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Preface

The two-dimensional Ising model without external field was solved by On-
sager in 1944!. This was a very important result, because it showed that
mathematically, the phase transition comes about in the thermodynamic
limit. Moreover, his solution showed that the phase transition is second-

order and that the specific heat diverges logarithmically at the critical point.

Since then many different derivations of his solution have been published.
First the Onsager solution was simplified by Kauffman?. We mention a few
other approaches. A combinatorial solution based on an expansion was de-
veloped by Kac and Ward®. Another ingenious solution was proposed by
Feynman*. The assumptions made in this proposal were proved by Sher-
man®. Another approach, related to quantum field theory as it relies on the
Jordan-Wigner transformation, is due to Schultz, Mattis and Lieb®. This
solution also clearly demonstrates that the 2-dimensional Ising model can
be considered a free fermion field theory. However, there is a twist, in the

form of a phase transition. It was shown’ that this has a topological origin

L. Onsager, Crystal Statistics. I. A Two-Dimensional Model with an Order-Disorder

Transition. Phys. Rev. 65, 117-149.
2B. Kauffman, Crystal Statistics. II. Partition Function Evaluated by Spinor Analysis.

Phys. Rev. 76, 1232-1243 (1949).
3M. Kac and J. C. Ward, A Combinatorial Solution of the Two-Dimensional Ising

Model. Phys. Rev. 88, 1332-1337 (1952). See also: R. B. Potts and J. C. Ward, The
Combinatorial Method and the Two-dimensional Ising Model. Progr. Theor. Phys. 13,
38-46 (1955); and C. A. Hurst and H. S. Green, New Solution of the Ising Problem for a
Rectangular Lattice. J. Chem. Phys. 33, 1059-1063 (1960); and P. W. Kasteleyn, Dimer

Statistics and Phase Transitions. J. Math. Phys. 4, 287-293 (1963).
4R. P. Feynman, Statistical Mechanics. A Set of Lectures., Chapter 5, Frontiers in

Physics; Benjamin/Cummings Publ. Comp., 1972.
°S. Sherman, Combinatorial Aspects of the Ising Model for Ferromagnetism. 1. A

Conjecture of Feynman on Paths and Graphs. J. Math. Phys. 1, 202-217 (1960) and

Addendum: 4, 1213 (1963).
6T. D. Schultz, D. C. Mattis and E. H. Lieb, Two-Dimensional Ising Model as a Soluble

Problem of Many Fermions. Rev. Mod. Phys. 36, 856-871 (1964).
7J. T. Lewis & P. N. M. Sisson, Commun. Math. Phys. 44, 279-292 (1975) and J.

T. Lewis & M. Winnink, The Ising model phase transition and the index of states of
the Clifford algebra. Colloquia Mathematica Societatis Janos Bolyai 27: Random Fields.
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by reformulating the model on an infinite lattice in terms of a C*-algebra.
The simplest approach is probably via the introduction of Grassmann vari-
ables: see Samuel® and Ytzykson® and the particularly simple approach of
Plechko!®. Although Onsager already proposed a formula for the sponta-
neous magnetization, a derivation was only published by Yang!!'. Finally, let
me mention the solution by Baxter'? which uses his star-triangle transfor-
mation and the related Yang-Baxter equation, which he also used to solve
several other models, notably the 8-vertex model and the XYZ Heisenberg

chain'3.

Here we consider still another approach, which relies on the original Bethe
Ansatz, which was introduced by Bethe!# in his celebrated paper of 1931. In
this work Bethe succeeded in computing the eigenvalues of the homogeneous
quantum Heisenberg model in one dimension (XXX model) using an Ansatz
for the eigenfunctions. The Bethe Ansatz has led to a veritable revolution in

mathematics. A large number of different models, both classical and quan-

Esztergom, Hungary 1979.
8S. Samuel, The use of anticommuting variable integrals in statistical mechanics. 1.

The computation of partition functions; II. The computation of correlation functions. J.

Math. Phys. 21, 2806-2814 and 2815-2819. (1980).

9C. Ytzykson, Ising Fermions (I) and (II). Nuclear Phys. B210, 448-476; and 477-498
(1982).

10V, N. Plechko, Grassmann Variable Analysis for 1D and 2D Ising Models. Commun.
DIAS 31, 2019. See also V. N. Plechko, Simple Solution of Two-Dimensional Ising Model
on a Torus in Terms of Grassmann Integrals. Teor. Mat. Fiz. 64 150-162 (1985) (Transl.

Sov. Phys.-Theor. Math. Phys. 64, 748-756 (1985).
€. N. Yang, The Spontaneous Magnetization of a Two-Dimensional Ising Model. Phys.

Rev. 85, 808-816 (1952). A combinatorial derivation using Szégd’s Theorem, was obtained
by E. W. Montroll, R. B. Potts and J. C. Ward, Correlations and Spontaneous Magneti-

zation of the Two-Dimensional Ising Model. J. Math. Phys. 4, 308-322 (1963).
12RR. J. Baxter, Exactly Solved Models in Statistical Mechanics. Chapter 7. Acad. Press,

1982 and Dover Publ. Inc. 2007.
13R. J. Baxter, Partition Function of the Eight-Vertex lattice Model. Ann. Phys. 70,

193-228 (1972) and One-Dimensional Anisotropic Heisenberg Chain. Ann. Phys. 70,
323-337 (1972). See also: R. J. Baxter, Ezactly Solved Models in Statistical Mechanics.

Acad. Press, 1982 and Dover Publ. Inc. 2007.
4H. Bethe, Zur Theorie der Metalle. I. Eigenwerte und Eigenfunktionen der linearen

Atomkette. Z. f. Physik 71, 205-226 (1931). (Transl. on my website: On the Theory of
Metals. I. Eigenvalues and Eigenfunctions of a Linear Chain of Atoms.)
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tum, is now known that can be solved using this method or the extension
introduced by Baxter and developed further by the St. Petersburg school of
Faddeev et al.'. Tt is now often referred to as the algebraic Bethe Ansatz. The
first application of the Bethe Ansatz to a model other than the Heisenberg
model is due to Lieb'®, who computed the residual entropy of square ice. He
then extended this to the more general 6-vertex model'”. Another application
is the solution of the non-linear Schrodinger model, or one-dimensional Bose
gas with d-interaction!®. Their solution for the eigenvalues was extended to
a calculation of the thermodynamics by Yang and Yang!®. This was made
rigorous by Dorlas, Lewis and Pulé?®. The Yang-Yang derivation was gen-
eralized to the Heisenberg model by Takahashi?! and also to other models,

and is now know as the thermodynamic Bethe Ansatz.

Fortunately, we shall see that for the 2-dimensional Ising model, the Bethe
Ansatz solutions are quite simple and explicit. In these notes, we start by
considering the 1-dimensional Ising model. We give in fact 3 different solu-
tions: the standard solution using the diagonalization of the transfer matrix,
the combinatorial solution given by Ising himself, and another, quite simple

approach, which might be new and is also based on the transfer matrix, but

5L, D. Faddeev and L. A. Takhtadzhyan, The Quantum Method of the Inverse Problem
and the Heisenberg XYZ Model. Russian Math. Surveys 34, 11-68 (1979). See also: E.
K. Sklyanin, L. A. Takhtadzhyan and L. D. Faddeev, Quantum Inverse Problem Method.

I. Theor. Math. Phys. 40, 688-706 (1979).
16E, H.Lieb, Residual Entropy of Square Ice. Phys. Rev. 162, 162-172 (1966).
I7E. H. Lieb, Exact solution of the F model of an antiferroelectric. Phys. Rev. Lett. 18,

1046-1048 and ‘Exact solution of the two-dimensional Slater KDP model of a ferroelectric.’
Phys. Rev. Lett. 20, 1445-1448 (1967). Sece also E. H. Lieb and F. Y. Wu, Two-
dimensional Ferroelectric Models. In: Phase Transitions and Critical Phenomena, Vol. 1,

pp- 331-490. Eds. C. Domb and M. S. Green. Acad. Press, 1972.

18E. H. Lieb and W. Liniger, ‘Exact analysis of an interacting Bose gas. 1. General
solution and the ground state. II. The excitation spectrum.” Phys. Rev. 130, 1605-1624
(1963).

19C. N. Yang and C. P. Yang, Thermodynamics of a one-dimensional system of Bosons

with repulsive delta-function interaction. J. Math. Phys. 10, 1115-1122 (1969).
20T, C. Dorlas, J. T. Lewis and J. V. Pulé, The Yang-Yang Thermodynamic Formalism

and Large Deviations. Commun. Math. Phys. 124, 365-402 (1989).
2IM. Takahashi, One-Dimensional Heisenberg Model at Finite Temperature. Progr.

Theor. Phys. 46, 401-415 (1971).



without diagonalization. Next we consider the Ising model on 2, 3 and 4
linked chains respectively. This should set the scene for the general solution.
Adding extra chains introduces new complications at each of these stages and
prepares the way for the general solution using Bethe Ansatz diagonalization

of a submatrix.

T. C. Dorlas, April 2022.
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1 The Ising chain

The Ising chain is a model of spin variables s; = £1 (i = 1,..., N) arranged
on a line with nearest-neighbour interaction. Assuming periodic boundary
conditions, the interaction Hamiltonian is given by

N N
Hy({s:}i,) = _stisi—H - sti, (1.1)
i=1 i=1

where we set sy11 = $1. The coupling constant J will be assumed to be
positive (ferromagnetic). H is an external magnetic field. The corresponding

partition function is defined by

ZN(B) _ Z e—ﬁHN({Si}i\[:l)7 (1‘2)

S1y--sSN==1

where 8 > 0 is the inverse temperature (setting kg = 1). The thermody-
namics of the model in the thermodynamic limit is then given by the free

energy density??

1 1

In the following we give 3 different ways of computing Zy and the corre-

sponding free energy density for this simple model.

1.1 Transfer matrix solution

This solution is given in many textbooks?3. We write the partition function
as a trace of the N-th power of the so-called transfer matrix. Consider two
neighbouring spins s; and s;;1. Dividing the magnetic field equally over the

two spins, the corresponding factor in the partition function equals e?(/+H)

22Gee for example T. C. Dorlas, Statistical Mechanics, Fundamentals and Model Solu-
tions (2nd Ed.), Taylor and Francis, 2021.

23Gee for example K. Huang, Statistical Mechanics. J. Wiley and Sons, 1963. Section
16.5, or R. J. Baxter, loc. cit. Chapter 2, or T. C. Dorlas, loc. cit. Chapter 28.



is s; = 8,01 = +1, e P if 5;5,4; = —1, and BU-H) if g = Sir1 = —L.

Introducing the transfer matrix

- GBU+HH) =B

we can then express Zy as follows:

ZN = Tsl,52T32,33 T

SN—1,SN

T.

SN,S1

= Tr (TV). (1.4)

81, SN==E1

If Ay are the eigenvalues of the matrix 7', then it follows that

Zy =AY + Y, (1.5)
and hence ]
f(ﬁvij):_Eln)‘+7 (16)
assuming that A\, > A_. It is easy to determine A.:
Ar = e cosh BH + \/eQBJ sinh® BH + e~267. (1.7)
Thus,
1 8J 12 _
fB,J H) = —Bln e’ cosh BH + \/emeHh BH + e287
1 1
= —J- Blncosh(ﬁH) — Eln (1 +Vu? + (1 - u2)e—45J> ,
(1.8)
where we put
u = tanh(GH). (1.9)

1.2 Ising’s combinatorial solution

We now present Ising’s combinatorial derivation of the formula for Zy. Con-

sider a configuration with N, +-spins and N_ = N — N, —-spins, e.g.

- — -+ -+ ——



Assume that the first spin is +. The minus spins are divided over a number of
separate intervals p. The number of possibilities for choosing these intervals
(4 in the above case) is (A; *). Given the intervals we can divide the —-spins
over them in (JZ) :El) ways (provided N_ > 1). (To divide the — spins, we
put division marks in p — 1 positions among the N_ —1 possible places.) The

corresponding energy (Hamiltonian) is then —J(N —4p) — H(N, — N_).

The resulting expression for Zy is

Zy = PUTIN 4 (BU=IN

N—-1 NyAN_

L) (o ey
N e p)+BH (N4 -)
=2 605
4= D
N (N_> (N+ — 1> P/ (IN=ap)+BH(NL=N-) | (1 10)

p/)\p-1

(The first two terms correspond to all spins being + or all —; the last term
corresponds to the case where the first spin is —.) To evaluate these sums,

we consider the generating function > 5 _, Zyaz". Using the formula

(N N xP
Z( ):1:' = A (1.11)



we have

00
E ZNZL‘N
N=0

1 1
[ = 2eb i) T 1= peb- 1)

+Zef4ﬁJp Z Z N+ N B +H)N B(J—H)N-

Ny=pN_=p
N N_—1 N_ Ny —1
y + n +
p p—1 p p—1
1 1
[ = zebGrm) 1 peb i

1 (1 = 2ePTHI )+ (1 — gebU—M)p
p=

™ (1 — g;eﬁ(J"'H))p (1 — xeﬂ(J_H))p'f‘l }

1 1
{1 — reP(J+H) - 1 — reP(J—H) }

220287 P
> { o meatmy —awom )

5 1 — zeP’ cosh BH
1 — 2xef’ cosh BH + 222 sinh 23]

(1.12)

Then, using the formula

i[a+xf t(a— VBN eV =gt (1.13)

N=0

it follows that

(1 —ax)? — ba?

Zy =AY + AV, (1.14)

where AL are given by equation (1.7).

Note that the combinatorial expression (1.10) also gives rise to a varia-



tional expression for the free energy:

1
f(B) = —=sup  sup {B(J—H)+28Hz —4BJu
B z€)0,1] 0<u<an(1-z)
—2ulng—(:v—u)ln$_u
x
l—xz—u
_ulnl_x—(l—x—u)lnﬁ}

1
= —J+H—— sup sup {Qb’Hx —48Ju—2ulnu
5 zg[%,ﬂ u€(0,1—x]

—(z—u)n(z—u)— (1 —z—u)In(l — 2 —u)
+zlnz+(1—z)ln(l —z)}. (1.15)

Maximising over z yields

(1 —2z)(x—u) _ (2H (1.16)

z(l—2x—u)

and maximising over u yields
(z —u)(1 — 2z —u) = u?e*’. (1.17)

Solving for u from (1.16) and substituting in (1.17) yields

et @x—D2:&w
(e28H — 1)2 (1 — )

1 inh S H
r=-41+ sinh § . (1.19)
2 \/sinh? BH + e—487

Inserting into the expression for u gives

(1.18)

and hence

o487

(cosh BH + +/sinh? BH + 6—45J> V/sinh? gH + o167

(1.20)

DN | —



Inserting these expressions into (1.15) finally leads to

F(B) = —J+H—l{25ﬂ—11nx_“}

B gz
—4BJ
- —J—H—lln{l— °
p sinh BH + /sinh? BH + e—487

1
: |
cosh BH + \/sinh? BH + e—487
. 2 745(]_ .
_ —J—H—lln{l—\/smh BH + e smhﬂH}

g \/sinh? BH + e=487 + cosh SH
et
= —J—-H-In
cosh BH + \/sinh? BH + e—487
1
= —J— 3 In (Cosh BH + \/sinh2 BH + e—w) : (1.21)

1.3 Algebraic solution

We can derive the expression (1.5), where Ay is given by (1.7), algebraically

as follows. First we write
Zn = PN (cosh BH)N Tr (A B)", (1.22)

where A = 1 4+ \o® with A = ¢72%/_ and B = 1 + uo®. To see this, note
that instead of (1.4) we can also write separately the interaction term and
the magnetic field term thus

eBJSiSz‘-H eBHSH—l

Then

66J8i8i+1 - eﬁJ(58¢78i+1 + )\55i7_5i+1> = eﬁJ(l + /\Ux)SuSiHy

28J

where A = e¢7*"Y, and

ePHsixr — cosh(BH)(1 4 usi1) = cosh(BH)(1 + uo?)

Si+1,5Si+1"

We put
Zn =Tr (AB)N = Tr ((1 4+ Ao®)(1 4 uo?))", (1.23)

6



so that
Zn = PN cosh™ (BH) Zy. (1.24)

In deriving an expression for Zn, We now simply use the anti-commutation
relations
0%0* + 070" =0; (6")? = (67)* = 1. (1.25)

We expand the product (A B)Y choosing in each of the factors A B of the
product the term 1 or at least one ¢ operator. There must be an even number
of factors o” because otherwise the diagonal is zero, and there must also be
an even number of factors o* because otherwise the trace is zero. Therefore
let 2k be the number of factors where we choose at least one o operator.
From those factors we next choose among those the factors containing a o

at positions i1, ..., 1, out of the total 2k. This yields

[N/2]

Tr(AB)Y = Z@i)i T

k=0 p=0 1<i1 <-<igp<2k
x Tr ((UZ)hilU‘r(l + uaz)(gz)iril*l o (Uz)Zkfigp) .
(1.26)

If each second factor 1 + wo® is permuted with the previous factor o% it
becomes 1 —uo?®. This can then be combined with the previous factor 14+uoc?
to give (1 — u?)1, which, in all, results in a factor (1 — u?)? in front of the
trace. The remaining traces are all equal +2. We finally notice that, if we
keep the position of the even-numbered o” factors fixed, and move the odd-
numbered ones across the o?, the sign of the trace alternates. It follows that

the sum over the position of the odd-numbered factors o® cancels unless all

i2j (j = 1,...,p) are even, and in that case, the sum equals 2. There are
thus (’;) possible choices for the even-numbered factors, and the result is
N NN E
5 2 2\p, 2k—2
In = 22(2k>2(p>)\f’(1—u)?u p
k=0 p=0
NP2/
= 2 <2k) (u® + (1 —u*)NH)E. (1.27)
k=0



Finally, we have the expansion

[N/2]
L+vo)V+(1- V)N =2) (é\]i)xk (1.28)

so that

Zy = (1+/u2 + X2(1 —u2)N + (1 — u? + X2(1 — u2))V. (1.29)

Alternatively, in the thermodynamic limit, we have the variational ex-

pression

lim %ln Zn = sup {zln (W + (1 —u*)N\?) — I(22)} (1.30)

N—oo xz€[0,1]

where I(z) =z Inz + (1 — 2) In(1 — x). The supremum is attained at

1 \/UQ + (1 — u?)e487
r==
21+ u2+ (1 —u)e 407
and equals
1 -
lim —InZy =In (14 /u2+ (1 —u2)e*67). (1.31)
N—oco N



2 The Ising model on linked chains

In the case of M linked chains, the Hamiltonian reads

N M N M
HN,M({Si,j}Z]'V:’]l\ézl) =—Ji Z Z SijSit1,j — Jo Z Z SijSijri,  (2.1)

i=1 j=1 i=1 j=1

where we set sy11; = s1; and s; 41 = s;,1 for periodic boundary conditions.
The coupling constants J;, Jo will be assumed to be positive (ferromagnetic).
Note that we consider only the case where the external magnetic field equals

zero. The corresponding partition function is defined by

ZN,M(B) _ Z e PHN M {s:,5}) (2.2)
{sij};si==%1
The free energy density is given by

1

F(B. 9 H) == Jim oy Zwa(9) (2.3

Again, we can write a transfer matrix expression for Zy s analogous to (1.22):
ZN,M(ﬁ) = 6’3J1NM COSh(ﬁJQ)NMZN7M(/B), with ZN,M =Tr (A B)N, (24)

where

b
I
.zz

(1+ Aoj) and

<
Il
—

—

B = (1 +uo; ®o7y). (2.5)

<
Il
—

Here 07 =1®---®0"®---® 1, with o7 at the j-th position, and similarly,
oZ. Moreover, A = e~ %%/t and u = tanh(5.J).

2.1 Two chains

In the case of two linked chains (M = 2), note that we have double the

interaction 2.J; between two vertically connected spins due to the periodic

9



boundary conditions. This may be unnatural but it is more consistent with

the case of M > 2. We consider the eigenspaces of 0% ® o*.

On the eigenspace H of 0 ® ¢® with eigenvalue +1 consider the basis
1
V2

where |£) denote the eigenstates of o (NOT ¢#). Since 6 ® ¢ maps |+ +)
to | — —) and vice versa, it acts like o* on this space. Moreover, 0* ® 1 and

(I++)+1--)) (2.6)

1 ® 0" both act like ” on this space. On the + eigenspace we therefore have

the effective trace expression

Tr [(1 + Ao®)? (1 + uaZ)Z}N —

2\ 24 )

) (1
e’ 0t 5

= 14+XY1+HYTr |1+

This trace expression is similar to the expression for the partition function

of the 1-dimensional Ising model with field.

Replacing A by % and u by

2u
14-u?

in (1.29), we get immediately,

Tr [(14 A0®)2(1 + uo™)?]"
= Y I+ +u)Y

+
4u? 4\? 4u?
) {HE \/<1+u2>2 “ew (- <1+u2>2>}

= S (4N 4 ?) £ EET AR (L4 )R 4u2))N

N

= > ((1 + A (1 +u?) £ 20/u2(1+ M) + 22(1 + u4))N : (2.8)

The — eigenspace H_ of 0 ® ¢ is spanned by
1
V2
where |£) again denote the eigenstates of o®. Then o* ® o* acts like o7,
whereas A(|+ =) £ | —+4)) = (1 = A)(|+ =) £ | — +)), i.e. A acts like

(I+=)£[=+) (2.9)

10



(1—X?%)1. The two operators therefore commute and we get the contribution

(1= 2M)N[(1 —w)®™ + (1 +u)*™]. (2.10)

In total we therefore have

Zys = [A+w)™ + (1 —uw)])1 - )N
Fla+ 0+ 42RO T )

N
[0+ ) = 2yl F (14T (211)
It is easily seen that the second term is largest, so that
R S
J&l_rgo N In ZN,Z = In Apax

where

Amax = (1 4+ XD (14 u?) + 2¢/22(1 + ut) +u2(1+ \4).

Remark. Note that the operator A B is nonnegative in the sense that
ABv>0ifv > 0, and A B is also irreducible because all matrix elements are
positive. It follows from the Perron-Frobenius theorem (See Appendix
A) that the eigenvector corresponding to the maximal eigenvalue is positive
(up to a multiplicative factor). However, on the basis corresponding the
eigenvectors of A (more precisely, the %) one has to distinguish the space
‘H. and the space H_. On these individual spaces, A B is again positive, so
the maximal eigenvalue corresponds to the positive vector in H, or that in
H_.

Note that the interaction between the chains effectively acts like an ex-
ternal magnetic field. We might then speculate that the case of more chains

can also be decomposed in terms of effective fields.

2.2 The Ising model on a three-stranded chain

We write again
Zns=Tr(AB)", (2.12)

11



where in this case
A=1+X")® 14+ ") @ (1+ Ao"), (2.13)
and
B=1+uw’®c* 1) (1+uw’ ®1l®c’)(l+ul ®c*®@0c%). (2.14)
The latter can be written in the form
B = 1+u*)1+ (u+u?)(ofos + o50% + o507). (2.15)

Analogous to the two-chain case, we can reason as follows: On the eigenspace
of 0 ® 0” ® o with eigenvalue +1 there are two invariant subspaces: that
spanned by |+++) and \/ig(| +——)4|—+4+—)+|——+)), and that consisting
of the vectors a;| + ——) + as| — +—) + as| — —+) with a; +as + a3 = 0. On
the latter, the operator

B=(14u)[(1—u+v*)1+u(ojo; + o505 + o307)] (2.16)
reduces to
By =1+ u) (1 —u+u?)1 —ul] = (1 +u)(l—u)?1. (2.17)

Since moreover, A is also diagonal with eigenvalue (1 — X\)?(1 + ) on this
subspace, we obtain the contribution 2(1 — X\)?(1 + \)(1 + u)(1 — u)?.

On the first subspace, the operator B reduces to
By even = (1 +w)[(1 — u+ 1)1 4+ u(1 — 6°) + V3uo"], (2.18)
and A reduces to

Ay cven = (LHN)[(1+ A1+ 2)07]. (2.19)

On this subspace we therefore have to compute

N

Tr [(((1 +u?)1 — uo® + V3uo®) (1 + X1 + 2)\UZ)> 1 : (2.20)
This is similar to the one-dimensional chain. We prove for future reference:

12



Lemma 2.1 Define, for any 6 € [0, 2],

B(0) = (1 +u?*)1 + 2ucos(d) o° + 2usin(f)o”, (2.21)
and let
A= (1+X)1+2)\0" (2.22)
Then
Tr (AB(9))" = (¢ (O)™ + (¢-(0))" (2.23)
where
Ce(8) = (14 A (1 4 u?) + 4ul cos(8) + /A(H), (2.24)
and

A(0) = [(1+ X)) (1 +u?) +4cos(@)ur]® — (1 — u?)?(1 — A*)2. (2.25)

Proof. In expanding the product, we first choose the sites where there
is either no o-operator or two factors o®. These factors commute with the
others and yield factors (1 + A?)(1 + u?) + 4 ucos(f). The remaining sites
must either have a factor ¢® or a single o*. Each must occur an even number
of times. The result is

Tr (AB(0))" =

[N/2]

= Z (;\l;) (14 M?)(1 + u?) + 4 u cos(h)] ¥ 2

k=0

X Z Z [(2A(1 + u?) + 2ucos(0) (1 + AH)** 72 (2usin(h))*

p=0 1<i1 <+ <igp <2k

x Tt [(0%)" o™ (1 + A1+ 2X0%) (%) 71 (o) 7] . (2.26)

The factors (14 A?)1+2)\o* combine as in the one-chain case to give a factor
(1 — A?)?. As before the remaining traces yield the condition that each 4,

must be even and the result is:
[N/2]

Tr (AB)N = 2 Z (Qk) (14 A)(1 + u?) + 4 u cos(9)]¥ 2
k
p
x (2usin(0))* (1 — \2)%P, (2.27)

X Z ( ) [(2A(1 4 u?) + 2ucos(A) (1 + X222
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The sum over p can be evaluated to give

{[<2)\(1 +u?) + 2ucos(0) (1 + AH)]? + (2usin())*( Q}k
{ 1+)‘2 1+U2)+4u)\c080] (l—u 21_)\2 Q}k
= A6 (2.28)

Inserting this, the sum over k can be evaluated using the expansion (1.28)
and yields the formula (2.23). ]

Taking 6 = 27/3 we obtain the contribution
N
(ESVLITERNLDY [(1 F )1+ u?) — 2ul + \/A,} , (2.29)
+

where

A =[(1+ M) (1+u?) —2uN? — (1 —u?)?(1 — A2 (2.30)
On the eigenspace of 0” ® 0” ® o® with eigenvalue —1 there are similarly
two invariant subspaces: that spanned by | ———) and —= (| ++—)+ |+ —+)+

| —++)), and that consisting of the vectors a;|+-+—) +a2| +—+)+az| —++)
with a1 + as + az = 0. On the latter, the operator

B=(14u)[(1=-u+v*)1+u(ojo; + o505 + o307)] (2.31)
again reduces to
B pga=1+u)[(1—u+u*)1—ul]=(1+u)(1l—u)’1. (2.32)

Moreover, A is diagonal on this space with degenerate eigenvalue (14 \)?(1—
A). On this subspace, we therefore obtain the contribution 2(1+\)?(1—X)(1+

u)(1 —u)?

On the other subspace, the operator B reduces to
B_ even = (1 +w)[(1 — u+ u*)1 4+ u(1 + 0°) + V3uo"], (2.33)
and A reduces to
A cpen = (1= N)[(1 + A1+ 2)07). (2.34)
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On this subspace we therefore have to compute (1 + u)™ (1 — A\)V x
N
Tr [(((1 + 1)1 4 uo® 4+ V3uc®) (1 4+ A?)1 + 2)\0’2)) ] . (2.35)

Using the lemma above with 6 = 7/3 we get the contribution

L=VA+u)N ) [(1 + A (1 + u?) 4 2uN + \/A_JN, (2.36)
+
where
Ay = [T+ 2 (1 +u?) + 2uN? — (1 —u?)?(1 — A2 (2.37)
The complete result is thus
Zys = 20 —=a)NA =2V A —w)V[1+ )Y + (1 =NV
+1+u)N A+ 0N+ )
+1+ )N =N+ G, (2.38)
where
Ga=(1+u®)(1+N\) = 2uh+ /A~ (2.39)
and
Cor = (L+u)(1 4+ N?) +2ul+ /A, (2.40)

In the thermodynamic limit we get

1 ~
lim N InZys = In(l+u)(1+A)+1In {(1 + A2 (1 +u?) — 2\

N—o0

+24/ (A2 4+ w2 4 M) (1 4 \2u2 + )\u)} : (2.41)

2.3 The Ising model on a four-stranded chain

The B-operator now reads
B = (14 uoio3)(1 +uoio;)(1 + uoio;)(1 + uojoj). (2.42)

We consider again the eigenspaces of 0% ® 0” ® 0 ® 0*. The eigenspace with

eigenvalue +1 now splits into a 4-dimensional space spanned by | + + + +),

15



s(Ft==)tl=+t+ =)+ ==+ +[+—=+), H(+—+=)+|-+—+))
and | — — ——), a 3-dimensional space of vectors a;|++——)+as| —++—) +
az| — —++) +as| + — —+) with a; +az + a3 + a4 = 0 and a one-dimensional
space spanned by \%(l +—+—)—|—+—+)). On the latter the operator B
reduces to (1 —u?)*1 and A has eigenvalue (1 — A\?)? so that the contribution
is (1 —u?)%(1 — A?)2. On the second space B also reduces to (1 — u?)?1 and

A also has eigenvalue (1 — A?)? so the contribution is 3(1 — u?)?(1 — \?)2.

Finally consider the first subspace. On this space B has the matrix rep-

resentation
1+ ut 2u(1 + u?) 2v/2u? 20
B 2u(l4+u?) 1+ut+6u?> 2v2u(l +u?) 2u(l+u?) (2.43)
B 2v2u?  2v/2u(l+u?) T+ut+2u® 2242 '
2> 2u(1 + u?) 2v/2u? 1+ut
We change basis by multiplying left and right by the unitary matrix
1 0 0 O
0 - L+ 0
U=U"= v: V2 (2.44)
0 % 7 0
0 0 0 1
The resulting matrix is
1+u? V2u(l + v2u + u?)
UBU — V2u(l +v2u +u?) 1+ +v2u+ 4u® + V2u? +u?
B V2u(1l — 2u + u?) 2u?
2u? V2u(l + v2u + u?)
V2u(1l — 2u + u?) 20
2u? V2u(1l +v2u + u?)
1 —V2u+4u® — V2ul + vt V2u(l — V2u + u?)
V2u(1 — 2u + u?) 1+ u
(2.45)
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This can be written as
2
UBU — 1++V2u+u V2u
V2u 1 —V2u+ u?
o 1 —vV2u + u? V2u
V2u 1+ V2u + u?
= (1+u”)1+ V20® + \/ﬁaz) ® ((1+u*)1 - V20® + \/ﬁaw).
(2.46)

Notice that the matrix of A is unaffected by the transformation U and can

be written as
A= (1+X)142)0%) ® (1 4+ A*)1 +2X0%). (2.47)
We can thus apply the lemma to both factors and obtain the contribution

™

Tr (A By even)” = (Z [(1 + A (14 u?) + 2v2ul £ A(Z)} )

(1+A)(1+u?) — 2V2ul & ,/A(%W)

N

|2

?

) (2.48)
where
A(%) = [(1+ A)(1+u?) + 2v2ul]> — (1 — u®)*(1 — A%)? (2.49)
and
A(?%) 1)1+ @) 2V — (1= 2)2(1 = A2 (2.50)

The representation (2.46) can in fact be derived more simply as follows.
We have obtained B as

cosh(BJ:)*B = exp|B3JoBo], where

By = ofjoi+ 0305+ 0i0] + 0507, (2.51)
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On the 4-dimensional subspace By acts as follows.

0 2 0 O
2 0 2V2 2
By =
02/2 0 0
0 2 0 O
. .. a; b; .
To bring this into the form B; ® 1 + 1 ® By where B; = ) , using
i G

an orthogonal matrix of the form affecting only the states with total spin 0,

we write
ai + as ba by 0
b 0 b
B ®1+1® By = ? “nTe !
bl 0 Cc1 + as b2
O b1 bQ C1 + Co
0  2v2
It follows that we must diagonalize the centre matrix, i.e. V2 ,
2v2 0
which leads to the unitary matrix U above. We obtain
0 V2 V2 0
2 2v2 0 2
UB, — V2 22 V2
V2 0 —2v2 V2
0 V2 V2 0
and hence
V2 V2
By = =V2(0" + 0*
and
—V2 V2
By = = V2(c" — o).

Now, 0% + 0% = /2U,0*U,. for some orthogonal matrices UL, so
exp(8.JoV2(0" & 7)) = U (cosh(23.J;) + sinh(26.J3)0°) U
1
= cosh(26.J5)1 + —(o” 4+ ¢%) sinh(25J.
(28.12) \/5( ) sinh(2.J3)
= cosh?(82)[(1 4 tanh?(3.J5))1 + V2 tanh(8.J2)(0® £ 0%)].  (2.52)
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This implies (2.46).

Next consider the eigenspace with eigenvalue —1. This space decomposes
into two two-dimensional spaces and four one-dimensional spaces. The first

two-dimensional space is spanned by the vectors

%(|+++—>+|++—+>+|+—++>+\—+++>)

and .

U+ == )= =)+ — = o)+ = — )
the second is spanned by the vectors

1

§(|+++—>—|++—+>+|+—++>—|—+++>)
and |

il I B B s )]
The one-dimensional spaces are spanned by the vectors

1

§(|+++—>—|+—++>i(y++—+>—y—+++>))
and )

St —— o) — ==+ ) k(- = |- ——+)
respectively.

On the first space the operator B reduces to

Breanr = (1+uh1+42u(l+u*)(1+0%) + 2u*(1 + 20%)
= (14+u)?[(1+v*)1+2uc”]. (2.53)

The operator A on the other hand reduces to
Arear = (1= M)[(1+ A1 + 2)07]. (2.54)

We can thus apply the lemma with § = 7/2 to obtain the contribution

AN 1= [0+ £ VAGR) . (@59)

19



where

A(r/2) = [(T+ M) (1+u?)]? — (1 = A?)*1 —u?)? = 4 (1 + \Y) + 423 (1 +ut).

(2.56)
Similarly, on the second space, B reduces to
Breaz = (1+u"1—2u(l+u?)(1—0")+2u*(1 —20")
= (1—u)?[(1+u*)1+2us"]. (2.57)
and A reduces to
Aredo = (1 = A)[(1+ A1 + 2)\07] (2.58)
as before. The resulting contribution is
(L= u)® ML= )N [(1 +A)(1+u?) £ A(W/Q)}N : (2.59)

+

On the one-dimensional spaces, B reduces to (1 —u?)?1. On the first two
spaces, A = (14 A\)3(1 — \), on the other two, A = (1+ A\)(1— \)3. We thus

obtain the contributions

2(1 — u®)™M (1 = AN [(1 4+ )2 + (1 — 1)), (2.60)

In total, we obtain the following expression for 7 NA-

Zna = Ap™ + 20"y + N Gy +Co-)

HC + GG+ G, (2.61)
where
p=(1—-u?)(1-)\%), (2.62)
and
e = =NV +u) + (1 - )]
e = (L= u?) VL) 4 (1= NP, (2.63)
and

G+ = Ce(m/4) = (1 +u?) (1 + N*) — dul cos ‘% +A(Gr/4). (2.64)

In the thermodynamic limit,

lim In ZNA =In <17+ + In C37+. (265)
N—o00
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3 The 2-dimensional Ising model

The general case with M chains is of course equivalent to the 2-dimensional
Ising model. To generalize the above approach, we want to transform B into a
tensor product of 2-dimensional matrices. Equivalently, since cosh(8.J,)” B =

exp(8J2By), we need to find a transformation such that By has the form

(/2] P
By= )Y B, WhereBi—1®~-®<b7” lz>®...®1,

i=1

i T

a; b
(Here the matrix ( L ) is at the i-th position.)

Note that A = @, (1 + Ao¥) = W@@‘ilaf if A = tanh(y). There-
fore we can subdivide the Hilbert space H = 2" into subspaces H,, where
@M, 07 has eigenvalue M — 2n with n < M/2, i.e. in the representation in
which o” is diagonal, the number of minuses equals n. On the subspace H,,,
A has the eigenvalue (1 + \)M="(1 — X\)". We can therefore diagonalize the
restriction Bo of By to each H,, as we did in the case M = 4 above. This does
not affect the matrix A. Note also that By only connects H,, with H,,_» and

H,1o. We shall see below that the connections are in fact more restricted.

In order to diagonalize By on H,, we need a more general approach. Con-
sider first again the case of 2 negative signs (n = 2). We restrict ourselves to
the translation-invariant states. For the case of 8 linked chains for example,

H sym is spanned by
1 7
Vi1 = —= Y T H++++4+--),
RER:PY
1 7
Yo = —= Y TH++++—+-),
= R
1 7
Yy = —= Tk|—|-—|-+—|———|——|——)and
IRCPY
1 3
Yra = 5D T+ -4+ o) (3.1)

k=0
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where 7 is the (periodized) translation operator. (For example, 7|+ + + + +
+——)=|—4+++++—).) The matrix B acts as follows: Bt ; =

Wy, Biys = 20un + s Biys = 2o+ 2V20,4 Biya =
2\/§¢+73, i.e. the matrix is

01 0 0

- 1

B 0 1 0
01 0 2
00 v2 0

The factor v/2 is obviously due to the normalization of Y4 4. Replacing 14 4
by ¢ 4 = V/21p, 4 the matrix becomes

01 00
~ 1 1
B — 9 0 0
01 01
00 20
We can rewrite the eigenvalue equation as
01 000O0O0O U1 Uy
101 000O0 Uy Vg
01 01000 U3 U3
210010100 vy | =A| vy
0001010 U3 U3
000O01O0T1 Uy Uy
0000O0OT1O0 Uy vy

The latter matrix can be diagonalized by Fourier transformation, but

with a zero boundary condition, i.e. setting vy = w* —w ™ (kK =1,...,7).
Then
01 000O0O0 Uy (]
1010000 Uy Uy
0101000 U3 U3
21 0010100 v | =2w+w ™) | u
0001010 Vs Us
000O0T1O01 Vg Ug
0000O0T1OQO0 vy vy
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provided w!® = 1. But v5 = v3, ie. W’ —w™® = w? — w3, if wt + w? +

l+w?+w? =w+1+w? sow +w™ =0, ie w®=—1 In that

6 6 2 2 7

case also w® —w™% = w2 —w? and W' — w7 = w — w!. Taking the

renormalization of ¢, 4 into account, the eigenvectors of B are given by

(w—wtw?—w?w —w3 \/ii(w‘1 —w T, where w = @D/ wwhere
j =1,2,3,4. (Note that replacing w by @ one obtains the same eigenvector
but with opposite sign.) Normalizing the vectors and multiplying by i, we

obtain the following unitary matrix.

T s 3T 3T T
sin g SIn =g sin =g sin g
1 1 1 _ 1 _ 1
U = V2 V2 V2 V2 (3 2)
s 3T T T s 3T : :
2 sin<g- —sing —sing sin<g
1 _ 1 1 _ 1
V2 V2 V2 V2

This easily generalizes to arbitrary M.

3.1 Bethe Ansatz approach

In the case of higher numbers of minus signs n > 2, there are more boundary
conditions, corresponding to the case where several minuses are adjacent.
This can be solved using the Bethe Ansatz.

Note that the introduction of a factor v/2 in Y4 4 above just corresponds
to the different normalization of ¢, 4, which has only 4 terms rather than the
8 terms of the other basis vectors. This suggests that we need to introduce
the Fourier transform for the original basis vectors, but with equal coefficients
for translates. Moreover, the boundary conditions generalize to the case of
higher numbers of minus signs. To deal with this , let ¢(xy,...,z,) denote
the basis vector with minus signs at the positions x1,...,x,, where 1 < x; <

<o < x, < M. We write the eigenvectors as

e Z flzy, .o xn) e(a, ..oy xy). (3.3)

1<z < <zn<M

In the case n = 2 we then put
Flan,2) = Awliwf? + Bufwy, (3.4)
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where w1, ws and the ratio of the coefficients A and B have to be determined.
We first write the general expression for B, on the n-particle space:

n

Bof(wi, ... wn) = Y (L= 0pu 1) fl@r,. . om— 1, 1)

i=1
—l—Z — Ogyr—ain) S, 1,00 2y)

+5:):1,1( - 5zn,M) f<x27 <oy Ty M)
+0z, (1 — 03y 1) f(L 210, .o, 1), (3.5)

where we set o =0 and x,.1 = M + 1.

3.1.1 The case n =2

Let us apply this to the Bethe Ansatz expression (3.4). Assuming first 1 <
r1 <x9g—1< M —1, we see easily that

Bgf(a:l,xz) = ) f(z1,72), where A = w; +w; !t +wy +wy '

We then have to consider the boundary conditions. First assume xy = x1 +
1< M and z; > 1. Then

BQf(-Tl,xl —|—1) — wal 1 x1+1+wal 1 f1+1

+ AT Wi 4 Budtwit?,
For this to equal A f(z1, 1 + 1) we need the missing terms to add to 0, i.e.
(w1 + w3 DA WEH 4 (W 4 wy) Bwt et = 0,
ie. (wws+1)(A+B)=0. Thus wyws = —land A\=0o0or A+ B =0.
Next consider the case that 1 < 2y < M — 1 and x5 = M. In that case

Bgf(l‘l,M) = Awflwéw(wl—kwl ) + Bwy'w (W2+w2_1)

+AwT W+ Awwit + Bwitw ™! + Bupwi.
This equals A f(zy, M) provided

Aw Wit + Buwow?' = Awf'wi™ + Bwitw T
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If A+ B =0 this leads to

W3 — WowT = WP W — B M

SO

r1—1 M
wi) ! 1+w
“1 :—%\/lorwé\/[:—l.
W2 1—|—w2

Since w; # w9 and x; is arbitrary, we conclude that w{w = wé” = —1.

If wiwy = —1 and A = 0 then we have
flwr, @2) = Awi' ™2 (—1)" + B (=1)",
and the boundary condition becomes
A((—1) i + (=D)MuP =M1 = Bwi' ™ 4 (—1)%1wM T

or
(A — BuM)(=1)"wi ™™ + (A(=D)Mw™ — B)w ! =0.

Again, since z; is arbitrary, we need A = BwM = (=1)MBw}, and in

particular M must be even.
Similarly, if 1 =1 and 2 < x5 < M, we have the condition
Aw??w) + Bwi?wM = Awd? 4+ Bwi?.

If A+ B = 0 this again implies w} = w) = —1. If wywy = —1, we obtain

(A(=D)Ma™ = B)wi* = (A = Buph)(—1)"w; ™

and hence A = (-1)MwM B = wM B as above.

Finally, the case #;1 = 1 and zy = M we have (1 + wywo)w™ = (1 +

wiws)wM and hence wM = WM or wiws = —1, ie. it does not lead to any

new conditions.

In the first case we therefore obtain the eigenfunctions

Y flona)plar, ),

1<z1<32<M
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where

f(z1, 20) = wWi'wy? — wytwi?, (3.6)

and where w; # wy are M-th roots of —1. There are obviously exactly
M (M —1) such pairs of roots. We compute the scalar products of functions
f and g of this form:
(floy = > (@005 = @50 (W)™ (@h)™ — (wh)™ (wi)™)
1<zi<2<M
| M
= 3 Y @75 — @) (W)™ (@)™ — (wh)™ (w)™)

x1,x2=1
M
= ) (@@ (W) (wh)™ — D5 P (wh)™ (wh)™)
T1,r2=1
= M2(5071w{,15472w§,1 - 5@w{,1571w§,1>

2
= M (6w1,w’15w2,w’2 - 5w2,w35W1,WQ)'

Assuming a given ordering of the M-th roots of —1, the eigenfunctions are
therefore orthogonal and should be normalized with a factor 1/M. These
eigenfunctions then form an orthonormal basis for a %M (M —1)-dimensional
space, and since the space spanned by ¢(z1,z5) with 1 < 27 < x9 < M is
also %M (M — 1)-dimensional, these functions already span this space. The
other eigenfunctions obtained in case wijwy = —1 must therefore be linear
combinations of the functions (3.6). To see this explicitly, note that the

former are of the form
f(xl,l’g) = (_1)12)\M+x17x2 + (_1):101)\9@2711’

where M is even and A # 0 is arbitrary. This only depends on x5 —x; and the
sign of (—1)*2. Moreover, if xo — x; > M/2 then x; < M/2 and x5 > M/2,
so we can set x5 = xy + M/2 and 2} = xo — M /2. Then

f(x/hx/z) _ (_1)11+M/2)\m2—m1 + (_1):22—M/2)\M+zl—x2 — <_1)M/2f(331,x2)-

It follows that there are M/2 independent values, i.e. these functions span
an M /2-dimensional space. A basis for this space is obtained by taking
A =@ Nm/M with j =1,...,M/2. Then A = —1 and we can write

f(I1,$2) = (_1):62)\9&1—9@2 o (_1>x1/\x2_$1,
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where we have also multiplied by a minus sign. This is exactly of the form
(3.6) with w; = XA and wy = —A~!. (Note that this also proves that these func-
tions are orthogonal and hence indeed form a basis for the M /2-dimensional

space.)

To summarize, the functions
f (xla x2) =

wilwy? — wytwi?) (3.7)

form an orthonormal basis for H,. Moreover, the translation-invariant eigen-

functions are given by those where wy = wy. Indeed,
o x1+1 xo+1 x1+1, xo+1
flri+Lzg+1) =i W™ —wi Wi = wiws f (21, 22),

so we need wyws = 1.

3.1.2 Higher numbers of minuses

For larger numbers of minuses we put

flxy, ... x,) = Z A(P pr(j : (3.8)

PeS,
If ;.1 >2;—1forall j=0,...,n, then we get
Bof(zy, ... 20) = XA f(21,...,2,); Zw]+w

If ;41 = x; for some j then the missing terms must vanish:

Z A(P H (WP(J) + WP(]H)) 0.

PeS, i=1

Combining P with P(j) = p, P(j+1) = g and P’ with P'(j) = ¢, P'(j+1) =

p, we have the condition

A(P)(w, + w;l)ngw§f+1 + A(P")(w, + w;l)wmfwxﬁl =0,
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which holds if either wyw, = —1, or A(P)+ A(P’) = 0. Moreover, if x,, = M,
we have

an(.fEl, ey Ip_1, M)

n—1
—1 —1 M
= > A {H W) (Z Wk + ”P(kﬂwp(n)) WPp(n)

PeS, k=1
n—1
> a0 [ttt o [Tt ) |
PeS, 7j=1

We therefore have the condition

Z A(P) H‘*’P G+nHWPQ) = Z A(P H“’P(y MH

PeS, PcS,

For P = (p1,...,pn) and P' = (py,p1, .- ., pn-1) we get A(P) [[}Z Wiy, =
AP ITZ ~) wylwMFt Therefore w) = (—1)"~. The eigenfunctions therefore
are given by
fr,..z) =Y (=) Hw (3.9)
PES,

where the w; (i = 1,...,n) are distinct M-th roots of (—1)"~!. For translation-

invariant states we have in addition that [[;_, w; = 1.

Example 3.1: M = 8; n = 4. For n = 4, the w; are 8-th roots of

—1. These are et™/8 eF3mi/8 F5mi/8 and e7/8 Denote w; = e—Hmi/8
(7 = 1,3,5,7). The possible quadruples satisfying the condition [Jw; = 1

are

(JJ3,(JJ4,(JJ_4,CU_3 ) (w_47w_37w_2aw_1)

There are exactly 10 states, corresponding to the 10-dimensional space con-

sidered previously. There are 4 states with non-zero eigenvalues: (wy,ws, Wz, @y),
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(w17w37w_37 w_1)7 ((.UQ,(.U4,W_4, wQ) and <W3,W4,w_4, W_S) with eigenvalues
2(w1 -+ wl) + 2(&)2 + (JJQ) /\1 + )\2,
2(&)1 + wl) + 2(&)3 + LU3) = /\27
2((.4.12 + WQ) + 2(&)4 + w4) = —)\1 + )\2,
2((,03 + (,U3) + 2(&)4 + OJ4) -\ —

(Here Ay = 4cos § and Ay = 4cos 3.)

We compute the scalar products:

(flg) = > > (-

1<z1 <<z <M P,QES,

- nl Z > (- 'PH‘Q'H‘*’P (W)™

Z1,eTn=1 P,QESH

1
e Vi _1\IPI+IQl ,
- n'M Z (=1) H 5wp(j)wQ(j)’1

)"

P:QGSTL ]:1
n
_ yn 1P|
= M"Y (1) H(Swp(j),wg.
PcS, j=1

Therefore two Bethe Ansatz eigenstates are orthogonal unless upon reorder-
ing the w; are the same as the w}. Assuming a given ordering of the M-th
roots of +1, the eigenstates have to be normalized with a factor 1/M™/2. The

normalized eigenfunctions are thus

1
flar,m) = 2o D (-1 'P‘H W, (3.10)

PeS,

where the w; (i =1,...,n) are distinct M-th roots of (—1)"~1.

Next, we need to compute the matrix elements of By connecting H,, and

H,_2. The corresponding matrix C,, = P,,_2By is given by

.

n—2 Tj+1—2

(Cfn>($17"'axn—2) = Z Z fn(xla"wmj?xaw—i_17xj+17"'axn—2)

7=0 z=xz;+1
+fn<1a T1y.-.,Tp—2, M) (1 - 6x1,1)<1 - 5xn—2,M)7
(3.11)
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where o = 0 and z,,_1 = M + 1. We therefore have to compute (f,,_2|C f,),
where f, is given by (3.10) and

fama(@1, o Tps) = M(n12)/ 3 (_1)\Q|H(w

Q63n72

We have

1<z1 < <@y 2<M QESy 2

X H IZ Ofn (1'1, .. ,$n_2)

S =S YD S SIL) | i Wl

1<z < <xpn_2<M QES,_2 PeS,

n—2 Tj+1—=2 j

X Z Z HWP l)wP(]+1)wP(j+2 H oJP i+2)

j=0 z=z;+1 i=1 i=j+1

n—2
+ (1 - 521,1)(1 - 5$n727M)wP(1) H wf;(z‘+1)wjly(n)}

=1

11 ,
= i) Z Z PN DI

Z1,eTn—2=1 =1 QES, 2 PcS,

n—2
<] {(“'Q(z')) Z“?(z')} Wh(n-1)Wp(n)
=1
11
IR T SRRICD Y

QeSn 2 PeSy

n—2 x+1
x M H<5 @) E Wh(n—1 Y p(n)
n—2

= Z (_1>|P| H 5w£7WP(i)5wP(n71)wP(n)71wP(n)'

PeS, i=1

The third equality is obtained as follows. We can interchange the z; at
the cost of a factor 1/(n — 2)!. The terms where two x; = x; for some
i # j vanish because of the factor (—1)/¢l, and similarly the terms where

Pl

x = x; or x +1 = z; because of the factor (—1) In the terms with
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7=0,...,n— 2 it is obvious that we can move the factors wfj(j+1)wp(j+2) to
wﬁ(n_l)w}’;ﬁ) since it involves an even number of transpositions. In the last
term we distinguish the cases where n is even and odd. If n is even, we can

interchange wp(;) and HZ B wp( 41 to get Hz h wP HWP(n-1) . Then using the

fact that wj —1, we have wp(n,l)wy(n) —Wp(n—1) = wlj‘p/[(n)wlj\g/[(:ll and
interchanging P(n — 1) and P(n) the minus sign cancels. If n is odd, then
wi' =1 and we have —wp(n_l)wlj\j/[(n) = —Wp(n_1) = —wﬁ/f( )wy(;tll) after which

we again interchange P(n — 1) and P(n).

This means that the scalar product (f,_2 | C'f,,) equals zero unless among
the w; (j = 1,...,n) defining f, there are n — 2 which are equal to the
w! defining f, 5, and the remaining two are complex conjugates. In that
case, the corresponding matrix element equals w — w, where w and w are the

remaining two wj.

Example 3.2: M = 8. The only translation-invariant eigenstates with
= 4 for which (fs|Cfs) # 0 are those given by two pairs of complex
conjugate roots of —1, i.e.

1 -
flre,.. mq) = 5 Z (—1)|P|wfp(1)w—11P<2)w;P(d)w—2:pp(4)’
PeS,
where
(wiywn) = (78, 3TIIBY (oS BmIfSY (mifS (Tmifsy

(637ri/8’ erm'/s;)7 <€3m'/87 em/s)7 (e5m'/87 em/s).

We can label the Bethe Ansatz eigenfunction (3.10) by the M-th roots of
+1 defining it, i.e. by (wj,,...,w;j,), where

wy = @TITM M, (3.12)

for n even, and

wj = XM =0, M~ 1, (3.13)

for n odd, and where we assume 1 < j; < --- < j, < M.
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3.2 The maximal eigenvalue and contribution to Z.

Note that the eigenvalues of A are all positive and that B restricted to

the subspaces H4 is a strictly positive matrix on the basis {p(z1,...,2,) :
0<n< M1<x <- - <z, <M} of eigenvectors of A, where H.
are the subspaces of C2" given by the eigenvalue +1 of 0% @ --- ® o7,

that is, with with even, respectively odd, numbers of minuses. Note that
a matrix exp(By) is (strictly) positive if By is nonnegative and irreducible.

Now, the general expression (3.5) for By shows that any two basis vectors

o(xy,...,x,) and (2], ..., 2)) such that x; = x; except for i = j, and

x = x; £ 1 are connected by a positive matrix element in By, so by re-

peated application, any two vectors ¢(z1,...,x,) and ¢(z},..., 2] ) are con-
nected by positive matrix elements of 1536” for some m. Moreover, looking

at the expression for C, = P, B given by (3.11), we see that vec-

.

tors o(x1,...,x,) and @(x},...,x) ) are connected by positive matrix el-

ements provided that either x; +1 = x4, for some j = 1,...,M — 1 and
_ / _ / _ / _ / _ —

Ty =T, Tjo1 = Tjq, Tjpg = Xy ooy Ty = Tyy_g, 07 11 =1 and z, = M

and zg = 2,...,2,-1 = x,,_,. Again, by iterating, we find that all basis
vectors of H,, are connected by positive matrix elements of powers of By to

vectors of H,,_o.

It follows from the Perron-Frobenius theorem (see Appendix A), that the
eigenvector with maximum eigenvalue of AB must be either a vector with
positive components on the eigenbasis of A in H,, or a vector with positive
components in H_ (both up to a multiplicative factor). Since A and B are
both translation-invariant, it follows that these eigenvectors must belong to
the subspaces of translation-invariant vectors. We now consider separately
the cases H4 and H_.

3.2.1 The case of even n.

The space H corresponds to the case of even n, namely

[M/2

]
H, = EB Hop.. (3.14)
k=0

32



Note that the maximal eigenvector ¢ must have positive components in each

Hor. We consider first the case that M is also even.

The case that M is even.
Then H s is 1-dimensional, and the Bethe Ansatz vector f,, is defined by the

sequence wr, . ..,wy, where w; is given by (3.12) for the case n even. Note
that wy+1-; = wW;. Now, by the fact that (f,—2|Bo fn) = 0 unless f,_o is
defined by a sequence wy:,...,w;  obtained from the sequence wj,,...,w;,

defining f,, by omitting a conjugate pair, it follows that the projection Psy1)
of ¥ onto Hgr must be spanned by Bethe Ansatz vectors fo defined by
sequences wj,, . . ., Wwj,, such that wy, . =w; ie. jopy1p=M+1—j, for

p=1,..., k. (see Example 3.1.)

On this basis, By has the matrix elements

2k 2 9 5

wi —wtif {w; Y = {w YU {w;}
(for—o| Bo for) = ! J Jplp=1 Jqdq=1 b

0 otherwise.
(for | Bo for—2) = (for—2|Bo fa,),

In particular, (fy| Bofo) = 0 and also (far | Bo far) = 0 since

M

> w;=0. (3.16)

j=1
At this stage it is convenient to multiply the basis vectors fy, by (—i).
This does not change the diagonal elements of B, but the off-diagonal ele-

ments are multiplied by —z.

Moreover, we now label the vectors f, defined by (wj,,...,wj,) such
that ju41-p = Jp, (p = 1,...,n) by a sequence (s1,...,5n/2) where s; is
an Ising spin such that s; = +1 if w; € {wj,...,w;,} and s; = —1 if

33



w; & {wj,,...,wj,}. We write this vector as |{sj}j]\/i/12>. Thus,

|81, .., 8Mp2) = (—i)”/an;wjﬂ_,,wjn, where

+1 if 5 € {1,y fupedi

Jn+1—p = Jp and s; = 7 . . (3.17)
-1 lfj S {jla"’?jn/Q}'
On this basis, By has the matrix elements
( i~
4 zjj\/i/f 05,1 COS (2]M1)
if s =s;forall j=1,...,M/2;
(81, 75/M/2 | Bo[s1,-- -, Sarj2) = ZSinw
if sis; = —1 and s} = s; for i # j;
0 otherwise.
(3.18)
This is just the matrix
M2
Bo=) (1®--@B;®--®1), (3.19)
j=1
where the factor B; appears in the j-th position and equals
B of ¢ —(2j;41)7r sin —(2j]\_/[1)7r
J Sin (2j;/[1)7r — cos (2j]‘—41)7r
= 2cos 92j71 o* + 2sin 92]',1 O'I, (320)
where
rm
0, = —. 3.21
= (321)
To see this, note that
(Su <oy SMY2 |Fo|31, ceey 3M/2>
M2
= Z 2(6sj,1 COS 92]‘_1 — 6sj,—1 COS 0M+1—2j
j=1
M2
= 425%.71 COSGijl. (322)
j=1
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Indeed, note that, by (3.16),

M/2

ZCOSW = 0. (3.23)

=1

Example 3.3. Consider the case M = 6. Then (3.19) reads

0O 1 2 0 1 0 0 0
1 2v/3 0 2 O 1 0 0
2 0 0 1 0 0 1 0
- 0 2 12/3 0o 0 0 1
By =
1 0 0 0 -2/31 2 0
0O 1 0 O 1 0 0 2
0 0 1 0 0 —2v3 1
0O 0 0 1 2 1 0
Indeed,
3 1 0 2 —v3 1
Bl = \/_ ) Bl = ) Bl = \/_ .
1 —V3 2 0 1 V3
The entries are in the order +++, +4+—, +—+, +——, —++, —+—, — —
+, — — —. Thus, on the diagonal, the entries are
oT s 5%8
—4 —4 4 ,—4 4 4 )
0, cos — 5 cos 5 cos — 5’ cos 5’ cos 5 cos — 5 ,0

Exponentiating, we find that the matrix of B given by cosh™(3.J;)B =
eP72Bo on the Bethe basis is

M2
B= P2 Bi (3.24)
coshM (BJ2) @
where
eBJ2B;
W = (1 +U2)1 +2UCOS€2J’_1 o” —i—2usin02j_1 O'm, (325)
2

where 6, is given by (3.21).
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On this same basis, the matrix A is diagonal with diagonal elements
(1 —XN)"(1+ A\)M=". Thus,

M/2
A= ®A]~, where
j=1
1=N2 0 :
A = = (14 X)1 —2Xc”. 3.26

Applying Lemma 2.1 we obtain the following contribution to Z NM:

M/2
Zmax,—l— - H(Cé\;—l,—l- + Cé\](_L_), (327)

=1
where

Gr = (14 2?)(1 4+ u?) — 4ul cos 7T EVA,,  where

Ay = [(1+ M) (1 +u?) — dul cos TM’T}Q — (1= X2?)2(1 — u?)2.

(3.28)

The case that M is odd.
In this case, Hps_1 is M-dimensional, but the translation-invariant Bethe

Ansatz vector fp;_1 is unique, and defined by the sequence

Wiy ey WM —1)/2, W(M+3)/2y + -+ s WM -

(Note that w(ar41y/2 = —1is excluded. Thus, jay—1 = M. Also, war41-; = W;

forj=1,..., %) The matrix elements of By on the Bethe Ansatz vectors

far defined by (wj,, ..., wj,, ) such that wj,, ., =wj, i.e. jopy1p=M+1~

Jp, are again given by (3.15). However, there is no symmetry, since in this

case
(M—1)/2 M
(fuoa|Bofu1) =2 ) (wj+@5) =2 wj— 2wy = 2
j=1 j=1
We introduce again spin variables s, ..., sxas-1)/2 such that s; = +1if j €
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{j1,...,Jr} and s; = —1 otherwise. The matrix By, on this basis becomes

(815 Stu—1yy2 | Bolst, -5 S@u—1)/2)
4ZM D72 sjlcos( D

if sy =sjforall j=1,...,(M—1)/2

. . (2j—1)m
— 2 sin JA{ (S.QS))
if s%s; = —1 and s; = s; for i # j;
0 otherwise.

Using the identity (3.16) we can now write

(M-1)/2 (M-1)/2

(2 — ) (25 —1
Z 0s;,1 cos i Z Os;,—1 cos i )
It follows similarly to (3.22) that
(M—1)/2
By=1lyunz+ Y (L@ - @B;& 1), (3.30)
j=1

where B; is given by (3.20).

Example 3.4. Consider the case M = 5. Then By is a 4 X 4 matrix:
fo and f; are unique, and there are two Bethe Ansatz vectors f, defined by

(w1, ws) and (we,wy) respectively. Thus,

0  2sinf 2sin¥ 0
T T s 3
By = 2 sin = 4 cos = 0 2sin 3
23in3?7r 0 4COS:%T QSiH%

0 2sin & 3” 2sinZ 2

5

Using the fact that 2(cos § + cos ?) = 1, this can be written as

-1 2sin I 2sin 27 0
2sin T 2(cos T — cos 3T 0 2 sin 27
BO = ]_ + . 35;_ ( 5 5 ) 37T T . 751- Y
2sin 0 2(cos F* —cosT) 2sinf
0 2sin 3; 2sin ¢ 1
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and using this identity once more, we have By = 1, + B1 ® 15 + 15 ® Bs,

where
. 3w 3T
B, = 2sin—o0" — 2cos —oc”® and
5 5
By = 2sin Eaz — 2cos zaz
5 5
Noting that
66J2
E——
cosh(fS.Js) T
we find that the matrix of B on the Bethe basis is given by
J (M-1)/2
5 _ P ® oP72B;
coshM(BJg) et
(M—1)/2
= (14 u) ® (14 u®)1 + 2ucos by;_10° + 2usin Oy;_10"](3.31)
j=1

On this same basis, the matrix A is diagonal with diagonal elements
(1—=X)"(1 4+ A\)M=". Thus,

o (1 _)\)2 0 o 2 . z
A = < . (1+A)2)—(1+)\)1 20", (3.32)

Applying Lemma 2.1 we obtain the following contribution to Z NM:

Zmasr = (L u)N (140N H <2j,1,++<5§,1,,>, (3.33)

where

Gor = (14 22)(1 4+ u?) — 4u cos & £+/A,,  where

5 (3.34)
Ay = [(1+M)(1+u?) — dul cos M} — (1= X?)2(1 — u?)2.
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3.2.2 The case of odd n.

Similarly to the even case, the maximal eigenvector v € H_ must be a vector
in the space spanned by the Bethe Ansatz vectors f, with n = 2k — 1, such
that each f, is defined by a sequence wj,,...,w;, , where apart from wj, all
other w; occur together with their complex conjugates. Again we distinguish

the cases M even and odd.

In case that M is even, then
Ho = @ Hap .

The highest space Hj;—1 is M-dimensional but the translation-invariant sub-

space is 1-dimensional and spanned by the vector fy;_; defined by

(1,w1, ceeyWM/2-1, WM /2415 - - - ,WM—1)7
where

w; = XM (5 =01,...,M —1) (3.35)
are the M-th roots of 1 (see (3.13)). Indeed, the only missing root of
unity must be real-valued, and since Hﬁ; wj = 1, the missing root must
be —1. Similarly, f; € H; is also unique and given by fi(z;) = 1/V M.
We have (f1|Bo f1) = (fm—1| Bo far—1) = 2. In general, fo, 1 is defined by
(1L, wjy, oy Wy, _p) such that wy,  =w; forp=1,...,(n—1)/2 = k—1. In-

troducing again a sequence of spin variables sy, ..., sp/2-1 such that s; = +1
if j € {j1,...,jk—1} and s; = —1 otherwise, we have
(81,5 Shja1 | Bolsi, - -y smp2-1)

/ _ .
244 Z].Ai/f ! ds;,1 COS %r

if sy =sjforall j=1,...,M/2 -1,

_ s 29m
_ 281njﬁ (3.36)
if s7s; = —1 and s; = s; for i # j;
0 otherwise.

\
Note that in this case, we have

M/2-1 o]
T
— =0. 3.37
cos i ( )

=1
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Therefore,
M/2-1 M/2-1

25 2j
4 Z (583,,1005%:2 Z sjcos%.
j=1 j=1

This implies that B, can be written as

M/2-1
Bo=2Lwpea+ > (LL® - ®B® - ®1y), (3.38)

j=1

where there are M/2 — 1 factors. Moreover, the eigenvalues of A are (1 —
)21 (1 4 N)MAHI=2R = (1 — A2)(1 — \)2(=D (1 4 X)2(M/27R) g0 that A can be
written as

A=(1- )M (1 + A1, - 2)0%). (3.39)
Applying Lemma 2.1, we get the contribution

M/2—1

Znax— = (L4 u)?™ (1= )N T €54 +650) (3.40)

Jj=1

where

G =1+ X)(1+u?) —4dudcos I+ /A,,  where (3.41)
Ay = [(1422)(1+u2) — durcos )7 — (1 — A2)2(1 — u2)2. :
If M is odd, then
Ho= & Mo

The highest space Hj; is 1-dimensional and is given by fj; defined by the se-
quence of all roots (1,wy, ..., wy—1). The corresponding diagonal element of
By is zero. The space #H; has one translation-invariant element, (f1 | By fi) =
2. For other n = 2k — 1, f, is defined by a sequence (1,w;,,...,w;, ,) with

Wip_y_, = Wj,- Introducing spin variables sy, ..., sas-1)/2, the matrix ele-
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ments of By are

(815 Stu—1yy2 | Bolst, -5 S(u—1)/2)
( M-1)/2 ™
2+4Z§:1 )/ ;1 COS%
if sy =sjforall j=1,...,(M—1)/2

_ s 29T
— QSII'IJW (342)
if s%s; = —1 and s; = s; for i # j;
0 otherwise.
In this case,
] (M—1)/2 9
T

3 + ; cos — - = 0. (3.43)

Therefore we can write

(M—1)/2 (M-1)/2

29 29
244 Z (58j,1cosﬁ =1+2 Z 5j €08 5
7=1 7j=1
We conclude that
(M-1)/2
FOZ 12(M—1)/2+ Z (12®"'®Bj®---®12). (344)
7j=1

Also, the eigenvalues of A are (1—X\)2"1(1+ )M 172 = (1-)\)(1-N\)*2(1+

MM=1=(2k=2) "5 we have

A= 12N (141, - 2)0%). (3.45)

The resulting contribution is

(M—1)/2
Znax— = L+ )N+ 0¥ T (@ + 0. (3.46)

J=1

Remark. In the same way one can of course obtain all contributions to
Z since all Bethe Ansatz eigenstates are given. We give the general result in

Appendix B.
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3.3 The thermodynamic limit.

The thermodynamic limit is given by

[M/2] [M/2]

) 1 ~ . 1
j= j=
1 i
5= | a0, (3.47)
where

COu0) = (14 X2)(1+u?) — 4udcosd
/(1 + A2)(1 + u?) — 4udcos0]2 — (1 — A2)2(1 — u?)2.
(3.48)

We want to rewrite this in terms of the original variables. Let K; = .J; and
Ky = BJ>. Note that ~A-In Zy a (K1, Ks) = K1 +1Incosh(K>) + i In Zyv .

Moreover,
21 (1 4+ \?) = 2cosh(2K,) and cosh?(K3)(1 4 u?) = cosh(2K3),
and e*1\ = 1 and cosh®(K>)u = £ sinh(2K>), and finally,

e*"1(1 = A?) = 2sinh(2K;) and cosh®(K,)(1 —u?) = 1.

Therefore, we have for the free energy density,

~BFBh ) = 5 [ b a3, 500, (3.49)

where

2(Ky, Kq;0) = 2[cosh(2K) cosh(2K5) — sinh(2K5) cos(6)]

+2/[cosh(2K) cosh(2K) — sinh(2) cos(9)]? — sinh® (2K7). (3.50)

This can be expressed more elegantly in terms of a double integral. First

note that the inverse hyperbolic cosine function is given by
cosh™(z) = In[z + V22 — 1].
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We can thus express In z( K7, K;0) in terms of this function:

Inz(Ky, K»;0)

= Insinh(2K7)
sinh(2K>)

sinh(2K;) cos(9)]

+In {2[coth(2K1) cosh(2K5) —

SlIlh(QKQ)

sinh(2K) COS(G)] -1

-|-2\/ {coth(QKl) cosh(2K,) —

= In2sinh(2K;)
inh(2K.
4 cosh™! (coth(QKl) cosh(2K3) — % COS(Q)) :

(3.51)

We next use the following remarkable identity:

™

2] = = /0 " dt 2 cosh(2) — 2cos(t)]. (3.52)

This can be proved as follows. Differentiating, we have,

a1l [T [ sinh(z)
—= In[2 cosh(z) — 2 =— t ,
dz7r/0 dt Inf2 cosh(z) = 2 cos(?)] 7r/0 d cosh(z) — cos(t)

This integral can be evaluated using the substitution tan %t = x, which yields

l/” gt sinh(z) B g/"o sinh(z) dz
T Jo  cosh(z) —cos(t)  mJ, COSh (2) —1+ (cosh(z) + 1)z?
2 sinh(z dy
= = sgn(2),

\ / cosh2

x. To fix the constant, note that, as |z| — oo,

cosh(z)+1
cosh(z)—1

1 /07r dt In[2 cosh(z) —2cos(t)] = In2cosh(z) + 1 /07r dt n (1 _cos(t) )

T T cosh(z)
~ In(2cosh(z)) —l/ dt cos(t)

T cosh(z)
~ |z] +0(e™%).

where y =
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Setting z = cosh™(u), we have

1 s
cosh™*(u) = —/0 dt In[2u — 2 cos(t)],

™

and therefore

Inz(Ky, K»;0) = In2sinh(2K,)
1 [7 inh(2K.
+ _/o dt In (2 coth(2K;) cosh(2K5) — 2% cos(f) — 2005(1&)) :

™

Inserting this into the formula (3.49) we obtain the well-known expression

1 T ™
—Bf(B,J1,J2) = In2+ 93 db, / dfs In [cosh(2/.J1) cosh(25.J2)
0 0

—sinh(28Jy) cos(01) — sinh(25.J;) cos(62)] . (3.53)

This result is analyzed in?* in the case J; = Jy. There it was shown that
there is a second-order phase transition at the critical temperature 7, given
by sinh(25.J) = 1, with . = 1/(kgT.. In the inhomogeneous case, we see
that there can be a singularity when the argument of the logarithm becomes
zero. Now cosh(26.J;) cosh(25.J3) > sinh(25J;)+sinh(25J3). Indeed, writing
a=20J; and b = 28J5, we have

cosh?(a) cosh?(b) — (sinh(a) 4 sinh(b))?
— sinh?(a)sinh®(b) — 2sinh(a) sinh(b) + 1
= (sinh(a)sinh(b) — 1)* > 0.

This also shows that the singularity must occur for §; = 6y = 0 and for
Sll’lh(Zle) Slnh<2ﬁjz) =1.

24T, C. Dorlas, loc. sit., Chapter 28.
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A The Perron-Frobenius Theorem

A vector v € R” is called nonnegative if v; > 0 for all : = 1,....,n. A
matrix B € M, (R) is said to be nonnegative if its entries B;; > 0. B is
called positive if B;; >0 forall 4,57 =1,...,n.

Lemma A.1 A matriz B € M, (R) is nonnegative if and only if BU > 0
whenever v > 0. Moreover, B is positive if and only if B > 0 whenever
v >0 and v # 0.

Proof. The ‘if’ part of these statements follows because we can take v to be
a standard basis vector. It is also clear that if B is nonnegative then Bv' > 0
once ¥ > 0. Now suppose that B is positive. Suppose that v; > 0 for all
t=1,...,n and v; > 0. Then

(B??)l = Z B;v, > Bijvj >0

k=1
since B;; > 0. |

A matrix B € M,(R) is said to be reducible if there exists a partition
of {1,...,n} into non-empty subsets I and J such that B;; =0 for all i € [
and j € J. Otherwise B is said to be irreducible. Note that B is irreducible
if and only if for all 7,57 € {1,...,n}, there is a sequence jo = 4,...,jx = J
such that B;
B is irreducible if the graph on the vertices 1,...,n formed by connecting 7
and j if B;; # 0 is connected.

1, 7 0 for p=1,... k. In particular, a symmetric matrix

Lemma A.2 If B € M, (R) is an irreducible nonnegative matriz then
(1 + B)"! is positive.

Proof. Fix v > 0 with v, > 0. Clearly, ((1 + B)™%); > 0 for all m > 0
and j = 1,...,n. For m > 0, let J,, be the set of indices j such that
(1 + B)™v); > 0. Then |Jo| > 0 since k € Jy. Moreover, since B is

nonnegative, ((1+ B)u); > u; for all vectors , and therefore J,,, C Jp,1 and
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hence |Jy11| > |Jm]. Now suppose J,, # {1,...,n}. We want to show that
in that case, |Jy11| > |Jm|- Suppose Jpo1 = Jp. Let I = J¢. Because B is
irreducible, there exist j € J,,,, and ¢ € I such that B;; > 0. But then

(1 + B)™*'0); = By((1 + B)™0); > 0,

so that ¢ € J,,41, contradicting J,,11 = Jn. We conclude that |J,,| >

min{m + 1,n} and hence |J,,_1| = n. ]

Remark. Note that e > % (1+ B)™, so that e is also positive once B

m!
is nonnegative and irreducible.

Lemma A.3 Let B € M, (R) be an irreducible nonnegative matriz. Then a
nonnegative eigenvector v of B is in fact positive, and, moreover, the corre-

sponding eigenvalue is positive.

Proof. If ¥ is a nonnegative eigenvector with eigenvalue A then A > 0. In
addition, ¥ is also an eigenvector of (1 + B)"~! with eigenvalue (1 + \)"~!,
and therefore )

v = V= (1+B)"'@.
By the previous lemma, (1 + B)""! is positive, and since ¥ # 0, it follows
that ¥ is positive. Since B is irreducible, we conclude that also B is positive,

which implies that A > 0. 1
The Perron-Frobenius Theorem reads as follows.

Theorem A.1 (Perron-Frobenius) Let B € M, (R) be an irreducible non-

negative n X n matriz. Then the spectral radius p(B) is an eigenvalue of B,

—

and there is a corresponding positive eigenvector ¥ such that BU = p(B)v.
Moreover, p(B) > 0.

Proof. % It is convenient to use the 1-norm on R” defined by

n
1ol = > foil
=1

25Gee: D. Serre: Matrices. Theory and Applications. Second Ed. Graduate Texts in
Mathematics 216. Springer, 2010.
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For r > 0, define the set C,. C R™ by
C,={Ze€R": >0, ||, =1, B > ri}.

Then C, is a convex compact set. Moreover, Cyp) # 0. Indeed, if ¥ is an
eigenvector with eigenvalue A and ||0]|; = 1 then B |0] = |BY| = |A\| =
|Al|7], i.e. |¥] is a nonnegative eigenvector with eigenvalue |A|. There is an
eigenvalue A with |A\| = p(B) and therefore p(B) is also an eigenvalue with

nonnegative eigenvector. Conversely, if C, # () then for 7 € C,,
r=r(|Z[ly = |lrz[ly < [[BZ[|x < |[BlL[|Z[lx = ||Blh-

Therefore, C, = @ for r > ||B||;. If R = sup{r > 0 : C, # 0}, then
R € [p(B),||B||1]). Obviously, C,. C C, for " > r. Therefore, if » < R then
C, # 0. More precisely, Cr = (,_g
sequence converging to R and 7, € C,, then there is a converging subsequence
7, the limit of which lies in C'g. This also shows that Cgr # (). Let ¢ € Ck.

We claim that ¢ is an eigenvector with eigenvalue R. Indeed, suppose the

C., because if (r))yen is an increasing

contrary. Set @ = (14 B)"'¢. Since B is irreducible and ¥ is nonnegative
and nonzero, it follows that « is positive. Since B commutes with 1+ B, we
have (B — R)i = (1 + B)"~'(Bv — Rv) > 0. Define v = min}_, (B#);/u;.
Then " > R and C, # () since Bu > r'ti. This contradicts the definition of
R. Therefore R is an eigenvalue with eigenvector ¢ and since Bv' > p(B)7,
we conclude that R = p(B). Positivity of ¢ and p(B) now follow from
Lemma A.3. 1

Remark. One can prove that p(B) is in fact a non-degenerate eigenvalue
of B.
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B Complete Solution

B.1 The case M odd.

Consider first the case that M is odd. In that case we have the following

expression for Zy y:

(M-1)/2

~ M-1

I = Y @Y
k=0 1<) < <gp< Mt

k k
X { ]\]\;/i (Cégr—l,+ + Cégr—l,—) + Cévj\fi (Cé}(ﬁ + Cé\]f'r,—)} )
r=1 r=1 )
where the index + is + if % — k is even and — if % — k is odd. Here
p=(1-M)(1-u%), (B.2)
and ¢, 4 are given by

G = (14+ X)) (1+u?) — 4ulcos % + /A, where (B.3)

rm

A, = ((1+2)(1 4 u?) — 4ulcos M)2 — P2 (B.4)
In particular,
Cuz = (1£ AN (1+u)? and Gue = (1 +u)*(1F N (B.5)

B.2 Example: M =5.

For M =5 we get:

Ins = (L+uw)N(+ )M + OGS + 6o
H(+ )N (1= NG+ GG + )
F2(1 = a®)V (1 = M)V =)V (1= OV G G
F2(1 = )N (1 = AN = )M+ NV + G+ G+ )
+4(1 — )2 (1= M2V 1+ )N [0 (1= V. (B.6)
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Here

G = (1+X)(1+u?) — 4ulcos %

2

i\/[u +22)(1 + u2) — du) cos % — (1= A2)2(1 — w2)2.
(B.7)

B.3 The case M even.

In this case we have

M/2 k

Iny = Z (2PN)%_]€ Z H(Cé\;'r_mr + Cé\]l'r—l,—) +

k=0 1<iq <o <M r=1
M/2—keven SN <IRS

Ivm—1 k
2
M_ g
SP IR T D | (C I
k=0 1< <<gp< g M—17=1

(B.8)

where the sign + is + if % —k —1is even and — if % — k —11is odd. Here

v+ are defined by
Yo = Ca s H Gl i = A= N1+ ) + (1w (B.9)

and

Vo= O O e = =N+ )N + (1 - NP, (B.10)

B.4 Example: M =6.

For M = 6 we get
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Zne = A0=XPVA =PV G+ G+ G+ )
+(Cf\f+ + C1 )(C3+ + Cs )(Cév+ + Cév—)
HA(1 = NPV = u?)? (1 + ) + (1 —w)™)
F2(1 = XN = )M+ N2 + (=N + 6+ + G}
H( = AN+ w)? + (1= u)*M) (G + GGy + G (B.11)

B.5 Example: M =8.

For M = 8 we have

Zns = 16(1 = X)W (1 —u?)W
FAL = APV (1 = )M+ GEO)(G +G)

~~

(C1+‘|’C1 )(C5++C5 )+ (C1+‘|’C1 )(Cé\;‘i‘d\f—)

Gy + GG+ G+ (Gl + GG + G

HGh + GG G0}

(<1+‘|’C1 )(C3++C3 )(§5+‘|’C )(C%V++GV_)
H8(1 = AL = )M ((1 4+ u)* + (1 —u)*™)

5,—
FA(L = NPV =)V ((L =N+ (1= 2P+ G
G-+ G G- )
F2(1 = X1 = )M (L4 u)®™ + (1 — u)?)
< { (G + G + a7
(o F GG + )+ (G + GG + @)}
F(1 = )N (1 =X + (1= 2))
X Gy + G, + AV + @) (B.12)
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