sa | Sk0n) = pg, (sa ] Ska)
e BHA(sA)=BWA Ky (545K \A)
- S e~ BHAGA)=BWA 1, (S0:8K,\n)
SA
where
Wik, (5a, 5K,\0) = Z D x(5xnA: SxNKA\A)- (2.30)
XCKnp:
XNAAD, X NKn\AAD

Hence, if we define
( |~ ) e BHA(sA)=BWAa(sa,54¢)
VUA\SA | SAc) = — — EETEE
ZEA e~ BHABA)—BWA(SA,5A¢)
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where

Wa(sa, Sae = Z D x(Sxnn, Sxnac)

Xcz:
XNA#D, XNACHD

then

282 xczd: xnazn 1 ®xl
<e  XnKi _1 (2.31)

in (- | 5\a) — val- | 8ac)

Assuming ® € B and choosing Ag D A so large that

S el <«

XCZ% XNA#D
XNA§#0

we have, for x € K,, such that 7,Ay C K,

[1fin (- | 35c,\men) = V(| Srne) || < €27 = 1. (2.32)

On the other hand,

1
| K|

#{l’ €K, : TacAO 7& @} — 0.
It follows that
|| pen (- | Sac) — VA (-] Srone)|| = 0 as n — oo,

which proves that
pl(- [ Sae) = val- | Sac).
This is the DLR condition. By the above proposition, an arbitrary trans-

lation-invariant equilibrium state is a limit of convex combinations of states
at which fz(®) and by continuity they also satisfy the DLR condition. ]
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3 Contours for the Ising model and the Potts

model

Pirogov-Sinai theory goes beyond the existence of spontaneous magnetiza-
tion, proving that for low temperatures the phase diagram is a continuous
deformation of the zero-temperature phase diagram. In particular, it is shown
that the extremal equilibrium states at low temperature are close to the zero-
temperature ground states in the sense that the large majority of spins is in
the ground state. To show that an equilibrium measure is extremal it is
shown to be clustering. To show clustering of the measure one uses the fact

that the external contours cluster. To be precise, for some 7 > 0,

(01U O, € O(s)) — (01 € O(5))1(O2 € B(s))| < ¢ T(OITIONHEG2)),
(3.1)
where ©(s) is the collection of outer contours of the configuration s, and

d(©1,05) is the distance between two sets of (external) contours ©; and ©,.

3.1 The Ising model

We define the correlation functions for external contours © by
5r(0) = (6 C 6(s)). (3.2)

They satisfy a set of implicit equations proved in Lemma 4.4 which implies
the existence of the thermodynamic limit and the estimate (3.1) given in
Theorem 4.2 and its corollary. The basic idea is that by the corollary of
Theorem 1.1, the contours are small and rare, so can be considered a gas of
‘particles’ in a sea of plus or minus spins according to the choice of boundary

condition. As in Peierls’ argument, we have
p(O) < e P18l (3.3)
We can write equation (3.1) as follows
5(01 U ©2) — 5(01)5(O2)] < 77101102l 4(01,02),
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Now consider the case of positive boundary conditions. To see that equa-
tion (3.1) implies that the measure py is clustering, consider the example of
two points 0 and z, i.e. let us show that E*+(sps.) — EF+(so)EF+(s,) — 0
when |z| = 00. As |z| = oo, the likelihood is that there is no single contour

enclosing both 0 and z. Let us denote
C.={7: ze€lnt(y)}, (3.4)

the set of contours which contain z in their interior. If an exterior boundary
©’ contains both points 0 and z then there is a minimal exterior boundary
© C © consisting of one contour containing both points or two separate
contours containing one each. Similarly, if ©" contains one point but not the
other then there is v € ©' N Cy but ©' NC, = ) or vice versa. Finally, if ©
does not contain either point then © N (Co UC,) = 0. Thus we have (writing

pv) = p({7}),
Er (s0s.) = > w(e) [T EY (sos2)

0=(6NCo)U(ONC>) )
+ > | plo) - > p(©) | EL (s0)
70€Co\Cx O={"0,72}:72€C=
+ > )= D #(O) ] B (s.)
7:€Cz\Co ©={"0,7z}:70€Co
+ 1= > p(e)
0=(6NCo)U(ONCs)
- Z p(0) — Z p(O)
70€CO\Cz ©={70,7z}:72€Cx

- > |- D> #e) (3.5)

~v2€C2\Co O={"0,72}:70€Co

(Here E£- is the expectation w.r.t. the conditional measure inside the contour
~ with boundary condition — inside . Note that the spin flips from + to —

across the exterior contour 7.) Similarly,

B (s0) = A(NEL(s0) + 1= > A7) (3.6)

~v€Co ~v€Co
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and

B (s:) = >, p(VES (s:) + 1= A7), (37)

y€EC2 vEC,
Therefore
EF*(sgs,) — EFF (so)EF* (s,) (3.8)
= ) p()(EA(s0s:) — 1)
vECoNCx
+ > p(O) (B (s0)BA(s:) — Bl (s9) — B4~ (s2) + 1)
O={v0,7:};
Y0€Co0,7:€C=
— > ) (L-EA(s0) = Y. A(y:) (1—EE(s.))
Y0€Co \Cz v:€C; \CO
+ > pe) (1= B4 (s0)) + > plye) (1 — B2 (s2))
Y0€Co v.€C>

=D > P00)A(7:) (Bl (so)E (s2) — B (s0) — B4 (s2) +1)

Yo ECO Yz Ecz

= ) () (14 B (sos:) — B2 (s0) — B (s2))

vECoNCx

-> > P(70)p(7:) (1 — ELT (s0)) (1 — Ef-(s2)). (3.9)
Y0€Co v:€C:
Int(yo)NInt (v, )#0

In the first term £(y) > 2|z|, and by (3.3) p(y) — 0 as |z| — oo. Similarly,
in the second term either vy or v, has length (area) greater than |z|/2 and

this term also tends to 0.

3.2 The inhomogeneous Potts model

Let us now consider more general lattice spin systems. Pirogov and Sinai
considered general lattice spin systems with periodic finite-range interaction,
i.,e. & € By and periodic states. But the main ideas can be explained in the
case of nearest-neighbour interaction and translation-invariant states. We
therefore consider here models of the Potts type. We assume the spin space
to be a finite set {1,...,q}, and

Oy =0 unless | X| =1,2 and if | X| =2 then X = {z,y}, |z —y| = 1.

25



The 1-point interaction is an external field as in the Ising model, and we

write it explicitly if non-zero. For X = {z,y} we put

In the Potts model,

Dy y(50:8,) = =T 60y (J>0). (3.10)
A more general interaction is
CI)z—y(Sza Sy) = Z Jr,r’((gsﬁ,r - 55;,,7")2((5596,7" - 6sy,r’)2
1<r<r’<q
= Z Tyt (85 05,5 + Osp 005, 1) (3.11)
1<r<r'<q

Note that in the homogeneous case,

J Z (651,7“533},1”’ + 5sz,r’5sy,r) =J (]- - 5sz,sy> )

1<r<r'<q

which differs by an irrelevant constant from (3.10). In all cases ®,_,(s,, sy) =
0 if s, = s,. By adding a constant, we made sure that these ground states
have energy 0. In general, a ground state is defined as a minimiser of the

specific energy Ag given by (2.10). For the generalized Potts model,

1
As(s) = 5 DD S AT R NIy T RS (3.12)

x: |z|=1 1<r<r'<q

The ground states of the Hamiltonian are therefore given by the constant

configurations. The corresponding Hamiltonian is

Ha(sa) = D Poylsarsy). (3.13)

{z,y}CA
lz—yl=1
Introducing external fields
R q
(I)Z’(Sx) = = Z hr(ssz,ra (314)
r=1
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some of these ground states are lifted in energy and others are lowered.
Define hpy, = min?_; h,. If h, > hyi, then r is not a ground state for the
interaction ® + ®. Hence, writing t, = h, — Ami, (r = 1,...,q), the map
(hg — hi,y ... hg — hy) — (t1,...,t,) is a homeomorphism of R~ onto the

boundary of the positive r-dimensional octant,
q
Oy ={(b1,....b,): m_i?br =0}

in such a way that the number of ground states equals the number of r such
that ¢, = 0. The Hamiltonian including external fields will be denoted Ha:

Halsa) = Halsa) + Y Pulsa). (3.15)
TEA
Pirogov and Sinai showed that this map is continuously deformed for low

temperatures.

We now need to generalize the definition of contour. In the case of nearest-
neighbour interaction, we define the boundary of a given configuration s on
74 by

d(s) = U K (),

VAR
5K () DOt constant

where, as before Ky(z) = {2 € 2% : ;< 2z <z;+1,(i=1,...,d)}. (Note
that these cubes overlap!) A contour for s is then defined as a pair (I, sr),
where I" is a minimal connected subset of d(s) such that the restriction sp
of the configuration s to I' is constant on the edges of I'. (See Figures 3 and
4.) These will be called a boundary values of the contour. Clearly, the set
of contours determines the configuration uniquely. Conversely, a given set
of contours corresponds to a configuration s if they are compatible. Two
adjoining contours can be compatible if they are disjoint and their config-
urations agree on neighbouring edges, that is, if along each connected path
from one contour to another, not intersecting a third, the configuration is

constant.

As in Peierls’ argument, it follows that for large 3, contours are finite

with probability 1. The exterior Ext(I") of the contour I', consisting of all
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Figure 3. A Potts model configuration with ¢ = 3:

The colours represent the spin values.

lattice points outside I is then unique. The interior Int(I") consisting of all
points not in I' but surrounded by I' can be empty, or it can consist of several
disconnected regions. On each connected part of Int(I') the configuration is
constant, and the union of interior regions where the configuration is r will
be denoted Int,.(T").

It terms of the contours we can write the Hamiltonian in a finite region

A as

Halss) = > (Hr(8r)+2<i>x(sz)>+ D> Du(sa),

T'Co(sp): zel z€A\O(s)
I" connected comp.

(3.16)

where the last term breaks down into terms corresponding to regions where

sy = r, where ®,(s,) = —h,.
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Figure 4. Contours for the above Potts model configuration.

EXAMPLE 3.1. The 3-state inhomogeneous Potts model.
Let us consider the special case of the 3-state Potts model with Hamiltonian
given by (3.11),

(I)x—y(sxa Sy) = Z Jr,r’(ész,rdsy,r’ + 5sz,r’5sy,r)- (317)

1<r<r’'<3

In particular, assume that Ji, = J < J = Ji3 = Jos. The states s = 1 and
s = 2 are then obviously equivalent. We show that for non-zero temperature,
these states are favoured over the state s = 3. For low temperatures, the free

energy will be minimal for configurations near one of the ground states.

Consider first the case of the ground state s = 1 (s = 2 is equivalent).
The low excitations are then single impurities with s, = 2,3. Since they do

not have the same energy, they need to be considered separately. Let ps be
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the density of impurities s, = 2 and p3 that for s, = 3. The entropy is then

s(p2,p3) = —palnps—pslnps — (1 — po — p3) In(1 — po — p3)
~ —pa(lnpy —1) — ps(Inp; — 1),

assuming that p, and p3 are small. Hence

N 1
f1(B, p2, p3) = 2dJpy + 2d.J ps — Bs(m’ p3).

(2dJ and 2d.J are the energies due to the links on either side of the impurity
in each coordinate direction.) Minimising over py and ps yields py ~ e~24J

and ps ~ e~ 2457 and thus

frmin(8) = —%(e‘zﬁd‘] 4 2Py

Next consider the case of the ground state s = 3. Assume that excitations
are again given by a small density of single sites with spins s, = 1, 2. If this
density is p, then this gives rise to an entropy s(p) + pln2, where s(p) =
—plnp — (1 — p)In(1 — p) is the usual entropy per site for a density p of
impurities and the term pln 2 is due to the choice of s, = 1,2 at each of the

impurity sites. The free energy density thus becomes

f3(B, p) =~ 2dpJ — %s(p) — %lnz

(Here the energy is 2d.J for both types of impurity.) For large 3, p is again
small and we can approximate s(p) by s(p) = —p(lnp — 1). f3 is then
minimized for p = 2¢72%7. Thus

f3,min (ﬁ) ~ = %B—Qdﬁj.

L

Clearly, fimin < f3min and the state s = 1 is favoured over the state
s = 3. In order to restore the s = 3 state to be in equilibrium with the states
s = 1,2, we need to lower its energy by introducing a field hg > 0. Then f3

changes to

Fa(B. p. hs) = 2dTp — hy(1 — p) — %sw - £1n2
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Minimising,
2 — J_
f3,min(6, hg) =~ —h3 — Ee 268J Bhg‘

Also,
Minimising,
fimin(5, hs) =~ _%(G—Qﬂd«f 4+ emBRAT—ha)).

The two expressions are equal if

hs = l (6—2565«1 + e—ﬂ(2dj—h3) _ 26—,3(2dj+h3)>

8

1 ~ -
_(6—2,BdJ - e—?BdJ) 4 36—25th3’

8

Q

or )
1 e—2BdJ _ ,—2Bd]

3BT 3e-2al

On the other hand, if we keep hy = 0, but impose boundary conditions

sy = 3 for & € A then it is advantageous to have a large contour I' along
the boundary of A, so that s, = 1 (or s, = 2) for x € Int(I') except for a

small density of sites where s, = 2(1), 3. The large contour yields an additive

constant to the free energy given by 2d.J|0A| which is negligible in the limit

A — Z4. Since s, = 1 for most sites, the magnetization is (almost) equal

1, and the resulting state will be the same as the equilibrium state with

boundary condition 1 (or 2).

Obviously, the above is only an approximate analysis. General contours

can be more complicated even if rare. To include this possibility we introduce

general contour models, which represent single pure phases.
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4 Contour models

4.1 Definitions

We define an abstract contour model to be given by a functional F' on a
set of contours C, which are now considered simply as decorated connected
subsets of Z¢, unions of cubes of side 2, where F can depend on the deco-
ration. We assume that F' is translation-invariant and satisfies the property
that there is a constant 7 > 0 (independent of the decoration) such that for
every I' € C,

F(I) > 7]T. (4.1)

This is called the Peierls condition. In the following the decoration plays
no role other than determining the functional F' and will not be included
in the notation. Contours I' and I” will now be called compatible if they
are disjoint. A collection of compatible contours will be denoted 0 and is
called a boundary. The set of boundaries is denoted D. The set of contours
compatible with 0 € D we write as Cp(d). For 0 € D, we set F(0) =
Y reo F(I'). A contour is called an external contour of 0 if there is no
contour surrounding it, i.e. for all IV € 0 not equal I', I' € Ext(I"). We
denote |0| = #{I' € 0}, the number of contours in 9, and ||0|| = > .4 |,

the total area/volume of the contours of 0.

As in the Peierls argument, we have

Lemma 4.1 There exists a constant cq > 0 such that the number of contours
I' with area/volume |I'| = n containing a given point, say 0 € I' U Int(I") is
bounded by e“"™.

Proof. We follow Dorlas”. This is similar to counting the number of contours
containing 0 in Peierls” argument (cf. the proof of Theorem 1.1). Let = be
the point on the x;-axis with smallest norm, belonging to I'. If |I'| = n the
number of possibilities for x is obviously < n. We number the sites of I' as

follows. First fix an ordering of the unit vectors of Z¢ from 1 to 2d. Then

9T. C. Dorlas loc. cit.
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73|62 |51(39|50|61
63/52|40|28(38 |49
29(19(27(37
20(11
94(85[74|64[53|41|30]21]12]|5
86|75(65(54(42 (31]22(13| 6 | 2
7666 |55[43|32(23|14| 7| 3

8777 33(24|15| 8 |4 | 917
100/ 98|95 |88 44|34(25/16 (10|18 |26|35|46
021101/99 96 56 |45 36|47 (58
67|57 48|59|69

78|68|79|90|83|71|60|70 |81
89/80(91|97(93(84|72|82(92

Figure 5. Numbering of the sites of a contour.

let = have number 1 and suppose that the first & points of I' have already
been numbered. Choose the already numbered site of lowest assigned number
which has still got a neighbour in I' which has not been numbered. Assign the
number k + 1 to its unnumbered neighbour with difference vector of lowest
order. This defines a unique map from the sets I' containing x with n sites

to numberings of sites in Z?. It is illustrated in Figure 5.

Conversely, suppose the neighbours of the first £ — 1 points of I have
already been determined. Then k has at most 2d — 1 unfilled neighbours left,

22d—1

for which there are — 1 possible fillings. Therefore the possible number

of choices is certainly bounded by 2(2¢=D"=1  The total number of sets T’

2d-1)(n—1) < 92dn

is therefore bounded by n2( For each site in the set, the

number of possible spin values is < ¢, so we find that ¢y < 2dIn2+1ngq. g
In the following we put ¢; = 2dIn 2 4 In g for definiteness.

We now define partition functions as follows
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Definition 4.1 If F is a contour functional then we define the crystal par-

tition function by

ET|F)=e M Y e FO), (4.2)

OCInt(T")

for a contour I' € C, and the dilute partition function for any finite
A C Z% by
Ea(F) = ) ", (4.3)
)

deD(A

where D(A) is the set of boundaries 0 C A.

We also define the corresponding probability measure

9 o1F)— 44
1a(0) = pa (9| )—m (4.4)
for 0 € D(A), and the finite-volume correlation functions pa(0) by
pa(@) =pa(@|F) = > pa(d). (4.5)
deD(N): Cd

4.2 Thermodynamic limit of correlation functions

We want to prove that the infinite-volume limit of the correlation functions

exists.

Lemma 4.2 The correlation functions py(0) satisfy the condition
pa(0) < e F@
and the Mayer-Montroll equations
pa(0) = xa(@)e "D |1+ > (=1)7ps (D) (4.6)

&' €D(A):
8 CCp(9)°, 8/ #0

where xA(0) =1 if 0 C A and = 0 otherwise.
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Proof. We have by definition, for 0 € D,

pal0) = xa@e " YT (@)

0'eD(A): 0'VOED
= @O 1Y @)
&'€D(N): 'UIED
It follows immediately that py(9) < e~ @),

Defining Dr(A) = {0 € D(A) : I € 0}, we have

{eD): dua¢DI = | Dr(A).

T'eC:I'eCp(d)°
By the inclusion-exclusion principle,
P (U Ak) = ) (-pip (ﬂ Ak) . (4.7)
k=1 IC{1,....n}; I#40 kel

Applying this in our case we have

Z pa(d) = pa U Dr(A)

&'€D(A): 9'UDED I'eC:TeCp(d)°

= - > (1) (ﬂ Dr(A)>
(9)°, 00

8'€D(A): &' CCp reo’

- ) (—1)?pa(@).

&'E€D(A): &' CCp(d)e, &' £0
|

We now define an operator A acting on boundary functionals £ as follows.

(A@) =M@ X (1)), (4.8)

' CCp(d)e, 0'#0

By the above lemma, p, satisfies the following equation,

& =xae™ "+ xaAxaé. (4.9)

35



We may then expect that in the thermodynamic limit, the correlation func-
tions satisfy
E=eF + AC (4.10)

Obviously, for this to hold the operator A must be small in some sense. We

therefore define a norm on the space of boundary functionals as follows.

lells = sup [€(@)] ORI (a.11)
deD(A)
Here we assume 7 > ¢4 and we denote ||0|| = Y .4 |I'|. We denote the

corresponding Banach space of boundary functionals by €. In particular, if
A =10,
1€]|g = sup |£(0)] " @ eallol,
0€eD

Lemma 4.3 If 7 > 3¢y then ||A||a < e for all finite A C Z°.

Proof. Assume [|¢||x < 1. Then, by the definition of A and the norm, and
Peierls’ bound (4.1),

[(A8)(9)] < e F@ Z e(ca=7)(|0"||+d(8",A%))
9'CCp(d)e, &' #0

We first argue that d(0’, A°) > d(9, A°) — 5[|?/||. Indeed, there exist I" € &
such that d(I'", A¢) = d(0', A°), and there exists [ € 9 such that d(I',T") < 1,

and therefore

d(0,A°) < d(T,A°) <d(T,TV) + diam(T") + d(T”, A°)
< 1+ diam(I) 4+ d(9', A°).

Since I" has walls of thickness at least 2, diam(I") < 3[I"| < £]|&|| and of
course ||&'|] > 3% > 9. (The largest diameter is obtained if T is a rectangle
of sides 3 x L.) We therefore have

‘(Ag)(a” S e—F(8)+(Cd—T)d(a,AC) Z eg(cd_T)Ha/H'
&' CCp(D)° ' 40

To estimate the latter sum we need to estimate the number of possible

boundaries &’ with total area ||0’|| = n incompatible with 0. Now &’ consists
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of a number k of contours I'},...,I', all at distances at least 2 from one
another. For each of these contours I'; to be incompatible with 9, there must

be a point z; in one of the contours of d such that d(z;,I}) < 1. Hence

191

Z eg(cd,.r)nalu < Z (Hi“) ﬁ Z e%(Cd*T)lfél

8'CCp(d)c 0'#D k=1 i=1 \T%:d(z;,I)<1

STAVESTTR A

< Z( . ) < ecwesw—ﬂn)
k=0 n=1

- (1- 6(14cd—57')/9)_||8” '

We conclude that
—c 1011
c — Ccq—T ¢ e
(A€)(D)] < efalldlI=F@)H(cam)d(0,4) (1 — 6(14%_57)/9) : (4.12)

If 7 > 3c¢q then the last factor is less than e™". Indeed, both e™% and
(1 — eW4ea=57)/9)=1 are decreasing in cq, so we only need to check this for
cg =41In2. 1

We can now conclude that the thermodynamic limit limy_,za pa (- | F')

exists.

Theorem 4.1 Let F' be a contour functional satisfying the Peierls condition
with constant T > 3cq. Then, for every finite boundary 0 € D, the thermo-
dynamic limit of the correlation function p(0) = limp_,za pa(0) exists and
satisfies the inequalities p(9) < e ¥ and

1p(8) — pa(9)] < eCallOll=F@)+(ea=m)dOAD) ¢ 5 = A (4.13)

Proof. We expect p to satisfy the identity p = e™¥ + Ap, so we can define

p by N
p= ZA” e
n=0

Clearly, ||e7T||s < 1, so this is well-defined as an element of £ by the lemma.
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p(0) = pa(9) = xa(9)((Ap)(9) — (Apa)(9))
= Xa(@)Alp = xap)(9) + xa(9)Alxap — pa)(9).

Writing 1y = p — xap we can write this as

XAP — PA = XaANA + XaA(xap — pa)-

This equation has the solution

o0

Xap —pa = Y (xad)"na € Ex

n=1

provided the series converges in €y. This is the case if |[xaAnalla < +00
since by the lemma, ||A||x < e~%. However, if 9 C A, then the inequality
(4.12) still holds even if y,& # 0. Indeed, the estimates in the proof of the
previous lemma remain valid if d(0’, A°) = 0. However, d(0’, A°) = 0 implies
that [[nalla = [Inalle < llpllo < [le”[lo(1 = [|Allg) ™" < $5=5 < 1. Tt follows
that

|| A]|a
IIxap = palla < ————lImalla < 1.
1 —||A]]a

This is just equation (4.13) and it implies the existence of the thermodynamic
limit. 1
Corollary 4.1 If 0; and 0y are compatible boundaries then

|p(O1 U 02) — p(01)p(02)]
< (|01 +[102]) = F(81) = F(92)+(ca—T)d(1,02) (4.14)

Proof. To prove this mixing condition, let A C Z? be finite and suppose
01,00 CA. Set My ={x € A: d(x,T)>1Vl € dp}. If Oy Udy C A then

pA(alan)
_— = 01109) = O1).
(@) pa(01|02) = pavar, (01)

By the inequality (4.13), we have
oA (81) — p(dy)] < eCal L[| =F(91)+(ca—T)d(d1,A°UM2)
Inserting this, and using the fact that |pa(92)] < e ) we get
lpa (D1 U 8y) — p(8y)pa(8s)] < eCalllOn][+]|02])) = F(91)—F(02)+(ca—7)d(01,A°UM2)

Taking A — Z% results in the mixing property (4.14). ]
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4.3 External boundaries

As remarked, a contour model is an abstract concept independent of the spin
models considered. We have seen in the case of the Ising model that we need
to consider boundary conditions, and contours with different boundary con-
ditions can be incompatible even if they are further than 1 apart. However,
exterior contours with the same external boundary conditions are compatible
if they are disjoint. We therefore want to relate the probability distribution
of the external contours of a spin model with that of a contour model. We
now prove the clustering property (3.1) for the external contours of a contour
model, similar to (4.14).

Given a boundary 0 € D we denote the set of external contours of 9 by
©(0). The set of external boundaries © C A, i.e. a boundaries consisting
of contours which are all external to each other, will be denoted D. For
© € D(A), we define the correlation functions jx(0) and p(0) by

pa(0) = ua({0 € D(A) : © C B(9)})

and

p(O) =n({deD: O CO()})

They satisfy similar equations to p, and p:

Lemma 4.4 The correlation functions py(©) satisfy the condition
pa(©) < e @

and the Mayer-Montroll equations

prn(©) =xa(©®)e @ 11+ Y (=¥l . (4.15)

O'€D(A): ©'#£D,
©'CCp(©)°u[O]s

Here Cp(0©) is defined as the set of contours I" such that {I'}UO is an external
boundary, and [O], = [O]NC(A), where (0] = {T' e C: (AC € O)T € Int(I)}.
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Proof. As in Lemma 4.2, we have

pa(©) = ur({0€D(A): ©CO(0)})
e—F(@) Z “A(a/)

9'eD(A):
8'CCp(0),0CO(9'UB)

= e 7O N1 — U Dr(A))

['eCp(©)°u[O]a

where Dp(A) = {0 € D(A) : T' € ©(9)}. Indeed, the complement of the
set of & € D(A) such that &' C Cp(©) and © C ©(0 U O) is the set of
0" € D(A) such that 0" ¢ Cp(©) or © ¢ O(0' U©), i.e. those & € D(A) for
which there exists IV € @ such that I' € Cp(©)° or there exists I' € © such
that T' € Int(I"). But if there exists I" € @ NCp(O)° then there exists T' € ©
such that I € Cp(T')° N &, which implies that there exists I € ©(9’) such
that I € Cp(T')° or I C Int(I").

The statements of the lemma follow from this and the inclusion-exclusion

principle (4.7). ]

Lemma 4.5 Define the operator B on external boundary functionals by

(BE)(©) = e [1 + > 5(@’)} . (4.16)

©'CCp(©)°u[e](-1)Ie'Ie"#0

If T > 3cq then ||B||a < e~ for all finite A C Z°.

Proof. Note that there are now two ways in which a contour I'' € ©' can be
incompatible with ©: either d(I",©) < 1 or there is a I' € © such that I €
Int(I"). In the former case, we have as before d(©', A°) > d(6, A°) — 5]|©/||.
In the latter case, d(©',A°) > d(0, A°) — 5||©'|| because I” surrounds I and
has thickness at least 2, so |I”| > 3d(I",I"). As in Lemma 4.3, it therefore

suffices to estimate the sum

Y edamien

©'CcCp(O)°
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To estimate the latter sum we need to estimate the number of possible
external boundaries ©' with total area n incompatible with ©. Now ©’
consists of a number k of external contours I'},..., I} but in this case, the
contours I, € ©" are not necessarily at distance < 1 from a contour I'; € ©.
There is also the possibility that I, surrounds a I'; € ©. In both cases
however, there is a point z; € I'; U Int(I';). Choosing points xq,...,x; €
Ureo(I' UInt(I")) and contours surrounding these points therefore certainly
exhausts all possible © € Cp(©)° with |©'| = k. The estimate

>0 eblar Ol < (1 - ltaemon/o) IO (4.17)
©’'cCp(©)°

therefore remains unchanged since the number of such contours of length n
is still bounded by e%". 1

As before, we conclude that the thermodynamic limit of the correlation

functions p, exists.

Theorem 4.2 Let F' be a contour functional satisfying the Peierls condition
with constant T > 3cq. Then, for almost every O € D the set ©(0) is complete
in the sense that every I' € 0\©(0) is surrounded by a unique external contour
I' € ©(), i.e. I' € Int(T). Moreover, for every bounded external boundary
0, limy_,z4 pr(0) = 5(O) exists and satisfies p(O) < e F®) and

17A(©) — p(0)] < elca=7)([[O||+d(©,A%)) (4.18)
if © C AL
Proof. The first statement follows from the Borel-Cantelli lemma, using the

fact that if there exists and infinite sequence of contours I'y, € 0 such that
[y € Int(T'gyq), then

> (T Cnt(Ty,)) <Y el < pog
n=1

n=1

since |[',| > n.
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We define p by the solution of p = e~¥" + Bp as before, i.e.

p= i B"e T,
n=0

This is well-defined as a series in the Banach space with norm || - [[g. As
in the proof of Theorem 4.1 we conclude using the above lemma that (4.18)
holds. 1

As for the correlations p we have a mixing condition.

Corollary 4.2 p satisfies the following exponential mixing condition. If ©

and O, are compatible external boundaries then

1p(©1UBs)) — p(01)p(02)]
< eCalll®1][+[102|))=F(©1)=F(O2)+(ca—T)d(01,02) (4'19)

Proof. To prove the mixing condition, let M = (Jyco,(I' U Int(I')). If
@1 U @2 C A then

pa(©1 U BOy)
pr(O2)

By the inequality (4.18), we have

= pa(©1]O2) = pa\u(O1).

|ﬁA\M(®1) N ﬁ(®1)‘ < ecd\l@l|\7F(®1)+(cd77-)d(@1,ACUM).

Inserting this, and using the fact that |ps(0,)| < e F©2) we get

PA(©1 U ©2)) — p(©1)pa(0:)]

< eCalll®r][+|O2])) = F(01)—F(©2)+(ca—7)d(01,A°UM)

Taking A — Z% results in the mixing property (4.19). 1

4.4 Pressure and surface tension

We define the pressure of a contour model with contour functional F' by

P(F) = lim — ImEs(F). (4.20)



The finite-volume correction will be denoted A:
AN(F) =InZ\(F) — |A| P(F). (4.21)

We now prove that the pressure exists and that A is of order |0A|.

Theorem 4.3 Assume that F' satisfies the Peierls condition with constant
T > 3cq. Then the pressure (4.20) exists as A — Z¢ in the sense of Van

Hove, and is given by the formula

/ Z p(T'| AF) dX (4.22)

I'eC:0el’

where p(I' | A\F) is the correlation function with contour functional N\F'. More-

over, 0 < P(F) < e and |Ar(F)| < e T|OA|.

Proof. The proof is similar to that of the existence of the energy density
in Theorem 2.6. Let pa(-| F) denote the correlation function with contour
functional F'. Replacing F' by a multiple AF' and differentiating w.r.t. A, we
have

d
— InE5(\F) F(T) pa(T | AF
- InEA(AF) 1; ) pa(T | AF),

and since limy 4o, ZA(AF) = 1 (only the empty boundary survives),
InZ,(F / > " F(I) pa(T | AF) dX (4.23)
rcA

Inserting the formula (4.22) and using translation invariance, the difference
AN(F) =InZ\(F) — |A| P(F) is therefore given by

/Z S B ar) - p(r | AF)

z€ATCA:zel

/ > Z F’(F? p(T'| AF) dX (4.24)

TEA rec:
x€l TNACAD
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Using the inequality (4.13), the first term is bounded by

| PO a(T IAR) = palT [AF) A

I'cA

< F(I)ecalTI=AF D)+ (ca=An)d(DA%) gy
>

I'cA

I'cA ’
< Z elea=)(IT[+d(I,A°))
IcA

< [OA| f: i gCan o(ca=)(n+k)

k=0 n=34d
e3d(26d—’7')
(1 _ 6cd77')(1 _ 62%77)

if 7 > 3¢y and ¢4 > 1. The second term is bounded by

/1002 > %p(F\)\F)d)\

TEN TeC:
€D ITNACAD

- FI') _\pr
S/IZ > %e RO\

z€EA I'eC:
€D, TNACAD

I
X T e

zEA T'ecC:
2zl ,TNAC#D

< Z e~ TITI

I'eC:
TNAAD,TNACHAD

= 1
< JOA] D elreIn < S¢ TIoA].

n=3d

1
< |0A] < ¢ 7IoA]

It remains to prove the bound on P(F). Obviously P(F) > 0 since
ZEA(F) > 1. On the other hand by the fact that p(I'| F) < e F1),

P(F) < /1 ) > %B_AF(F)CZ/\

T'eC:0el’
1 —F() = 1 (eq—7)n -7
= Z ﬂe < Z —e\d <e . ]
TecC:0er | n=34 "
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We need continuity properties w.r.t. the functional F'. For this we in-
troduce a norm on contour functionals. In fact, we define two norms on the
contour functionals. The natural norm is given by

[F(1)]
F|| =sup ————,
1] = sup =

and we denote the corresponding space of contour functionals by F. We also

(4.25)

need a weaker norm-topology defined by

F(D)]
Fl|l, =su .
1l = S0 e T (D) e

Here a > 0 is a constant which we set equal to 2, and we put 6(I') =

(4.26)

diam(Int(T")). The corresponding space of contour functionals we denote by

Fu. Clearly, F C F,.

Theorem 4.4 If F and F' are contour functionals in F, satisfying the

Peierls condition with constant T > 3¢y then
|P(F) = P(F")| < e ||[F = F[].

Proof. This is similar to the bound on P(F'). We define an interpolation
F,=tF + (1 —t)F" and write

%lnEA(Ft) — Z(F(F) — F'(T)) pa(T'| ).

Since |Int(T)| < |T|%@=1 < |T'|2 and §(T) < T,
|InZp(F) — InZ5(F)]
< > e MED) - F(I)

I'eA
< IF = Fllw Y e (T + [T
I'cA
< |A| ||F o F,||w Z(n _|_n2) e(cd—T)n62n
n=34

, €(4+Cd—’7')3d
< ANIF = Flls s

< JA||F = F'||we".

because T > 3cq, €7 < 0.25 and 37 > 9. (Note that 1 < 2In2s04 < 3¢;.) 1

45



4.5 Parametric contour model

Definition 4.2 Let F' be a contour functional satisfying the Peierls condition

with constant 7. If b > 0, we define the parametric partition function

by
= (F,b) = Ze—F(a) H b Mt(D)]

OCA reo(9)

Clearly,

Hence, by Theorem 4.3,
—b|A] — e T|OA] < InZEN(F,b) — (P(F) +b)|A] < e 7|0A]. (4.27)
We define analogous to Ay (F),
Ap(F,b) =InZ5(F,b) — (P(F) + b)|Al.
It is also continuous in the following sense.
Theorem 4.5 Suppose that F' and F' are contour functionals with Peierls
constant T > 3cg, and b, > 0. Then

[AA(E" V) = Ax(F D)) < 200" = bl [A]

1 .
e W e ANF — Fl- (428)

Proof. The dependence on b follows immediately from

’8 IDEA(F, b)

< .
2L

For fixed b we have

[AN(F,0) = Ap(FL D) < [P(F') = P(F)]|A]
+HInZA(F',b) — InZA(F, b))

By the previous theorem it now remains to prove that

1 .
|InZp(F',b) — InZ5(F,b)| < 6eadl'cm“(MyA| [|F — F'||w.
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For this we define the parametric contour model by

H ob It(D)|

Teo(o

ﬂA(a‘Fab) ==
:A(

Introducing the interpolation F; = tF + (1 —t)F" as before, we have

S MEA (L8 = Y (F(D) ~ F(D)pa(T| Fib)

dt T'CcA

where

a1 Fb) = S ual@| Fib)

0'CA:0CO’

is the parametric correlation function. It follows that, for some ¢ € (0, 1),

| InEx(F,b) — InZ5(F', b)]
< Y o[ FLb) |F(T) = F/(T))|

rcA
< P = F'llw Y pa@] F,0) Y (0] + [Int(I) e
aCA reo
< —F ad(l)
< 1P — Flymax ST+ [Int(D) e,
red
Set .
a(A) =max — Y (|7 + [Int(T)[)e*oO
ach |A| ;
and define vy(n) = A d_magiK a(A). If T' € A then §(I') < diam(A) — 1.
Therefore, B

D (0] + [me(D)her®™ < 7 (0] + [ue(T) e

reo reoe(o)

+ Z [Int(T")| a(Int(I"))

ree(
< A [ea@wmm Y 4 ~y(diam(A) — 1)].

Hence a(A) < eddam=1) 4 ~(diam(A\) — 1) and y(n) < e¥™ Y 4+ y(n — 1),
so y(n) < = < e since €? > 7. 1

For a parametric contour model there is likely a large contour inside A:

see Figure 6. We prove here that the total volume of contours is large. We
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say that A has a regular boundary if there is a constant K > 1 such that
|OA| < K|A]°, where 6 = 1 —1/d. (Note that there is also a constant kg > 1
such that |OA| > k4 |A]°.)

Lemma 4.6 Given a parametric contour model on a large region A with

reqular boundary, with contour functional F' and parameter b > 0, and given

e €(0,1/d), let Ax(€) be the set
An(e) = {9 € DA Z IInt ()| > |A] — |A]*€).

reo(d

Then, if ||F|| < +o0o and A is large enough, s (Ax(€)¢ | F,b) < e TIOAL

Proof. The probability is given by

NG @) [Irees) b It (D)
> oepin) € T [reoq) €™ ®

The denominator is of course Z,(F,b). The numerator can be bounded

pa (A (€)°[ Fib) =

(4.29)

simply by

Y T H SO < HIAATT) §T —F )

dEAp (c)° reo(d 9€D(A)
= IAFATIZ (P, (4.30)

In the denominator, we bound Z, (F, b) by the terms where ©(09) consists
of the largest contour I'},., consisting of the inner boundary of A as above.
Then

EA(Fb) = Ze—F((‘)) H obIne(D)

dCA ree(d)
> Z e—F(a)e—F(Fmax)eb(‘A‘_|6A|)7
OCA;

where Aj = A\ T'ax.

The factor 3 _5cpa,) e PO = =, (F) is close to 2, (F):

= > 0 (1+ > eF@), (4.31)

d€D(A1) dED(A):
(VI'ed) I'NA\A1 #£0

48



where the expression in brackets is bounded by

1+ Z e T

deD(A):
(VI'ed) I'NA\A1 #£0

-

Z o~ F@)

r=0 ~ \TCATNA\A1#£0
() 1 . r
- —F(I)
< 3 (on 3 o)
r=0 reC:0el
S exp (’aA’ Z e(Cd—T)’I’L)
n=9
69(6(177—)
It follows that, writing v = fg_t%,
fia(Ap ()| F,b) < e I eF (Pmax) b 10Al 710A1) = TIOA] (4.33)
provided b|A|'™¢ > (7 + [|F|| + b+ 7)|0A]. 1

We can strengthen this to show that there is a single large contour if
we assume in addition that F' satisfies a generalized Peierls estimate in the
following sense: whenever I' is a minimal contour given OI, i.e. it consists

of the cubes of side 2 adjoining the boundary of I', then for any contour I"
with [IV| > |['|, F(I") — F(T") > 7(|T"| — |T]).

Lemma 4.7 Let a parametric contour model on a large region A be given
by a contour functional F' and a parameter b > 0. Let € € (0,1/d) be given.
Assume that A has a regqular boundary and, moreover, that F satisfies the

generalized Peierls condition. Define
Ba(e) = {© € D(A) : (3C € ©)|Int(T)| > |A|—|A|*"¢ and |0T| < K|V(T)[°},

where V(I') = || + |Int(I")|. Then, if ||F|| < +o0 and n > 0, for A is large
enough, pa ({0 € D(A) : ©(0 € Ba(e)°| F,b) < 1.
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Proof. Choose first ¢ € (¢,1/d). By the previous lemma we can assume
that 3 regs) Mt(I)] > [A] - |A|'~¢. We first note that we may assume that
there exists © C © such that for I' € ©', |I'| > In|A| and ) ;.o [Int(I")| >
|A| — |A]*7¢. Indeed, if || < In|Al, then |Int(T)| < (k;*T])¥ @Y and hence

In |A]
> (D) < kgt Ky,
reO: |T|<In |A] k=3d
In|A|
< kg (AN " ke,
k=34

< kg ADYEDATE < AP
for |A| large enough. (Here ny is the number of external contours of size k.)

We enumerate contours of size & > In |A| by selecting a random distribu-
tion of ny points in A and then estimating the number of contours containing
one of these points by e‘*. This overestimates the number of contours be-
cause we are counting each contour k times and we are disregarding the fact
that contours cannot overlap. The number of possible choices of these points
is bounded as follows.

|A[T=e
Y S e
(HllfA:'In(€|A|)+1 ”k!> (Al =220 me)! hmmmjagr ™
|A]T~e

=exp |— > me(ln(ng/|A]) - 1)] . (4.34)

k=In|A|+1

(The exponent is essentially the entropy

0 = — Y adup— A=Y e - Y )

k=In |A[+11A11 € k k

- Y p(lmp—1). (4.35)

k=In|A[+11A11 7€

IN

This is similar to the entropy in Example 6.1.)

Now note that if k& > In|A| then n, = 0 or nj, > |A| e™* and hence

enk(— In(ng/|A|)+1—(T—cq)k) < e—T’k ng

9
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where 7/ =7 —¢; — 1 — 379,

Since A has regular boundary with constant K, there exists a contour
[, with |Int(T,,)| = n, |A] — |A|*¢ < n < |A| such that |0T,| < K |Int(T)|.

(Reduce the maximal contour [y, in the direction where A is widest.)

The possible ©' C © such that for I' € ©', |I'| > In|A| and such that
Y ree t(I)| > [A| —|A]'7¢, can be enumerated by the choice of points and
the numbers n;, with In|A| < k < |A]'™¢ denoting the number of contours

I' € © with |I'| = k. The corresponding Boltzmann factor is bounded by
DRk, (4:36)
{rr}

where £ = In|A| +1,...,[A]* ¢ and Y, knp < |A|'"¢ and since |Int(T)| <
(kg TN, 32, k6 > kg Y S It(T)] > g VAL Let
ky < --- <k, be the values of k for which n; > 1. Then

|A]T e e
E e_T/Zkknk < E : 2 : H—
B Llq ek
{r} =1 In|A|<k;<--<kp<|A[l=¢ i=1
For p = 1, obviously,
1—
A o~ I[A] _ = (A17E 1) 1
—7'ky !
e = < AT
1 o eT/ 1 . 677_/

ki=In|A|

To estimate this sum in case p = 2, we use the following inequality, valid for
z>0and € (0,1),

z4 (1 -2 > 14 Az if 0 <z < 27% where A =2 — 2°. (4.37)

It follows from the concavity of the left-hand side.

Consider the case p = 2. We first note that k; +ky < |A|*~¢ and kf/(dfl) +
RN — 18 > j¢=d/(=D|A|. Set & = ki/n in the inequality (4.37). Then
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r < n/2° and, since ky = n(1 — (k;/n)/%)?,

) e (k1thk2) .
4.38
— —7'k _ 7'k
In |A|<ky <ka<|A|}—¢ (1 € 1)(1 e 2)
k10415 /s
pmmaer (e = e=T'n(1=(k/n)}/%)?)
n/2%
< Q-py 3 e
k1=In |A]
, A A7’
< 2e T n% (4.39)

For p > 2 we generalize the inequality (4.37):

Lemma 4.8 Let 6 € (0,1). If0 <z <9 <--- <1z, and Zlex}/‘s =1
then

—1
i=1 =1

where \j = 1+ — (i +1)° fori=1,...,p—1.

Proof. Again the left-hand side is a concave function of 4, ..., z,_;, writing
x, = (1 -0} ) /°Y3. Tt therefore suffices to check the inequality for the
extremal points of the simplex bounded by the rays z; = --- =2, =0, 0 <

ziy1 <o <xpq < (p—j)7°. The extremal points are 0 and (0,...,0, (p —
$)7%, ..., (p—3)7°%). In the latter points, the left-hand side equals (p — j)'~°,
and the right-hand side equals 1+ f;jlﬂ Moip =) =143 N(p—
N Oo=1+p—j—(p—5)p—175)"°=(p—j)'°, which proves the lemma.
(Here we used the identity \; = (i +1 — (i +1)°) — (i — %) so that the sum

telescopes.) ]
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Note also that it follows from the concavity of the function = — 2° that

Xit1 > A > 2 — 2°. Repeating the above argument for p = 2, we now have

—7'k;
3 I1 157 (4.41)

In |A|<ky <--<kp<|A|17€ i=1
-1 kil/(;:”l/é
< 2 > o~ (CIS et /=1 k)
In |[A[<k1<-<kp_1<n
SP Ky <nl /02

< 9 Z o IS Ap—iki/n)
ko<k1<--<kp—1
p—1 1
/ / —1
— 9 TN T koYX P20 N ‘
g 1
< —7'n| A |=T (P—P%) _ .

Note that (1 — e 7%)"! <1+ 2e 7% < ¢ ™" and hence

p p

H(l —e TRyl < eXp[Z e TR < 2.

i=1 i=1

It follows that the sum over p converges and moreover that the term p = 1
dominates as |A| — co. We have seen above that there is a large contour I,
with |T,| < K|A]°. Since F satisfies the generalized Peierls inequality, this
means that large contours I' with (significantly) larger |I'| are exponentially

less likely. 1
The situation is illustrated in Figure 6.

Remark. In fact, Figure 6 is slightly deceptive, because it is advan-
tageous to have a slightly smaller contour. The size |I'| is then smaller,
whereas the volume |[Int(I')| is smaller. This is advantageous because in

general 7 >> b. The size reduction is only of order 1, however.
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5 Spin models versus contour models

Pirogov-Sinai theory is a generalization of Peierls argument for the existence
of a phase transition at low temperatures to the case of spin models without
symmetry. Remember that Peierls’ argument uses explicitly the spin-flip
symmetry to derive Peierls” estimate (1.6). This symmetry ensures that the
phase transition occurs at h = 0. In the absence of such symmetry, the value
of the critical external fields is in general dependent on the temperature. This
was illustrated in Example 3.1. To include arbitrary contours, the critical

fields will be determined by a contraction mapping argument.

We consider the inhomogeneous Potts model given by the Hamiltonian
of equation (3.11), i.e
o, y S:L’asy = Z Jrr 6533 7’551, r 68 7”551, 7‘) (51)
1<r<r’<q
for |x — y| = 1, and we set for a boundary condition r,
Ha(sa|7) = Halsa) + > Dy y(50,7). (5.2)
zeNyeAC: |z—y|=1

Given a boundary condition r we define the partition function by

Definition 5.1 The finite-volume partition function Z/(\r)(ﬁ,h) for the

inhomogeneous Potts model with boundary condition r is given by

Z0(Bh) = Y e PHalaln, (5.3)
sA€Q(T(A)
where
Halsalr) =Halsalr) =D (h—h6,,) = Halsa|r) =) (hs, —hy) (5.4)
TEA zEA

1s the relative Hamiltonian.

Note that we have added a constant h,.|A| to the Hamiltonian, which of
course does not affect the equilibrium state. We want to relate the distribu-
tion of external contours to that of a contour model and therefore define a

corresponding crystal partition function.
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Definition 5.2 For a given (external) contour (I', sp) with external bound-

ary condition r, we define the crystal partition function by
Z,.((T,sr),B,h) =

q
*BHF (sr|r) H Z e*ﬁﬁlntm(r)(ﬂm)+r3(hm*hr)|lntm(r)‘. (5.5)
=1 5€Q(m) (Int,, (T'))

Crucially, the following identity then holds.

= > I] &@s).8.h), (5.6)

eeD,(A) T'sr)€O

where D, (A) denotes the set of exterior boundaries with boundary condition
r. We also denote by C,(A) the collection of contours in A with exterior

boundary condition r.

We have the following correspondence.

Theorem 5.1 Assume that 3|||| < p := d27 i and 7 = 38p — 1 > 3cq.
Then there exist contour functionals F, € F, (r = 1,...,q) on contours

(T, sp) € C. with boundary condition r respectively, satisfying the Peierls
condition (4.1) and such that

Z,((F,sr), B, ) = e MOIE((T, sp) | ) (5.7)

where
b, = M — ph, — P(F,), (5.8)

with M = max?!_,(P(F,) + ph,). Moreover, Fi, ..., F, are continuous func-
tions of J,.» (1 <r <r' <gq).

95



Proof. First observe that the identities (5.6) and (5.7) imply that

2060 = > ] Z(0sr).8.b)

0eD,(A) T'sr)€6

= Z H b\Int E FSF)|F)

0eD,(A) T'sr)ed

= Z H obr [t ()] ,—F(F,sr) Z o—Fr(®)

0eD,(A) (T'sr)e® €D, (Int(T))
— Z o Fr(@ H obrMt(D)|
0€Dr(A) (T',s1)€O(9)
= Ea(Fr,b). (5.9)

Conversely, if Z\(8,h) = Zx(F,,b,) then

Z H Zr<<F75F>7B7h>

0eD,(A) IT'sr)€6

= Z H b|Int E FSF)|F)

0cD,(A) (T,sr)€O
from which it follows that Z,.((T', sp), 3, h) = et OIZ((T, sp) | F.).
Inserting the definition (5.5), we have that for (I', sp) € C,,
M MIZ(T, sp) | F)
= Z.((T;sr), 5, h)

— —57'11“ (sp|m) H B8 hm—hr)lllltm(F)\Z( m) (6 h)

Int,, (")
m=1
N q
— o~ BAr(seln) H eBm=hn) Itz 1 (Fo b (5.10)
m=1

Since by definition 4.1, Z((T, sp) | ) = e FEs0)=Zp 1 (F), it follows from
(4.21) that

ImE((T, sr) | F.) = P(F,) [Int(T)| — F.(T, sr) +ZAMM n(F).  (5.11)

m=1
On the other hand
In EIntm(p)(Fm, bm) = (P(Fy) + by) [Int,, (I')| + Alntm (Fm7 bm).  (5.12)

56



Hence

(P(F) + by) [Int(I)[ — F(T, sp) + Z Arnt,,, (1) (F7)

m=1

= —BHr(sr|r) — Bhy|Int(I)]

+ 3 [(P(Fn) + by + Bhuy) It (T)] + A, (1) (Fons bin)] -
m=1

(5.13)
Inserting the identity (5.8), we have for (I', sp) € C,,
FA(T, ) = BHr(sr | 7) + To(E, B,1), (5.14)
where the map T,.(F, 8, h) is defined by
T,(F.5,h) = T,(E.b).
in which b, is given by equation (5.8) in terms of h,, and P(F,,),
by, = —Bhm — P(F,) + M,
and .
TE,D) = [ty (Fr) = Ataty () (Fry b)) (5.15)

m=1

Note that it follows from the assumption 3||h|| < d279Juin = p that

~ 1
Hr(sr|r) = He(sr) = Y (b= hy,0s,) > 3P T

zel

because every cube of side 2 in I" contains at least one site with a spin different
from the others, giving a contribution d.J,,» so Hr(sr) > dJun2 %], and
by assumption, max(h. — h.) < 2p. Then, by the inequalities (4.27),

B(EB)I) > 2073 [0(Int ()] > ~2¢7]1],

and therefore
~ 1
BHr(sr|r) +T.(F,B,h) > (55,0 —2¢77)|T| > 7|L].
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We next prove that the operator T' = (7,)!_, has small norm, which

implies the existence of a unique solution F'. In fact, by Theorem 4.5,

IT,(F,b)(T) = T,(£,)(I)|
q
S (lAIntm(F) (Fr) - AIntm(F) (FT{)‘

m=1

| Attn () (Frns bin) = At 0y (Fos 00))

q

< 2 |b;* - br' |Intm(F)|

m=1
q
1 .
#2337 (Ger i) g ) Ity (O] | Fon — Epl
m=1
(5.16)
and hence
|T.(E, 8, b)(T) — T,(E, 8, h)(D))]
< 2(|8h = FH|| + ¢ TI|E — El) [Int(T)|
1
53¢ +207)||E ~ E' [Int(T)], (5.17)

where we have defined
HE_E/Hw = m%iIXHFT - F;HHH

and where we also used the continuity of the pressure, Theorem 4.4. Recalling
the definition of the norm (4.26), we have

1
IZ(E, B,h) = T(E', B', 1) | < 2 IIBE—B’EIH(g +4e E—E'|[,. (5.18)

In particular, T is a contraction for fixed h and there exists a unique solution
to the set of equations (5.14). Moreover, the inequality (5.18) also implies
the continuity of the solution in Hr and h and hence J,,» subject to the
conditions 2||h|| < d37¢ i = p and 7 = Bp — 1 > 3cy. 1

In the following we need to improve the inequality (4.27). In fact the
lower bound is also of order |OA|:
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Corollary 5.1 Assume that ||F,|| < +oo. Then —Bf(B,h) = b, + P(F}).
Moreover, The surface tension of the parametric contour model with b, > 0

satisfies
— (b + P(Fy) + [| @] + 2[[2]] + e7)[OA] < Ap(F,b) < e7T|0A]. (5.19)

Therefore the solutions F. in fact belong to F, i.e. ||F.|| < +oc.

Proof. Since by (5.9),

ZV(B,h) = En(F,b,)

= Z o Fr(9) H obrnt(D)]

0€D-(A) reo(9)
< el Z e O
9€Dr(A)
we have the upper bound
. 1 (r) . 1 —_
6f(ﬁ7ﬁ) Alglzld |A| ln2’7A (67&)_1774_}‘/\11_{20 |A| In A(Fr) br+P(Fr)

On the other hand, if ||F,|| < 400, we can choose the maximal contour
consisting of I'yax = {z € A : d(z,A°) = 1} and obtain, writing A; =
A \ Fma}m

Z/(\r) (67 h) > Z e_FT(a)_Fr(Fmax)ebr|A1|

0€Dr (A1)
e~ vl [Tmax| o (br+P(Fr)) | Ax[+An, (Fr)

v

S o b+ PU) o] b+ PUEIAL A, ()
Since |Ay, (F))] < e T|0A4], it follows that

—Bf(B,h) > b, + P(F,).

The upper bound of (5.19) is (4.27). Similarly also the lower bound if
b, = 0. To prove the lower bound if b, > 0, let I',.x be a maximal contour

given by the inner boundary of A with inner boundary condition 7 where
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by = 0 (this means sy, = 7). Then we have

20(p.h) > eIV Z (5 h)
e_BHFmax (’F ‘ T)EAl (FF)
e—ﬁflrmax (F|7r) ol M| P(F7)+An, (FF)

— o PHPmax (F17) o (Prtbr) DA+ An, (FF) oAl (P(E)+br)

Since Hr(sr|r) < (||®]| + 2[|k|)|T| the lower bound follows. Inserting into
the formula (5.15), we conclude that ||F,|| < +o0. ]

It follows that in case of a boundary condition r with b, > 0, there is a
large contour close to the boundary. This is illustrated in Figure 6 where the

black colour corresponds to a spin value r with b, > 0.

Figure 6. A large contour in the Potts model with ¢ = 3.
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6 The low-temperature phase diagram

We are now ready to describe the low-temperature phase diagram in general.
First, however, let us consider again the example of the 3-state Potts model,
Example 3.1.

EXAMPLE 6.1. Phase diagram of the 3-state Potts model.

In order to obtain the complete phase diagram of Example 3.1, we need
to consider also the case where hy # 0 (we can assume h; = 0 because adding
a constant to the Hamiltonian does not change its thermodynamics). In that
case, it is also possible that the phases 1 and 3 or 2 and 3 coexist. As in

Example 3.1 we have

~ 1
filpz, p3) = (2dJ — ha)pz + (2dJ — h3)ps — —s(p2, p3),

g
and minimising,
1
fl,min = ——(p2 + p3),
5( )
where
py = e PAI=h2) anq po = o B(2dT—hs)
Similarly,

~ 1
fa(pr, p3) = 2dJp1 — ha(1 — p1 — p3) + (2dJ — hs)ps — 55(017/)3),

and minimising,

1
fomin = —ha — E(ﬂl + p3),

where

B(2dJ+hs B(2dJ+ha—h3)

p1=e ) and py = e~ ;
and
- 1
f3(p1, p2) = 2dJ(p1 + p2) — hapa — h3(1 — p1 — pa) — Es(pla p2),
and minimising,

1
fS,min - _h3 - E(pl + P2)>
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where

B(2dJ+hs3 B(2dJ—ho+h3)

pL=¢e" ) and py = e~ :

We have already seen that the states 1 and 2 coexist if hy = 0 and
1 ~
hs < hs, ~ E(e*W — e 2Py (6.1)

Equating fi min = f3.min, We see that 1 and 3 coexist if
hy = l <675(2dJ7h2) + efB(defhg) . efﬁ(defthrhs) _ 6*5(2df+h3)> ) (6.2)

B
Clearly, for large 3, |he| < 1 and |h3| < 1, so we can approximate this by

hy & hse + hy(e 204 — =207, (6.3)

Note that this free energy is minimal only if hy < 0. It is a straight line with

small slope approximating the negative ho-axis as  — oc.

Similarly, the states 2 and 3 coexist if famin = f3,min, i-€.
hs = hy + 1 (6—6(2dj+h2) | e BQdTtha—hs) _ —B(2dT+hs) _ e—B(QdJ—h2+h3)> ‘

(6.4)
This is approximately

hy =~ hse + hy — ho(e™2P% 4 2¢72007), (6.5)

which is a straight line to the right of the triple point (0, hs.) tending to
the line hs = hy as 8 — oo.

In general, the low-temperature phase diagram can be described as fol-

lows.

Theorem 6.1 (Pirogov-Sinai) For (8 large enough, there is a neighbour-
hood Vo of 0 € RI™ and a homeomorphism I : Vo — Uy, a neighbourhood of
0in Oy = {(b1,...,b;) € R?: min? _, b, = 0} such that if m; < --- < my
are the spin values for which Ig(hy — hy, ..., hy — h1)m, = 0, then there ex-
st exactly N translation-invariant limit-Gibbs measures M(ﬁ") representing

distinct co-existing phases.
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Proof. We may assume that h; = 0 by replacing h, by h, —h; since adding a
constant to the Hamiltonian does not change the equilibrium states. By the
previous theorem, given J,,» (1 <r <r’ <g) and assuming 7 = %5/) —1>
3cq, where p = d27%J,, there is a continuous map from a neighbourhood
of 0 given by 3||h|| < p, mapping h to a g-tuple of contour functionals
(Fy,..., F,), such that (5.7) holds with b, given by (5.8). We therefore set
I5(h), = —pBh, — P(F,) + M. Tt follows immediately from Theorem 4.4 that

the map I3 is continuous.

Conversely, given b and J,,» with 1 < r < 7’ < ¢, we can determine

Fy, ..., F, from a rewriting of equation (5.14) as
FT(F,SF> BHF Sl" ZZ b +P _br _P<Fr)) 6s$,m+fr(E7[_)>’
zel’ m=1
(6.6)
with .
fr(£7 b) (F) - Z [Alntm(r) (Fr) - AIntm(F) (Fm, bm)} . (67)
m=1

By equation (5.16),

IZ(F,b) = T(E', V)| < 2/[b— V|| + —||F Hlo

and in particular, for given b, T is a contraction. We then put
ma(B), = (b, = P(F) + by + P(FY)

for r=1,...,q. Then it follows from Theorem 4.4 that

Ims(0)]] < (||b—b | +e™).

We claim that m3(I3(h)) = h and Ig(7ws(b)) = b. For, if I3(h) = b, then
b= —ph— P(F)+ M, where Fi, ..., F, satisfy

B, s) = ﬂ(wsp)—stz—m))+Tr<£,m>

zel

= BHr(sr) ZZ (b + P(F) — by — P(F.))ds,m

zel’ m=1

+T,(F,b),
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and hence mg(b) = h. The converse is analogous. If [|b]| < $8p — Be™" then

||2|| < £p and the inverse map is well-defined.

Now suppose that for a given boundary condition r, b, = 0. Then,
according to the corollary of Theorem 4.2, the correlation of external contours
decays exponentially. As in the case of the Ising model, we show that this
implies that the corresponding equilibrium state u(ﬁr)ﬁ is mixing. Denote ME\T)

the Gibbs state on A given by
1
(r)
py (s5) = ———exp | —BHa(sa |r) + 8> (he, — hy)
z(5.h)

The corresponding distribution of external contours is given by

My 1 Z.((T, sp), B, h
KA ( ) Z/(\T)(ﬁ,ﬁ) (ngeg (( SI‘) _)

for external boundaries © € D,.(A). By the identification with contour mod-

els in Theorem 5.1, we see that this equals

e TI 2 sn) | F) = @),

:A(FT) (F,S[‘)Ee

which is the probability of an external boundary in the contour model. It

follows that the thermodynamic limit of the correlation functions
> ui(0) = pa(©)
606
exists.
Consider a finite subset A C Z%. We need to relate the probability of a
given configuration s4 to that of exterior contours. If for some x € A, s, = r,
then it is possible that z is not surrounded by a contour. Given an exterior

boundary O, let A; be the subset of A surrounded by a contour and A, the

subset not surrounded by a contour. Define
D,(0)={0'>0: (Are)zecTulntl)}.

The complement of the set of © D © such that for all [V € ©’, Ay N (I" U
Int(I”)) = 0, is the set © D O such that there exists I" € ©’ such that
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Ay N (MU Int(T)) # 0, ie. IV € U,en, D,(©). Hence, be the inclusion-
exclusion principle (4.7), the probability of the event that A,N(T'UInt(T")) # )
for any contour I', given that Ay = AN (Jpee(I' U Int(I)), is given by

pa©) = D ()i (Nier Du(0)).
ICAQ;I#@
In terms of correlation functions this can be written as
O = (DI e,
ICA2; T#D ©'>0;0'eD;
where
D, = {@' VI e ©, 1N (I Ulng(l)) # 0
and [ C U (I'u Int(F’))} (6.8)
I’ee’

This therefore converges as A — Z?. (Note that the sum converges because
the number of I'" containing a point of Ay grows like |IV|° whereas p(©') <
e~TI®ll) We will denote the limiting probability by 5(©; A, Ay), i.e.

PO AL A) =pO)+ > (=) YT ). (6.9)
ICA2; I#0 ©'50;0/eD;
The distribution of s4 is then

M (sy) = Z Z p(O; A, A\ Ay)

A1CA @G@Alﬂﬂng\Al Dg

X H 6SI’TH/JJ¥L)JInt(F)<SA1>’ (6.10)

TEA\A reo

where

D, =D,(0)={0: (Ar € ©)z e T UInt(I")}.

Note that in case A, = (), D4, = (3, so this contribution to the sum in (6.10)

1S

p0:0,A4) [ [ be.r

T€EA
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The correlation function

A0, A) =1+ Y (=D Y 5(e)

@#ICA @/G'DI
is the probability that no contour of © surrounds a point of A.

Note also that the expression (6.10) agrees with (3.5) in the case of the
Ising model with A = {0, z}.

We next prove that the distribution (6.10) satisfies the mixing property
(2.1). We can take f and g to be of the form f = [] 40,5 and g =
[L.cp 95,5, for fixed 5,. Then

EX (1.(f) 9) = 17 (5, a)58)
- Z Z p(O; (A1) U By, 7,(A2) U By)

A1CA, B.CB GGDTZ(A1)UB1 mﬁacerz(Az)uBQ Dg

x H Os,.r H 'UFUInt (I (Sr.(A1)uB: )

x€AUB>y INSC)

In this expression, the terms where there exists I' € © such that 7,(A4) N
(TUInt(I")) # 0 and BN (T'UInt(T)) # O tend to zero because p(I'; 7, (A;) U
By, 7.(Ay) UBy) < el < e~ 2" (]2l ~diam(AUB)) Ty the remaining terms, we
can write © = ©; U ©,, where ©; € f?TZ A and O, € 1531 Moreover, if
0, €D, .(4,) and ©; € D, for some z € B, then there is a I'; € ©; such that
7.(A) N (T UInt(T)) # 0 and z € T'; UInt(T';) and hence p(0’) < e "INl <

e~ 2" Nzl =diam(4UB)) for a]]l © 5 O. We can therefore ignore the condition

O1 €N,e By Dx, and similarly also the condition ©5 € Dc

z€T,(A2)

The resulting expression is

2 2.

A1CA,B1CB 0= @1U@2
91€'DTZ<A1 mnCL‘ETz(A2) D QQEDBlmﬂzeBQ D

X ﬁ(@, TZ(A ) U Bla 7—z AZ U BZ H 631 H /’LFUInt (I STZ Al)uBl)

r€EA2UBg ree
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This tends to

B (F1E () = 1@ (54)u" (35)

= 2 2. 2

A1CA, BICB ©1€Da; NN, a, D ©26D5,NU

X p(O©1; A1, A2)p(O2; By, Ba)
X H 05, H M?&Im(r) (54.) H /‘LgL)JInt(F) (58,)

rEAUB> e, I'e©->

~'C
TEBgy Dg

since by the corollary of Theorem 4.2,

1p(©; 7.(A1) U By, 7.(A2) U By) — p(O1; 7. (A1), 7. (A2)) p(O2; By, By)|
< 2lA2l+1B2| (ea=7)([O1][+|O2]|+d(©1,02)) (6.11)

(Note that p(O1;7.(A1), 7.(A2)) = p(7-.(01); A1, As) and if [' € O, then
By /(U Int(T)) = @ while i1y (5r.an) = 257 ooy (541)-)

It is clear that the measures pu") with b, = 0 are not identical because
u(")(dgo,r) ~ 1 by Peierls’ argument. Since they are extremal measures, they
must be singular w.r.t. each other.

Now consider values of r such that b, > 0. We want to show that such
values do not correspond to different phases. By Lemma 4.7, there is a large
contour with total area/volume almost equal to A. (Here we take A to be a
large square/cube and assume € < 1/d so that |OA|'T¢ < |A].)

We still need to show that the internal regions Int,,(I") with I' € ©(09)
and b, > 0 are insignificant compared to Int,.(I") with b, = 0. By Lemma 4.7
we can consider Int(I") as a region A’ which also has a regular boundary.
Consider the relation (5.10). We want to show that with high probability,
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if b,, > 0 and b, = 0. By Lemma 4.7, we have that with high probability

En(Fosby) < (1—n)7! > e Fn@) T ebmlimnir)
0€D(N): ©(8)eB/ (€) INCIG))
< 2 Z o= Fn(0) gbmlA|

O€D(N): ©(9)eB/(€)

S 26(bm+5hm)|A,| Z G—Fm(a)
0:0(0)eB,/(¢)
O€B/(€) 9CUrce Int(I)
< 9e(M=P(Fm))|N|
X Z e_Fm(@) H eP(Fm)‘Int(F)HAInt(F)(Fm)'
0B,/ (¢€) r'eoe
S 26(M_P(Fm))|A"
X Z 677‘ Zree ‘F‘eP(Fm)|A/|+ZFe@ AInt(l“)(Fm)
OB,/ ()
< 9e(P(Fr)+Bhr)|N| Z e~ (T=¢77) Xree T
ocB,/(e)
= 2P INIZ, () A ()= (T—e DralN T, (6.12)

The resulting bound tends to 0 as |A'| — oo.

This implies that the boundary condition r is much more likely than m

once the area is large.

We now follow Gallavotti and Miracle-Solé!® and use the following lemma.

Lemma 6.1 Let i be a translation invariant probability measure on Qfd.
Suppose that there is a subset Sy C {1,...,q} such that for any function
f: Qqu — R with bounded support A C 72, there exists a family of numbers
an, € [0,1] for all finite A C Z¢ and r € Sy such that

lim [AVEL(f) = > an B ()] =0,

A—74d
- reSo

10G. Gallavotti and S. Miracle-Solé, Equilibrium states of the Ising model in the two-
phase region, Phys. Rev. B5, 2555-9 (1972)
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where Av is the averaging operator deﬁned by

AVER(f ZE“ .(f
Then u belongs to the convex hull of the measures ") with r € S.

Given f, let a = diam(A) be the diameter of the support of f. Then
7.(f) has support 7,(A) which, with high probability, is contained in Int(I")
for some I' € ©(0) unless z belongs to an A-neighbourhood of Upcgg L',
having total volume at most a?c|0A| by the above lemma. Analogous to

equation (6.10) the expectation of f is given by

Do D> AEiALA)

A1CA @By, 0N, e n, DS

r€Ag T
(r)
X H 55;1677" H E#UInt(F)(f‘FUInt(F))’ (6'13)
TE€A2 INSC)

If 7.(A) C Int(T") for a given I' € ©(9) then A; = A and ©(9) = {I'} and

]E#gl)nt(r)(f) Eﬁi:g) )(f). Since, moreover, 5(©; A,0) = p(0), it follows that

AhHZldAVE“ nH=>Y > {THAME Inm(f) (6.14)

where C{™ is the set of contours I' with inner boundary condition m contain-

ing x, i.e. such that x € Int,,(I"). This completes the proof of Theorem 6.1.
|

Remark. In fact, the proof is incomplete since we have only considered
uniform boundary conditions. The proof in case of mixed boundary condi-
tions is analogous, however. In that case one needs to consider also contours
which are not closed but connect to the boundary of A. This was first done
for the Ising model by Gallavotti and Miracle-Solé!!. Indeed, the above proof
in case b, > 0 is based on their article. The extension to the general case was

12

done by Martirosyan'“. However, his short note contains only a very brief

outline of the proof, with many essential details omitted.

G, Gallavotti and S. Miracle-Solé, loc. cit.
12D, G. Martirosyan: On the question of an upper bound on the number of periodic
Gibbs states for models of a lattice gas. Usp. Mat. Nauk 30, 181-2 (1975) (In Russian).
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