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Abstract

We prove an interesting identity for the sum of determinants, which
is a generalization of the sum of a geometric progression. The proof is
quite long and a number of other identities are proved along the way.
Some of the more elementary ones are deferred to another section at
the end.

1 The identity

We claim the following.

Theorem 1 For any n,N € N and ay,...,a, € C, the following identity
holds.
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is a Van der Monde determinant if J = {ji, ...
v(0) = ~v({k}) = 1), and where

v(I)=> k.
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The proof uses a number of elementary results about determinants of this

type, which are stated in Section 2.
Proof. We first sum over x; to write
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For n = 2 this becomes
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In general, we want to prove that

a? -1 o™ -1 a®(a; —1) - ai"(a —1)
Z a -1 o™ -1 a®(ag—1) -+ ai"(a1 — 1)
1<zo<-<znp<N-1 : . . :
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- Z (_1)V(JC),7(J),Y(JC> Haj\[ (6)
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We proceed by induction on n. First note that if x; = x;_1, the +-th column
and the ¢ — 1th columns are equal (except for ¢ = 3, in which case the
third column equals the difference of the second and first columns). We can
therefore extend the sums to those cases and write the left-hand side of (6)
as

a? -1 o™ -1 a®(a;—1) - a(a; —1)

3 a3’ =1 a3 =1 a5*(a2—1) -+ a3"(a —1)
0<zo<-<zp<N-1 ) : : .

a2 —1 a2t -1 a®(a,—1) -+ a®(a, —1)

(7)

Expanding the left-hand side of (7) according to the last column it be-
comes
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where the square brackets around the k-th row indicate that this row is
omitted. By the induction hypothesis, this equals
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where v (J€) is given by
vy = > i+ > (i—1). (10)
i€l i<k i€l i>k

Now let us first consider the case that |J| =n—1, thatis J = {1,...,n}\
{k}. In that case v (J¢) = 0 for all k. The corresponding term is

Z(_l)n_k(ak —1) z_: ay({1,...,n}\ {k}) H as".
h=1 2n=0 i#k

Multiplying by [],;_;<,(aia; — 1) this becomes
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The term with J]7_, aj-V“ is just the term |J| = n of the right-hand side of
(6) when divided again by [],.,_;<,(a;a; —1). The second term contributes
to J = 0. -



Next consider the case |J| = n — 2 in the expression (9). This equals

n
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Here v, (J) is given by (10). Multiplying the I-th term by [[ (a;a; — 1)
1<i<j<n
ey
it becomes
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Now,

if | < k;
k.l ’
vtk ) = {l—l if l > k.

But, in the case [ > k, the [-th row is below the k-th row so the number of
rows below the k-th is only n —1—k. Performing the sum over k£ we therefore

get
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We set J' = JU{k} = {l}¢ and note that v(J*) = v({l}) = [. Using
Lemma 2.4 again, we obtain

1 a ar?  ah?
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Dividing again by  [[ (a;a; — 1) and summing over [ this yields
1<i<j<n
i7j¢l

i( YAy ({13°) (Ha _1>
=1 j#l

The term with [;_, a} is just the term J' = {I} in the right-hand side of
(6). The other term contributes to the case J' = ().

We now consider the general case in (9). Again, we want to put J' =
JU{k}. Then (J')¢ = J\ {k}. Summing over z,, in (9) we get

> 2. (a’“NHJeJaﬁ-V—1>
JC{L,..n} keJe ke HjEJ aj — 1

x (=1)" M (ag = D(=1)" Iy () (I {k}).
With J/ = J U {k} this is
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x Y (1) F(ag = D) (=1) Dy (N {R}) (1))

As in the case |J| = n — 2, v (J°) = v(J°) — p, where p is the number of
1 € J¢with ¢ > k, which compensates for the number of rows below the k-th
row omitted in the determinant for J. Applying Lemma 2.4, we therefore

obtain
> (Haév —1> (=1 () (). (12)
n}

J'cql,.., jeJ’
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The terms corresponding to [ ] e aj-v agree with those in the right-hand side
of equation (6) with J # (), so it remains to show that

= D DI = ()" Oy ({1, ). (13)

Equivalently, with I = J'°,

> 0TI I (@a; = namaue) =o, (14)

Ic{1,..n} icI jele
where )
1 Ay ?1_
1 a; e p—l
A)y=|. ~ ” for I = {iy,..., 0y} (15)
—1
1 oa;, ... afp

If v({1,...,n}) is odd, the identity (14) is obvious by interchanging I
and I°. If v({1,...,n}) is even, the terms I and I¢ are equal to each other,
so, by symmetry, we can assume that |I| < |[[¢|. Then we can expand

[Les Hj616<aiaj — 1) as before:

Mt
H H(aiaj 1) = Z Z (—1)HI=IK] H a;a;. (16)
i€l jele p=0 KCIxIc|K|=p (i,5)eK

Set k = |I] so that [I°| = n — k. We can reorder the points i € I such
that the number n; of points (i,j) € K for given i € I, is non-decreasing.
Given a non-decreasing sequence (n,)*_,, put k,, = #{r : n, = m}. Clearly,
n, <n—=ksom <n— k. Moreover, Z:Ln_:ko k., = k. We can then write

2. I o

KCIxI®|K|=p (i,j)eK

- Y Y [OeIIX s

0<n1<na<--<np<n—k (I,,)k _ ell(I): m=1i€ln r=1J,.ClI¢ jeJ
Yy ne=p [ | =Fom

-
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where II(]) is the set of partitions of I. We define

S= > Jlw (18)

Jcle: |J|=l jeJ

7



and
k

— m
Am ----- ng — E H a;,

(Im)E _o€I(I): |Imm |=km m=1i€lm
so that

> I we= > Any o | [ S

KCIxIe|K|=p (i,j)eK 0<n1<no<---<np<n—~k r=1

Sroy mr=p
Denote |n| = 32F_ n, and
N’;:{(nl,...,nk) eZF:0<m << <n-k}
and introduce a lexicographic ordering according to
n < m if n, =m, for r > rg, n,y < My,.
We define a map ¢ : N’T€ — N?_k by

0 if1<m<n—k—ng,
1 fn—k—-—mny+1<m<n—~k—ng_,

o(n)m =

k ifm>n—-k—n;+1.

That is,
d(n)m =min{r >0: ng_, <n—k—m}.

(19)

(20)

(21)

(22)

(23)

(24)

For example, if n = 10 and k£ = 4, then f(0,3,3,5) = (0,1,1,3,3,3). A
pictorial representation of this map is obtained by filling squares of a k x
(n — k) grid with beads; n; on column ¢ and ¢(n); on row j. We order the

rows from bottom to top:

Q00 -3
Q00 :-3
00 .-
@ on):=1

@ ¢n):=1

¢(n)1 =0




Example 1. Consider the case where k = 3, n = 7 and I = {1,2,3}.
Then (16) reads

11 (aia; —1)

il jeIe
= Ay14S] — A3445:5;

+A3345554 + Ap4.4525;
—A33355 — A2345925935s — A144515;
+A2,3,3525§ + A2,2,4S§S4 + Ay 3451535, + A0,474SZ
—A22355 83 — A1335155 — A124515:81 — Ao 345554
-I—AQ,Q,QSS’ + Ay23515:55 + A0,3,3S§ + A1,17451254 + Ap2,4525,
—A1225155 — A11357 55 — Ao 235295 — Ao 1,451 S
+A1,1,251252 + A0,2,2522 + A0,1,35153 + Ao,0,454
—A11157 — Ao 125182 — Ago35s
+ 401157 + A 252 — App1S1 + 1.

Here we have ordered the terms first according to p from largest (pumax = k(n—
k) = 12) to smallest (p = 0) and then according to the above lexicographic
ordering. Here, for example, Ago4 = af(a3 + a2) + a3(a? + a3) + a3(a? + a3),
and Sy = Z4§j1<j2§7 Qjy Ay -

Let us also define, for n € N and m € Ny,

a;'fl a;':"
Am=| ot LT = (25)
a;:il P a;?:;"

We then claim that there is an upper-triangular matrix R, ,,, such that

k
[I5nA0) = )" RumBuw(I), (26)
r=1 mEN]T“:

|m|=|n|

where (m), = ¢(m), +r — 1. This follows easily by induction from Corol-
lary 2.2 of Lemma 2.6, according to which

S8 = Y Aw(). (27)

m':m)—m;=0,1

S (mi—my)=l

In terms of the pictorial representation, this means that multiplication by S
corresponds to the addition of [ additional beads on the right-most empty
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sites of [ different rows. This is equivalent to adding [ beads on the upper
most empty sites of a number of columns such that there are no new beads
horizontally next to each other. Thus

S1Ap(m) (1°) = Y Ay, (28)
m':m;<m<mjyq
S (mf—mi)=l

In particular, note that the minimal m’ (w.r.t. the above ordering) is obtained
by adding beads to the upper-most incomplete rows. Note also that |m/| =
lm| + 1. Tterating, it follows that for n € N¥,

k
H Sn, A7) = Z Ry Dop(am) (1°) (29)
r=1 mEN]T“:

m>n; |m|=|n|

el 2}

where the matrix R is upper-triangular and has integer matrix elements given
by the number of times a given configuration m is obtained by iterating the
above procedure. (Note that the number of non-zero n,. is the maximal length
of a row of beads, i.e. ¢(n),_x. Also, m = n only if the beads are placed in
order from right to left starting with ny, so R, , = 1.)

Example 2. In the case of Example 1, with p = 6, the matrix R is given
by

ny

Il
o O O -
S O =N
O = ==
— O~
— =N W

0 00O01

where the rows are numbered from top to bottom and the columns from left
to right in increasing lexicographic order, i.e. (222), (123), (033), (114), (024).

Next we consider the expressions A,,. We claim that

AN = Y (B Dwalall), (30)

mEN]T“:
m<n; |m|=|n|

=1&

where m; = m; + 1 — 1. Equivalently,

Z Ry mAnA(I) = A (1). (31)

A £ A 2]
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We prove this by induction on p = |m| and k. (Note that for p = 1, we
have n = (0,...,0,1) = m and Ay 01 = Zf L a; so that Ay 01A() =
77777 n—k—2n—k follows from Corollary 2.1 of Lemma 2.5. If £ = 1 then
I={i} and A, = a 50 Ay A({i}) = Auy = A, ({i}).)

If m; > 1 then we define m” by m! = m; —m,. Now it is easy to see that

R, =0if Z n, < Z m,. for some 7o > 1. (32)

r<ro r<ro

In particular, if m; > 1 then ny > m4, and in that case

R = Ryt (33)

where n/ = n; —my. Since |n”| = |n| — kmy, it follows from the induction
hypothesis (w.r.t. p) that

Z Rﬂ,mAﬂA(]) = Anim Z Ryt A A(T)
QEN’T“: @”EN’;:
n<m; [n|=m| n'<m’; [n''|=|m|—kmy
= A A = Ay (34)
It remains to consider the case that m; = 0. If m; = 0 and also n; = 0,
then we define m’ = (mq,...,my) and n’ = (ng,...,ng) and we have
R® = 1), (35)
For ease of notation, we can assume that I = {1,...,k}. By induction w.r.t.

k and expanding w.r.t. the first column, it follows that

Z RymAnA(I) = Ay(m)
QEN};:
n<m; SF_ ne=p

k mi
+D (=D a > Rom Ay A1\ {i}), (36)
=1 s=1 neNk:
n<m; [n/=|m], s€ {n:)

where A’(I'\ {i}) denotes A5, 1(1\ {i}), and n(®) is obtained from n by
omitting s, i.e. if n, = s then ngs) =n, for i < r and ngs) =iy if i > 7.
(There may be more than one such r, namely, if k; > 1, in which case we
can simply choose one.) By the definition of R, and the formula (28) for S,

we have that if s € {n;} then

Rym = Z Ryo) g (37)

gENl;_lz
lg|=s,0<qi<mjy1—m;
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Inserting this, the remainder term becomes

k my
>Ny a > Ry Ay A'(I\ {i})
i=1 s=1 nent;
n<m; |n|—|m| se{n;}

—Z 2. Z )"

quk 1,
|g|:s 0<(Iz<mz+1_mi

X Z Rﬂ’ym’—gAn’A,(I \ {Z})

’ k—1,
n /EGNT/ .
n'<m'—g;|n Izlml—

:Z > Z " ai A (T {1))

Nk 1
lg|=s, 0<qz<m,+1—mi

- Z Z A(s&tg)'

qENIC L,
lg|=s, 0<qZ<mz+1*mi

Example 3. To clarify this, consider Example 1 again and let m =

With the R-matrix of Example 2, we then have

2 o< (024); nf=6 0244 a1 @
Z RymAnA({1,2,3}) = 235(024);@:6 Ry 02445 a2 a%

neN: Z@g(oz4);|@|:6 RyooaAn as a3
n<m; |n|=|m|

(38)

(024).

In the i-th row, we separate out the terms where a; has the power 0 in A,,
in particular ny = 0. These are given by A,  (as a function of a; (j # 1)).

This yields

2
2wy wi=s T 2adw a1 ai L oaj a
2 | _ 3 6

Zgg(m);m\:ﬁ RyouAw az a3 |=|1 a3 ay An({1,2,3}).
2 3 6
n/<(24); |n|=6 Ry ouAw as ag 1 a3 a3

(For example,

2 3 6
E Ry 21 Aw (az, as) 21=1.3 6|

n/<24; |n|=6
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The remaining terms have aj for some s > 1 in the first column of the
1-th row. They are

Z a; Z Ry, 024A5.

s=1 EEN?:
n<(024); |n|=6, s€{n;}

Now, by equation (37),

Ro29024 = Roopos + Rogi3 + Rogoo = 3;

Ri23024 = Raz1a+ Rozos = R34 + Riz13 = Rig03 + Rig12 = 2;

Ro3z 024 = Rszo4 = Rozo3 = 1;

Ritap2a = Riga = Rioe = 1 and Ropq 004 = Rog24 = Roaps = Rogo2 = 1.

(Note that Ry312 = 0 for example, and in the case of Rj14,024, the term Ry 11
is not allowed because in that case go = 3 whereas m3 — msy = 2.)

For s = 4 we thus obtain a} (A + Ri14024411) = af(Aoa + Ri102411),
which yields the determinant

ai(Ap + Ri102A11) @ a?
G%(Aoz + Ri100411) a9 CL% =A414=0.
aé(Aoz + Ri1,020411) as CL;Z),

(Here we use induction w.r.t. k.) For s = 3 we obtain a}(Az+ Ri23,020412) =
CL?(A();; + R12,03A12 + R12712A12). This ylelds the determinant

Cl:{’(AO:), + R12,03A12 + 312,121412) a1 a%
a3(Aos + Rig03A12 + Ri212412) a2 a3
a§(A03 + R12,03A12 + R12,12A12) a3 CL?,

which equals As15 + Azos = —Aj35 — Agza. For s = 2 we get a?(Aos +
Ry93 024 A13 + Roga 024 A20) = a? (Aos + (Ri300 + Ri313)A13 + (Ra204 + Ro213 +
Rg2.92)Ags). This yields A1+ Asos+Asga = —A1 26+ Ag34. Finally, for
s = 1 we have a;(Ri14,024414 + Ri23,024A23) = a;(A14 + (Ra314 + Ra323)Ass)
and we obtain the determinants A6 + Aj35. In total, we get —A;35 —
ANggs— Ao+ DNosa+Aiog+ Ayss=0.

In general, we shall prove that the resulting determinants in (38) cancel in

pairs. Consider a term A (0’ It equals +=Aj; for somen € N’T“. Conversely,

now first suppose that n’ = m’ — q for some g satisfying 0 < ¢; < m; —my
and |g| = ny > 1, ie. there is a term with s = n;. Then consider the

13



case s = ng + 1, where we need m’ — ¢ = (n; — 1,n3,...,ng). Set ¢ =
1 +ny—ny+1and § = ¢ for i > 2. Then (ny —1,ns,...,n;) =m' —§ and
|q| = na + 1. Moreover, since 1 < ny < ny and ny = my — ¢ < Mo, we have
('1’_1 =mo—n1+1>0and ¢ < mg=my—my. It follows that if A; occurs
in the sum (38) (with s = n;) then A( also occurs. But they

na+1,n1—1,n3,...,nk)

cancel one another. Conversely, suppose that A — occurs, so
(n2+1,n171,n3,...,nk)
that (n;—1,n3,...,n) = m'—q for some g such that 0 < g < m; 1 —m; and

|G| = n2 + 1. Define ¢; = ¢ — ny +ny — 1. Then we need that 0 < G; < mo,
ie. 0 < mg —ny < my. Therefore, if A — occurs then Aj
(n2+1,n1—1,n3,...,nk) n
also occurs provided ny < mg. If this is not the case then Aj; does not

occur and we must start with A — . If this term does occur
(n2+1,n1—1,n3,...,nk)

in (38) then there is ¢ such that 0 < ¢; < my 1 — my, |q| = ne + 1 and
(n1 —1,ns,...,n) =m' —q. Defining § by G, = ¢ +n3 —ny + 1, §; = ¢; for
i # 2, we have |¢| = ng+2 and (ny —1,ny— 1,04, ...,n5) = m’ —§. We need
0< g < mg—nzg, Le. mo+1<n3g<ms+1. Butns > ny > m2—+_—1 because
we assumed that Aj; does not occur. On the other hand n3 = ms — ¢ < ms.

Therefore, A — also occurs, and the two terms cancel each
(n2+1,n1-1,n3,...,nx)
other.

More generally, suppose that r > 2 is an integer such that +£A, with
s = n, + 7 — 1 occurs in the sum (38). Then there exists ¢ € Nf~' such

that 0 < ¢; < mip1 —m; and |g| = n, +7 —1and (ny — 1,...,n,1 —
Ly, osng) = (ma —q, ..., mg — qr—1). Therefore,

{mi+1§ni§mi+1+1 for i < r; (39)
m; < ngpp < Mg for i > r.

Define ¢~ by q,(f:ll) =¢r_1—ny +n,_1 — 1 and qirfl) =q; fori #r—1.
Then |¢" Y| =[g|—n,+n,1+1=n+r—1—n,+n_1—1=n,_+r—2
and m, — qff:ll) = m, — g1 + Ny —ny_1 +1 = n,. Therefore the term
with s = n,_; +r — 2 also occurs provided 0 < qff:ll) < m, —m,_,. But,
my — ¢r—1 = N, so this holds if 0 < m, —n, < m, —m,_;. By (39),
ny,_1 > m,_1 + 1 and since n, > n,_; the first inequality holds. Thus the
term s = n,_; +r — 2 also occurs if n, < m,.

Suppose now that this term does not occur. Then we conclude that

n, > m, + 1. Now define Q(TH) by q:H) = ¢, +Ny1 —ny + 1 and qz(TH) — g
fori # r. Then (n1—1,...,n,—1,np49,...,m) = m'—q since mr+1_q£T+1) _
Myi1 — (¢ + N1 — 0y + 1) = 0, — 1. Also, \g(r+1)| = n,,1 + r. Moreover,
n, > m,+1 = q7(f+1) < Mpyr —my and Ny < My = N, <

myy; +1 = qq(fﬂ) > 0. Therefore the term with s = n,,; + r also occurs
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and cancels the term s =n, +r — 1.

We conclude that if the term s = n, + r — 1 occurs then either s =
n._1 +r — 2 exists or s = n,1 + r exists, but not both. Note that s < my,
so only terms s = n, + r — 1 can exist where n,, < m;. That means that if
the term s = ny, + k — 1 occurs then the term s = n;_; + k — 2 also occurs.

This proves that the sum (38) equals zero, and hence that (31) holds.
Now, inserting (29) and (31) into (20) we have

> 1 @aA@AIe

KCIxI¢|K|=p (i,j)EK

- Z AﬂA(I) Z Rﬂ,mAw(m)(IC)

neNE: m>n:
Tji}, |m|=p
- Z Aw(m)(fc) Z Rﬂ,mAﬂA(])
meN}: n<m:
lm|=p Inl=p
= > AaD) Ay (). (40)
mEN’TV:
|m|=p

Inserting this into (16) and (14) we have

> VO] T (wa; = DAMAI)

Ic{1,..n} i€l jeI°
e
LT O I S A (A
Ic{1,...,n} p=0 mEN’T“:
lm|=p
n k:(n—k)
SIS
k=0 p=0 meNF; m|=p
X3 () DAL Ay (). (41)
Ic{1,...,n}
T|=k
The last sum is an expansion of Ay, ym)({1,...,n}) w.r.t. the first k£ columns.
In general,
Ay ({1, }) =
(12 (1) DA (D B, (1) (42)
Ic{1,..,n}
\T|=k
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Indeed, for k = 1 we have

Ic{1,..., n}\{ )
[T|=k—

where v;(1) =>";c; 5 —#{j € 1: j>i}. Thus
Aoy ... mn({]- ny) =

_ k(k—1)/2 Z Z 1/(] )—1—#{jel: j>i}

Ic{1,...,n}: i€l
XamlAmz ~~~~~ k(I)Amk+l ~~~~~ mn<IC)

k(k—1)/2 Z Z V(I —k—#{jel: j<i}

Ic{1,...,n}: i€l

Thus, in order to prove (14), we want to show that

n k(n—k)
Z Z (n—k)—p+k(k+1)/2 Z Apymy({1,...,n}) = 0. (43)
k=0 p=0 meNg:

Im\=p
First note that Ay, ym)({1,...,n}) = 0 unless m and 1(m) have nothing in
common and make up {0, 1, N 1} In particular, |m|+ |¢(m)| + 3k(k —
D+in—k)(n—k—1)= (n—l)
1 1 1
2p:§n(n—1)—ik‘(k—l)—§(n—k)(n—k—1) =k(n—k).
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If k(n — k) is odd, there is no nonzero term, so if n is even then £ must also
be even. We therefore need

D ()RR N A ({1, ) =0, (44)

k=0 mENIT“:
Im|=k(n—k)/2

Next we argue that Ay, ym)({1,...,n}) = 0 unless m; + mp_;.1 =n —k
fori=1,..., k. Consider the case i = 1. In order that all the numbers below
my are present, we need ¢(m); = 0 for j = 1,...,my, while ¢(m);,,+1 > 1.
This means that the number of zeros in ¢(m) equals my, so my = n—k—my.
The converse also holds. Similarly, for ¢ > 1, we must have ¢)(m); = j+i—1,
ie. ¢(m); =1, for j=m;_1 +1,...,m; and ¢(m)m,+1 > ¢ + 1. This implies
that mg_;10 — mp_;11 = m; — my_1. By induction, therefore m; + my_; 11 =
mi_1 + Mmy_;so = n — k. In particular, if k£ is odd, then n — k is even and
m(k+1)/2 = (TL - k?)/Q

Consider first the case that n is even, and hence also k is even. Then
we can count the number of possible solutions as follows. We put a num-
ber of markers between the numbers ¢ — 1 and i equal to m; — m;_1, where
i=1,...,k/2. The total number of positions for the (n—k)/2 markers is then

_ n/2 n/2

n/2 and the number of possible arrangements equals ((n B k)/2> = (k/Q) .
Note also, that if we move the k/2 last elements m; (i = k/2+1,..., k) across
all p(m); (j =1,...,n—k), then in order to put the /m; and ¢(m); in increas-
ing order, it remains to move each m; with i < k/2 across equally many ¢(m);
to the right as we need to move my_; 1 across ¢(m); to the left. This means
that in each case, the determinant Ay, ym) = (—1)FP2A({1,...,n}). In-
serting this into the left-hand side of (43) we obtain

n

D (FDHETRERREDE N Ay (L ) =

k=0 meN’;;
|m|=k(n—Fk)/2
- 2
= Z(—nk/?(”/ )A({l,...,n}) = 0. (45)
—~ k/2
k even

(Note that if k is even ,then (—1)F*+1/2 = (_1)k/2 )
Analogously, if n is odd, then if £ is even, the number of possibilities is

—1)/2 pilities
<(n k/g)/ ) , and if k is odd then the number of possibilities is (EZ B 1%2) )

17



The sign is again (—1)*™%/2 and we obtain

(n—1)/2
 \k(k+1)/2 (n—1)/2
> ()

k=0

) (n_zl)/2(—1)l ((n —ll)/z)A . (n—zlw(_l)m ((n —ll)/2)A — 0.(46)

=0 1=0

In both cases therefore (43) holds. The claim (14) is thus proved. This
completes the proof of the theorem. B

2 Lemmas

Lemma 2.1 Let R be a commutative ring. Forn > 3 and ay,...,a, € R,
and for 0 < k+1<n—2,

n—2 l . .
L a ay ) azl D a<jicomcipsn Gin - - gy
e
Qg -+ Qo ag 21§j1<_“‘<jk§n Qjy - - gy
Jr#2 = 0. (47)
n—2 l
1 a, -+ a’ an21§j1<__,<jk§n71 aj, ... aj,
Proof. For k = 0 this is obvious.
We now proceed by induction on k:
n—2 l . .
L a - o ) ay 22§j1<--~<jk§n gy - - - A,
n— l . . . .
az -+ 0 Uy D 1<ji<<ju<n Qjy - - - Gy
Jr#2
n—2 l ) )
1 a, a’ a, Zl§j1<~~-<jk§n—1 aj, . ..a;,
- n—2 ! . .
L a ay ) Wy 1<y <osn Gir - - Gy
e
B 1 as --- ay asg 21§j1<---<jk§n Ajy - - Ay,
n—2 l . .
L a, ap = Ay 21§j1<~~<jk§n— Ajy - - - Ay,
n—2 I+1 ) )
I a a ay 22§j1<~~-<jk_1§n Ay - - g4
n—2 I+1 , , , ,
L oay - ay as 21§J1<"“<3k—1§” Ajy - - Qg4
— ]r?éQ = O
Coon=2 41 , ,
L a, an an Zl§j1<-~~<jk_1§n—1 Ay - - - Qg4
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provided k 4+ 1 < n — 2. Indeed, the first term equals zero because the last

column is a constant multiple of the [ 4+ 1-th column, where [ < n — 2. The

second term equals zero by the induction hypothesis. ]
Similarly, we have also

Lemma 2.2 Let R be a commutative ring. Forn > 3 and ay,...,a, € R,
and for 1 < k,l <n —1, such that k+1>n,

n—2 l ) )
ar -0 ) ay 22§j1<~--<jk§n gy - - - A,
n— l . . . .
Loag - ay Ay Y 1< < <grsn Qjy - - - Ay
72 =0. (48)
n—2 l ) )
1 ap -+ Q, a,, ZlSj1<“'<jk§n*1 a‘]l Ce ajk

Proof. For [ > 1 and k = n — 1 the final element in the i-th row equals
aﬁ_lal ...ay so the determinant is zero. For k < n — 1 we write

l 2 _ -1 E : o )
a, Qjp ... A5, = G ;g ... Aj,

1<ji<<jr<n 1<i<<jr<n
Jr#i Jr#i

— -1 E 4 )
= q; Ajy - Qg

1< < <Jggy1<n

-1
—a; § : Ajy o Ay -

1<j1 < <jp41<n

Jr#i
Then first terms inserted into the determinant yield zero since [ —1 < n — 2,
and the second terms yield zero by induction provided [ > 1. [
Lemma 2.3 Let R be a commutative ring. Forn > 3 and ay,...,a, € R,

and for 0 < k <n — 2,

n—2 n—1—k
ay - b al ) 22§j1<_”<jk§n aj, . ..aj,
n—2 n—1—
Loay -+ a3 ™ ay U ici<o<in<n g - - - Gy,
Jr#2
n—2 n—1—k ) )
1 a, --- al a’ Zl§j1<~~~<jk§n—1 aj, ... aj,
n—2 n—1
1 a -+ af , ay X
n— n—
Ll 1oa e ay g
= (-1 : (49)
n—2 n—1
1 a, a, ay,
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Proof. For k£ = 0 the identity is tautological. For £ > 1 we write again

n—1—k 2 o n—k—2 2
CLi ajl...ajk = ai ajl...ajHl

1<j1 < <Jr<n 1<j1 < <Jr415n

Jr#t
—k—2
_a? Z gy - v Qg y -
1< < <jg+1<n
i
The first term yields zero and the result follows by induction. [
As a corollary we have
Lemma 2.4 Forn >3 and ay,...,a, € R,
1 a - a¥? (a;—1) [[_s(aia; — 1)
1 oag -+ ay? (ag—1)[[}=1(aza; — 1)
J#2
1 a, - a 2% (a,—1) Z?:_ll(ajan - 1)
1 a - a’ll_z a?!
n 1 as - a®~ an—l
()| L e
Pl o e : :
1 a, - a2 a!
Proof. We expand
n n—1
—k—1_k
H(ajal —-1)= Z(—l)” a Z Qj, - Q.
=1 k=0 1<j1<<jr<n
J#l Jr#l

If n is even, 2k # n — 1, so only a; in the factor a; — 1 contributes to the case
k=n—1. Thenl=k+1sok+1>nif k> n/2. By Lemma 2.2 these
terms yield zero unless [ = n and k = n — 1. This is the highest-order term

and yields

1 a - a2 a!
1 ay - ay? a)!
Q| . .
P Dol :
1 a, - a2 a*!

If & < n/2, the only possible non-zero term is the case k +1 =n — 1, i.e.
k=n/2 — 1. By Lemma 2.3 this yields the contribution

1 a - a2 a! 1 a - ab? a!
n—2 n—1 n—2 n—1
1k L1 oae o ay s 1 ay -+ ay s
(=1) (=1) Do : : - : S
1 a, - a2 a! 1 a, - a2 a!



Lemma 2.5 Forn>2,1<k<n-—1,andaq,...,a, €R,
n—1
22§j1<m<jk§najl...ajk ay -+ aj 1
. . . . . .. n—
1§]1<....<‘7k§n ajl .« ajk CLQ a2
]7’#2
» . . . DY nil
21S11<~~-<1kén Ajy - Ay An Oy,
JrFn
]_ aq P a?_k_l a"f_k—’—l .. a/711
1 a afdhml gL L g
1 a, an—k=1l o gkl a’
Proof. For k =n — 1, we have, expanding,
as...qn Q1 @?’1
n—1
ajas...ad, a9 Ay
ai...Qp_1 G afl_l
n—1
al “ e a/l
n :
_ qyi-1 o nf2]
= 5 (=1 ay...aj_1a541 ... an | [a; aj
Jj=1 :
n—1
an, an
2 n
ay ay
. 2
n : 1 ai aq
= —1)y-1 [ 2 "] = : :
(—1) a; a; : :
— , i 2 ... n
J : : L a; Qy,
2 n
a’n an

21




We proceed by induction and write similarly,

n—1
21§j1<."'<jk§n ajl e ajk ai e al
Jr#l
j i n—1
21§]1<"'<_]k§n Ajy ...Q5 Qo -+ Qg
Jr#2
j j n—1
21§J1<-~<]k§n Ajy ... Qj, Ay Ap
jr n
a; - a711—1

n Lo
= > (=t D - . Ll
- ( 1) a]l e a]k a/j aj
Jj=1 :

Jr#j
A, - a
21§]1<<]k§n ajl e ajk a1
Jr#J
n : e
= —1)y-1 . 9 '
= > Y ]a [ "
j=1 i#j . :
21§j1<'-~<jk§n Qjy - - - Qg Ay
Jr#j
21§j1<"'<j1?,1§n Qjy v Ay
Jr#Lj
n
= E _1)-1 | I 2 ) ‘ ' '
_ ( 1) a/i 21§J1<"'<Jk§n a]l e a’]k
j=1 i£j Jr#J
Zlﬁj1<---<jk,1§n Qjy - gy
Jr#im
ZQSJ1<~~-<jk§n Qjy - - - Ay
Jr#j
n :
+ § (_1)]-1 | |ai [n
j=1 i#j :
Zl§j1<'t'<‘j]f§n_1 ajl e ajk
Jr#J

22




The first term equals zero by Lemma 2.1 since k—1 < n—3. By the induction

hypothesis, the second term equals

1 al e a[?_k“_Q a]ll_k e a’il_l
n—k—2 n—k n—1
1 a2 .. a2 a2 “ .. a2
n
(=0 o
n—k—2 n—k n—1
— .. [1 a] aj a’n a’j }
j=1 i#j
1 a, CLZ*’“*Q aZﬁk e aZ”
1 o at g ay
n—k—1 n—k+1 n
L a Qg ag s
n—k—1 n—k+1 n
1 a, a, ay ay,
n
Writing

E ajl...ajk:aj E

1<ji<<jg<n 1<ji<<jg-1<n
Jr#J

>

1<j1<<jr<n
Jr#d

we see that the first term vanishes if £ < n — 1 by Lemma 2.1 and we get

Corollary 2.1 Forn>2,1<k<n-—1, and aq,...,a, € R,
1 o a?!
1 as ay~!
Z Qg - D : :
1<ji<<jp<n ' -
1 a, ay,
1 a a’ffzfl a?*:“ ay
1 ay at k=t gnokel a?
_ 2 2 ‘2 (52)
1 a, an—k-1l gnoktl an
We generalise Lemma 2.5 further:
Lemma 2.6 Let R be a commutative ring and aq,...,a, € R. Letn € N
and my,...,my_1 € N such that 1 <my < --- <my,_1. Then, for any k € N
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with 1 <k <n-—1,

. . mi Mnp—1
Zzgj1<---<jkgn gy - - Ay, Qg ay
. . . . mi Mnp—1
1§j1<A.A.<Jk§n ah e a,]k a2 a2
Jr#2
m My
Zlﬁj1<"'<jk§" Ajy ... 05, G, Lo gyt
Jr7FN
m/ m) _
1 al 1 “ .. a/l n—1
= E S, : : (53)
mi<m) <--<m] _;: (Vi)m,—m;=0,1 1 a?ll . aZ’L;z—l

#{i:mi=m;+1}=k

Proof. We proceed as in the previous lemma and first note that

. . ml ... mn71
22§j1<~--<]’n_1§n Ajy - - - Ay, A ay
- . . . ml .« .. mn_l
1<j1 < <gp<n Qjy - - - Qjy, %) Qg
Jr#2
. . ) . mi .. Mn—1
21§]1<"“<]k§n a,Jl PP ajk an a/n n
Jr71
mi Mn—1
a2 .« 0. CLn a,l c al
mi Mp—1
B Hl;éQ ai a2 PP a2
m mpy—
ap...Qp-1 a;,* -+ a;"*!
mi1+1 Mmp—1+1
ay ay
mi+1 mp—1+1
. : : 1 af o ay
j—1 mi+1 mp—1+1
— —1y [ 3t ... k =
(=1) aj a; P :
Jj=1 ) . 1 gmtl ... gmn-1tl
. . n n
m—1+4+1 Mp—1+1
a?’L an "
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Next we continue by induction as before:

j i mi Mp—1
21§]1<"'<jk§n Qj, - Qg aq a, n
Jr#l -
1 ] mi n—1
21§]1<“'<]k§n Ajy -+ - Qj, Gy ceoay
Jr#2
m Mgy —
21§j1<~-~<jk§n Qg ... Q5 G, ... amn 1
jr n
My
agnl a/l n—1
— _ j—1 . . |: mi . Mmnp—1 :|
— Z( 1) E CLJI e a]k aj aj
=t 1<j1 << jp<n . :
Jr#J :
mi Mp—1
a,, a, n
j j i ; mz—mi Mp—1—M1
21§]1§~'~§]k§n Qjy -+ - Qg Ay a”
Jr#d

= Z(_l)j—l H a;nl

D 1< <jn<n Gy

e amnfl_ml}
£ J J
1] Jr7]
mo—m M1 —
S @y @y AL e
Jr#J
i i ma—mi1—1 Mp—1—m1—1
21§]1<"'<])?_1§n a’jl e Cljk71 al Ce al
Jr#Lj
n
_1)-1 my+1 . . mao—mq—1 Mgy —1—mm1 —1
( 1) H a; 21SJ1<""<]‘k71§n T R -
J=1 i#] Jr#j
; ; mo—mi—1 C—mi—1
Z]-§]1<"'<]k,1§n ajl e Cljk71 a, 2 1 ce azln 1—m1
jr?’éj/’l
- . mo—mi Mp—1—"M1
ZQSJ1<---<Jk§n Qjy - - Ajy a; a n
Jr#J
n
j—1 mi . . mo—mi Mp—1—M1
+ Z(_l) | | a; 22§]1<'~~<Jk§n Ajy - o Ajy A e n }
j=1 i#j Ir#J
ma—m My, 1 —
21Sj1<~;~<j;€§n—1 Qjy - - Qg Ay 2—m1 L. amn 1—my
Ir#d
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Both determinants in the last expression are of the same form as the original,
but of smaller size. By the induction hypothesis we therefore have that

. . mi Mn—1
21S]1<~~<]k§n Ajy - Qj, O ceay n
Gl !
. . mi .
21S]1<"'<]k§n ajl . ajk a2 . a2 n
P
m My —
21§j1<"-<jk§n Qjy - .- Aj. Ay ... ay n—1
Jr#n
’ ’
my My 2
1 al al

= i(—nj—lﬂa;’““ > 1t . d
]:1 . . e

7] ma—mi—1<m) <--<m/ _,: .
(Viym)—m;11—m1=0,-1 :
iiml=m;i1—mq}=k—1 m/ m! _
#{ 7 i+1 1} 1 anl . ann 2
m/ m/ _
1 a; 1 al n—2

+Zn:(_1)j—1Ha;n1 Z 1 a;n’l a;”/n—2]

Jj=1 i#£j ma—m1<mi<--<m! _,: .
(Vi)ym}—m;11—m1=0,1 :
#{i:m/=m;1—m1+1}=k m/ ml_o
i i+ } 1 an 1 . n, n
!
mi+1 my My_2
ay ay ay
n .
§ -1 2 : 1 m/ m.
= <_1)] [agn1+ aj 1 aj n—2
Jj=1 ma<m/ <--<ml, _,: . :
(Vi)m;—m;11=0,1 : : T .
- !
#{imi=m;11+1}=k-1 &m1+1 amll . am"*Q
n n n
mi my my,_s

Jj=1 mo—1<m} <--<m), _,: .
(Vi)m}—m;11—m1=0,1 /

iiml=m;1+1 =k m! m!

#{ 1 i+1 } am1 an 1 . a/n n—2
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Summing over j we obtain

mi Mp—1
21§j1<~~~<jk§n Qjy - Qg Ay aj n
Jr#l . .
1 e
21Sj1<---<jk§n Gjy -+ Qg Qo Qs
Jr#2
m My —
21§j1<'m<jk§n Ajy - - Qg Gy Lo gt
IrFN
I ’
1 ay a,

!
maSmh<osml,_pi | gl g mi
n

(Vi)m}—m;11=0,1
#{i:ml=m; 1 +1}=k—1

mi my My _o
1 o a a,
+ ) f
mo<m) <--<m! _,: m) m! _
2>y n—2 1 a;nl an 1 e an n—2

(Vi)m}—m;11=0,1
#{i:mi=m; 1 +1}=k

U
ml n—1
1 al DT &1
mi<m)<--<m!,_,: 1 CLZLIl L Can;T71

(Vi)ym)—m;=0,1
#{i:ml=m;+1}=k

[terating once more we get

Corollary 2.2 Let R be a commutative ring and aq,...,a, € R. Letn € N
and my,...,my_1 € N such that 1 <my; < --- <my,_1. Then, for any k € N
with 1 <k <n,

1 oaf - amt
1 ayt - ag™t
Z ajl e ajk 3 3
1<j1<<jp<n :
1 am a,'mt
!
aTl a, n

= E A (54)
0<mf <---<my,: (Vi)m},—m;_1=0,1 mj

#{i:ml=m;_1+1}=k

where mg = 0.
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