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Abstract

In this paper, we revisit Dobrushin’s uniqueness theorem for Gibbs measures of lattice
systems of interacting particles at thermal equilibrium. In a nutshell, Dobrushin’s uniqueness
theorem provides a practical way to derive sufficient conditions on the inverse-temperature
and model parameters assuring uniqueness of Gibbs measures by reducing the uniqueness
problem to a suitable estimate of the Wasserstein distance between pairs of 1-point Gibbs
measures with different boundary conditions. After proving a general result of completeness
for the Wasserstein distance, we reformulate Dobrushin’s uniqueness theorem in a conve-
nient form for lattice systems of interacting particles described by Hamiltonians that are
not necessarily translation-invariant and with a general complete metric space as single-spin
space. Subsequently, we give a series of applications. After proving a uniqueness result at
high-temperature that we extend to the Ising and Potts models, we focus on classical lattice
systems for which the local Gibbs measures are convex perturbations of Gaussian measures.
We show that uniqueness holds at all temperatures by constructing suitable couplings with
the 1-point Gibbs measures as marginals. The decay of correlation functions is also discussed.
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1 Introduction.

A core problem of classical and quantum equilibrium statistical mechanics is the description
of equilibrium thermodynamic properties of large systems of interacting particles, see, e.g., [50].
Literature on mathematical characterisations of the equilibrium thermodynamics of interacting
particle systems is extensive: for an account of rigorous methods, see, e.g., [36, 41, 28, 11, 47, 44].

A standard way to describe the equilibrium thermodynamics of a large system of interacting
particles consists in constructing the equilibrium Gibbs states of the associated infinite system at
a given "temperature’ =1 > 0 and given values of the system parameters. For systems undergoing
structural phase transitions, it is expected that the set of equilibrium Gibbs states consists of more
than one element corresponding to the different phases. Below, we give a brief account of some
rigorous constructions of equilibrium Gibbs states in classical and quantum lattice systems, with
an emphasis on lattice systems with unbounded single-spin spaces (also called state spaces).

Equilibrium Gibbs states of classical lattice systems of interacting particles may be represented
by Gibbs measures, also called limit Gibbs distributions or DLR (Dobrushin-Landford-Ruelle) mea-
sures. A Gibbs measure is the distribution of a random field on the infinite lattice admitting a
prescribed family of conditional distributions, see [13, 34, 35, 14, 15, 16, 17, 18, 32] for pioneering
works. Local Gibbs measures may describe local equilibrium Gibbs states of systems of interact-
ing particles in finite domains (the particle interactions are not limited to the interior of these
domains) at thermal equilibrium with their exteriors where the configurations of particles are held
fixed. The latter play the role of boundary conditions and, as such, determine conditions for the
distributions. Gibbs measures are then defined by means of the family of local Gibbs measures
as solutions of the equilibrium DLR equation. This approach, called DLR approach, is standard,
see, e.g., [23] and references therein. Note that this approach allows one to define Gibbs states of
infinite lattice systems without resorting to any limiting procedures.

Local equilibrium Gibbs states of finite-volume quantum systems are traditionally defined as
positive normalised linear functionals on the C*-algebra of bounded operators on a Hilbert space,
satisfying the KMS (Kubo-Martin-Schwinger) boundary conditions relative to the time-evolution
automorphisms describing the dynamics of the systems, see, e.g., [27] and [11, Sec. 5.3]. Accord-
ingly, equilibrium Gibbs states are constructed as limiting states on the C*-algebra of quasi-local
observables satisfying the KMS conditions. They are the so-called KMS states. Within this
limiting procedure, the formulation of the KMS conditions relative to the time-evolution automor-
phisms is problematic when considering some quantum lattice systems described by unbounded
operators, see, e.g., [39, 38]. To construct equilibrium Gibbs states of quantum lattice systems



of interacting particles, an alternative to the above algebraic approach is the so-called Fuclidean
approach, see [26, 1, 5]. The Euclidean approach relies on a one-to-one correspondence between
local Gibbs states, as functionals on C*-algebras of observables, and local Gibbs measures, as
Feynman-Kac measures on (-periodic path spaces. To connect both, the Matsubara functions
play a key role as they uniquely determine the local Gibbs states. For further details, see, e.g.,
[6, Sec. 6] and [30, Sec. 2.5]. As such, equilibrium Gibbs states of quantum lattice systems may
be represented, analogously to classical lattice systems, by Gibbs measures defined through the
DLR approach but with local Gibbs measures living on infinite-dimensional path spaces. They
are often called Fuclidean Gibbs measures, see, e.g., [5].

In the study of Gibbs measures in lattice systems with unbounded single-spin spaces, two main
mathematical problems arise: existence and uniqueness. For the case of compact single-spin spaces
the existence problem is simpler, see e.g., [14, 23, 47] and [22, Chap. 6]. At this stage, it should be
noted that, as shown in [25], when the set of Gibbs measures consists of several elements, some may
have no physical relevance. As suggested by Euclidean quantum field theories, see, e.g., [46, 25],
the Gibbs measures of interest are those for which the sequence of their moments satisfies some a
priori growth limitations at infinity. They are the so-called tempered Gibbs measures. Uniqueness
of Gibbs measures characterizes the absence of (first-order) phase transitions.

The existence problem may be solved by constructing Gibbs measures as thermodynamic lim-
its. This may be achieved by proving that the family of local Gibbs measures, indexed by an
increasing sequence of bounded regions filling the whole lattice, has at least one limit point in the
weak topology, and that this limit point is a Gibbs measure. Sufficient conditions were derived by
Dobrushin [14, 15, 17] and [18, Thm. 1]. See also [48, Thm. 1.3]. Dobrushin’s existence criteria
have been applied to some classical lattice models of Fuclidean lattice field theories with single-
spin space R in [12, 7]. Therein, some restrictions on the boundary conditions are necessary. One
of the key methods is Ruelle’s technique of superstability estimates in [42, 43, 33] which requires
the interactions to be translation invariant, superstable and with pair-potentials growing at most
quadratically. Applied to some models of Euclidean lattice field theories with single-spin space R,
it is proved in [12] that the family of local Gibbs measures associated with a wide class of boundary
conditions has at least one accumulation point in the set of ’superstable’ Gibbs measures, a subset
of the set of tempered Gibbs measures, see [12, Thm. 1.2]. This result was extended to some
quantum anharmonic lattice systems with superstable interactions in [39, Thm 2.6] by extending
Ruelle’s technique to quantum statistical mechanics, see [37, 38]. See also [30, Thm. 3.1] covering
a wide class of quantum anharmonic lattice systems. In general, for quantum lattice systems where
the single-spin spaces are infinite-dimensional, verifying Dobrushin’s existence criteria turns out
to be challenging, see, e.g., [48, Sec. 1.5]. A brief review of methods can be found in [6, Sec. 2].

Turning to the problem of uniqueness of Gibbs measures, sufficient conditions were derived by
Dobrushin in [14, 16] (case of compact single-spin spaces), [18, Thm. 4] and [19, Thm. 1] (an
extension). Dobrushin’s uniqueness theorem [18, Thm. 4] reduces the uniqueness problem to a
suitable estimate of the Wasserstein distance between pairs of 1-point (i.e., lattice site) Gibbs mea-
sures subject to different boundary conditions. In particular, uniqueness holds provided that the
Dobrushin matrix coefficients satisfy the condition of weak dependence [18, Eq. (5.2)]. In practice,
this allows one to derive sufficient conditions on § and model parameters assuring uniqueness.
Dobrushin’s criterion has been applied to some classical lattice models of Euclidean lattice field
theories with single-spin space R in [12, Sec. 2]. The key ingredient is an expression of the Wasser-
stein distance for probability measures on R in terms of their distribution functions. The same
criterion has also been applied to some quantum anharmonic lattice models of quantum crystals
in [2, 4] (see also [30, Thm 3.4]). Therein, the key ingredient is the representation of the Wasser-
stein distance by means of the Kantorovich-Rubinstein duality theorem, see, e.g., [21]. Finally, we
mention that cluster expansion techniques are used in [40] to prove uniqueness of Gibbs measures
in the high temperature regime (in 1-dimensional lattices, uniqueness holds at all temperatures)
for a class of quantum anharmonic lattice systems with superstable interactions. In [3] a quantum
crystal with double-well potential is shown to have a phase transition using a Peierls-type argu-
ment.



As such, Dobrushin’s uniqueness theorem [18, Thm. 4] provides a way to determine sufficient
conditions on # and model parameters assuring uniqueness of Gibbs measures by deriving a suit-
able estimate of the Wasserstein distance between pairs of 1-point Gibbs measures with different
boundary conditions. However, this criterion remains difficult to verify in general.

In this paper, we revisit Dobrushin’s uniqueness theorem for Gibbs measures of lattice sys-
tems of interacting particles at thermal equilibrium in the case where the single-spin space is a
general complete metric space. This covers both classical and quantum lattice systems. The main
ingredient in the proof of existence of limit Gibbs distribution is the completeness of the Wasser-
stein space of first order. We show that this is guaranteed whenever the underlying single-spin
space is a complete metric space. Our proof does not require separability, and relies on the con-
struction of a well-chosen Prokhorov compact to show the uniform tightness of the probability
measures. Further, the method we use to prove the equivalence of weak convergence and conver-
gence in Wasserstein metric would allow the result to be extended to uniform spaces, replacing
the Wasserstein metric by a Wasserstein uniformity. In addition to revisiting the proof of Do-
brushin’s uniqueness theorem, another motivation of this paper is to provide some alternative
techniques to prove uniqueness of the limit Gibbs distribution for some classical lattice systems
with possibly infinite-range pair potentials. First, we prove a general result of uniqueness at high
temperatures with application to the classical Heisenberg model. An extension of the uniqueness
result to the Ising and Potts models is given. Second, we revisit the Gaussian free field model
with n-dimensional spins. When the local Gibbs measures are convex perturbations of Gaussian
measures, we derive a suitable estimate of the Wasserstein distance between pairs of 1-point Gibbs
measures by constructing appropriate couplings with the 1-point Gibbs measures as marginals.

Our paper is organised as follows. In Section 2, we recall some properties of the Wasserstein
distance and give the completeness result in Theorem 2.1. After recalling some definitions of local
and limit Gibbs distributions, Theorem 3.5 in Section 3 is our reformulation of Dobrushin’s unique-
ness theorem for classical or quantum lattice systems of interacting particles when the single-spin
space is a general metric space. Two corollaries related to the decay of correlations in the case
of nearest-neighbour interactions are also given. The proof of Theorem 3.5 and the proof of the
corollaries are given in Section 4. In Section 5, we focus on some applications of Theorem 3.5 at
high-temperature. The main result is Proposition 5.1 with application to the classical Heisenberg
model. The Ising and Potts models are treated in Section 5.2. In Section 6, we focus on some
applications of Theorem 3.5 to classical lattice systems. The Gaussian free field model with n-
dimensional spins is revisited in Section 6.1, see Proposition 6.1. The perturbation by a convex
self-interaction potential is treated in Section 6.2, see Propositions 6.5 and 6.9. Section 7 contains
the proof of Theorem 2.1. The key result for the proof of Theorem 2.1 (i) is Proposition 7.5.
Section 8 is the Appendix. The quantum harmonic crystal model is revisited in Section 8.2, see
Proposition 8.4. The decay of Gaussian correlations in classical and quantum lattice systems is
discussed in Section 8.3.

2 Wasserstein distance and completeness.

Let (X, p) be a metric space. Denote by B(X) the Borel o-algebra of subsets of X. Let M (X)
denote the set of all finite non-negative Radon measures on X and let

P(X) = {n € MH(X) : u(X) =1},

be the set of all Radon probability measures on X. For any u,v € P(X), define the set of Radon
couplings of u and v as

Ex(p,v) ={c eP(X x X) : 0(Ax X)=p(A), c(X x A) =v(A) for all A€ B(X)}.

Let pw : P(X) x P(X) — R4 U {co} be the Wasserstein distance defined as (see, e.g., [49])

pw(p,v) :=  inf /X Xp(x,y)a(dx,dy). (2.1)

o€Ex (1,v)



Introduce the set

Pi(X) = {,u € P(X) : / p(x,x0)u(dr) < oo, for some (and hence all) zy € X} , (2.2)
x
which is independent of xy. Here is the main result of this section

Theorem 2.1 (i). The Wasserstein distance py is a metric on P1(X).

(1). If (X, p) is a complete metric space, then so is (P1(X), pw).

The proof of Theorem 2.1 is postponed to Sec. 7 for reader’s convenience. We point out that the
proof of Theorem 2.1 (i3) relies on Prokhorov’s theorem, see, e.g., [10, Sec. IX.5.5]. For a proof
with the separability assumption, see, e.g., [9]. We note that Theorem 2.1 is used in the proof of
existence in Dobrushin’s theorem in Sec. 4.2. Hereafter, X as in Theorem 2.1 will play the role of
state space (i.e., single-spin space).

3 Dobrushin’s uniqueness theorem revisited.

3.1 Gibbs distributions.

secnot

In this section, we recall the definition of local Gibbs distributions and limit Gibbs distributions.
Our definitions below are taken from [48]. See also, e.g., [34, 14, 15, 16, 17, 32, 18, 33, 23].

Notations. For dimension d € N, let S := {T' € Z¢ : 0 < |T'| < oo} be the (countably infinite)
set of all non-empty finite subsets of Z¢. Here and hereafter, |A| denotes the cardinality of A € S,
A¢ = Z%\ A its complement and OA := {j’ € A® : 3j € A, |j — j'| = 1} its boundary. In
the following, the state space X is assumed to be a metric space (note that all the definitions
below hold for X' a topological space). The space of finite configurations in A € S and the space
of all possible configurations are respectively X* and XZ* endowed with the product topology
and equipped with the Borel o-algebra B(X*) and B(X Zd) respectively. Note that the latter
coincides with the o-algebra generated by the cylinder sets. Configurations in X, A € S will
be often denoted by £, and a configuration §, will be often decomposed as the concatenation
§y = §A§A\A for a given A C A. Let P(X), A € S or A = Z? denote the set of all Radon

probability measures on X*. Let P;(&*), A € S denote the subset similar to (2.2) but with a
metric p) on XA, Let {IIx}acs denote the family of projection maps Tl : X2 xA,
Given A € S, the energy of a configuration {, € XM is defined by

H(E) = Y Vx(&y), (3.1)

XeS:XCA

where for every X € S, the function Vy : X% — R stands for the joint interaction energy of the

&’s inside X. The family {Vx}xes is commonly called a potential, and typically, the Vx’s are

assumed to be B(XX)-measurable and such that the series in (3.1), and in (3.2) below, exist.
The interaction energy between a configuration £, € X A and Nye €X A% is defined as

HEom) = D0 Vx(Exaaliyone)- (3.2)

XES: XNAAD,
XNACED

In the following, given A € S, configurations in X" will play the role of boundary conditions.
The total energy of a configuration § A under the boundary condition n Ae 18 then defined as

Ha(yny) o= H(E) +H(E,my.)- (3.3)

Definition 3.1 The local Gibbs distribution at inverse temperature 8 > 0 for the domain A € S
under the boundary condition 1, . € XM s a probability measure on (X, B(X™)) defined as

HA(Al,,) = Z[,.(l/ exp (_ﬂHA(gAmAC)) [ motdgy), AeBx®), (3.4)
A QAC) A

JEA



where H (- |n, ) is defined in (3.3), Z/ﬂx(ﬂAc) is a normalisation constant (called partition function)
2= [ ew (~0HA,In,0)) [T mo(asy) (35)
XA :
JEA
and the (single-spin) measure g is a given a priori measure on (X, B(X)), not necessarily bounded.

We now turn to the definition of limit Gibbs distributions. We refer the reader to the disinte-
gration theorem in Sec. 8.1 for the existence of conditional probability measures.

Definition 3.2 A limit Gibbs distribution at inverse temperature 3 > 0 corresponding to the
formal Hamiltonian H : XY SR given by a potential as follows

H(E) = > Vx(,)

Xcza

is a probability measure i on (XZd, B(de)) such that, for any domain A € S,

(i). For p®- a.e. £ =(£,.€,.), Ha(§,1€,.) in (3.3) and ZJ(§,.) in (3.5) are finite;

(i1). The conditional probability measure induced by pP on (X", B(AXN)) under the boundary
condition 1, . € XA coincides uﬁc- a.e. with the local Gibbs distribution in (3.4).

Remark 3.3 The conditional probability measure in (ii) above is relative to the projection map
Mpe, see Sec. 8.1. Denoting it by p®(- In,.) for a fized configuration n,, € XA (id) reads

PP ny.) o T = uR ()
Note that the measure P (- In,.) is concentrated on the set {€ € Xz M€ =1,.}-

Remark 3.4 Connection with Gibbsian specification and equilibrium DLR equation. From the
local Gibbs distribution in (3.4), we can associate on (XZd,B(XZd)) the probability measure

d d
mAl) = [ T Maem (e, Macn). A€ BE™), e 7.

{WIB\}AGS forms a family of proper probability kernels from B(X2") to B(de), see, e.g., [23]. By
virtue of the additive structure of the Hamiltonian, the family satisfies the consistency relation

T (Al) = /X TR AOT (dgl) = 7 (Alp), A A, AN ES.

Due to this feature, {ﬂ'[ﬁ\}/\es 1s called a Gibbsian specification in Georgii’s terminology. In the
DLR formalism, a limit Gibbs distribution at 3 > 0 is defined as a measure ;i € ’P(de) satisfying

Wby = [ AR ) = w(a), (36)

forallA € S and all A € B(XZd). (3.6) is the equilibrium DLR equation. pi” is said to be specified
by {Wﬁ}Aes. This definition is equivalent to Definition 3.2 (ii), see, e.g., [23, Rem. 1.24].
3.2 Dobrushin’s uniqueness theorem.

Theorem 3.5 below is our reformulation of Dobrushin’s uniqueness theorem [18, Thm. 4] for
classical lattice systems of interacting particles at thermal equilibrium.



Theorem 3.5 Let (X, p) be a complete metric space and pg a given a priori measure on (X, B(X)).

Let H: XY - R bea formal Hamiltonian of the form
H(E) =) Vx(&y) (3.7)
Xcze

Let B > 0 be fizred. Assume the following,
(C1). For all X C Z%, the functions Vx : XX — R are continuous;

(C2). Given j € Z* andn € XZN\GY | the local partition functions defined as

Zwe= [ o8 X Vx(Gnng,) | mi). (38)

XCzd:jex

are finite and bounded uniformly in j € Z¢;
(C3). There exists £* € X such that

*\ B *
c::sup/p§,§ Wi (dENET L ) < 00, 3.9
o= s [ ple €IS ) (39)
where £ = &* for all k € Z°.

Given j € Z¢ and ne XZd\{j}, the 1-point Gibbs distribution reads

1
,u?(Am) = Zf(n)/Aexp _ﬂXC;;jeX Vx (f] ﬂX\{j}) po(dé;), A€ B(X). (3.10)

Then there exists a unique limit Gibbs distribution yP € ?(de), associated with the Hamiltonian
(3.7), with marginal distributions satisfying

sup /X pl€, €)1 (de) < o0,

jezd
provided that, for all j € Z% and for all (n,n') € AZNUY ¢ pZ\Y
ow (15l 1)) < 37 el 3)plma ), (3.11)
lez?
)

holds for some constants v(1,§) > 0 satisfying, for all j € Z4,

S orj) <A<l (3.12)

ezt

I#)
Remark 3.6 For lattice systems described by formal Hamiltonians of the form (3.7), uniqueness
of the limit Gibbs distribution usually means absence of phase transition. If uniqueness holds for
all B> 0, the system is said to be stable.

Remark 3.7 In Theorem 3.5, (X,p) is a general complete metric space. The latter could be
the infinite-dimensional space of all continuous and periodic functions on [0, 58] equipped with the
supremum norm, so that Theorem 3.5 also applies to quantum lattice systems. See Sec. 8.2.

Remark 3.8 Under the conditions of Theorem 8.5, the equilibrium DLR equation (see Remark
3.4) is satisfied in the following sense. For any > 0, for all Ag, A € S such that Ag C A, for all
A € B(XM) and all B € B(XM\20) bounded,

[ Al )T, () = TR % B (313)

where i’ denotes the limit Gibbs distribution from Theorem 3.5 (to distinguish in the notation the
marginals of the limit Gibbs distribution from the local Gibbs distributions).

condma



nearestn

corollaries

Remark 3.9 In the case of nearest-neighbour interactions only, the conditions (3.11)-(3.12) can
be simply replaced with

pw (] C ). (1)) < % > el (3.14)

where 0 < A < 1 and Ny (j) := {j’ € Z% : |j' — j| = 1} is the set of nearest-neighbours of j € Z2.

Below, we give a remark on the assumptions of Theorem 3.5. By a bounded boundary condition,
we mean any configuration 1 € XZ* such that sup;eza p(§%,9;) < oo. Given >0 and A, I' € S

such that A C T and 9 € X%°| introduce on (X2, B(X2)) the probability measure
HAC |2re) = pp (- [9pe) o (TTR) 7, (3.15)

where (- [0 ) is the local Gibbs distribution for the domain I" and IT : X — X2 the projection
map. Given A € S, define the metric p™) on X* as

P E) =D p(&.8)),
JEA

and let p%,[[)) denote the corresponding Wasserstein distance on P(X™) defined similarly to (2.1)
but with the metric p™.

Remark 3.10 Assumptions (C1)-(C3) together guarantee that, for any domain A € S, there
erists a constant coo > 0 such that,

*\ A *
aup /X PlE VM EIES) < oo

See Sec. 4.2 for further details. In particular, the above guarantees that ,uﬁ( |§\C) € P (xh).

3.3 Some corollaries.

The two corollaries of Theorem 3.5 below follow from the proof of existence of Dobrushin’s
uniqueness theorem in Sec. 4.2. The proofs are deferred to Sec. 4.3.

Corollary 3.11 Consider the special case of nearest-neighbour interactions, i.e., where Vy = 0
unless | X| =1, or |X| =2 and X = {k,1} with |k—1| =1. Let 8 > 0 be fized and assume that the
conditions of Theorem 3.5 hold. Then, given a finite domain A € S, there exists a constant C > 0
such that, for any A,N' € S with A C A C A’ and for any bounded boundary condition ¥ € XZd,

A 4 is
ol (BAC 1000, A (- [90) ) < OB,

where dist(A, A) := infjen jrene |j—7'| > 0, and the two probability measures X (- |95 ), pA (- [9pre )
on (X2, B(X?)) are defined similarly to (3.15). In particular, given a Lipschitz-continuous func-
tion f: X® — R, i.e. such that,

[£€0) = FED| < er (. 6)),

JEA

for a constant cy > 0, we have,

< chAdist(A,aA) )

[ e 0 = [ A€ )




A similar statement can be made concerning the decay of correlations. For further related
results, see, e.g., [24, 29, 20], [31, Sec. 7], and references therein.

Corollary 3.12 Consider the special case of nearest-neighbour interactions, i.e., where Vy = 0
unless | X| =1, or |X| =2 and X = {k,1} with |k —1] = 1. Let > 0 be fizred and assume that
the conditions of Theorem 3.5 hold. Let A, A" € S such that ANA = . Let f : X* — R and
g: XA R be bounded continuous functions. Then, there exists a constant C > 0 such that, if
uP is the limit-Gibbs measure at inverse temperature [3, then

[ oo feate s s ) = [ fendldey) [ o miiey)

< C/\dist(A,A/) ]

4 Proof of Dobrushin’s uniqueness theorem.

We recall some notations from Sec. 3.1. Given A, A € S such that A C A, let Il : X2 A
and Hg : XY — X2 be the projection maps. Given a probability measure v € P(de), let
{va}aes be the family of marginal distributions of v defined as vj = v o II}! € P(X*). This
means that vp (A) = v(Ax XA for any A € B(AM). Let {v(- M)e)s Mye € X} be the conditional

probability measures in P(de) relative to ITx-. Note that v({{ € X% M =n,.tn,.) =1

4.1 Proof of uniqueness.

The uniqueness follows from the following result

Proposition 4.1 Let p,v € P(de) be probability measures with the same family of 1-point

conditional distributions pi(-1€), k € Z* and € € XZ\RY - Given £* € X, assume that there exists
a constant C' > 0 such that

max{/ B P(fj,f*)ﬂ(dé),/ . P(fj,f*)V(df)} <C, (4.1)
XZ P
holds uniformly in j € Z%. Further, assume that for all j € Z¢ and all (&, é’) e X2\ « XZd\{j}’

pw (115(- 1), v;(-1€)) < > r(l,9)p(&, &), (4.2)
lez?
I#j
holds for some constants v(1,7) > 0 satisfying, for all j € 7,
> orj) <A<l (4.3)
lez®

I#j

Then p=v.

4.1.1 Proof of Proposition 4.1.

The proof is based on the following Lemma, the proof of which is deferred to Sec. 4.1.2.

Lemma 4.2 Let p,v € P(de) be probability measures. Assume that for all € > 0 there exists a
coupling o € E .4 (11, v) such that, for every j € VAS

[ r&€atdgd) <+
XZUx XT



with v; > 0. Further, assume that for all j € Z¢ and all (&, é’) € XL} x de\{j}, (4.2) holds
for some constants r(1,7) > 0 satisfying (4.3).
Then, given a finite domain A € S, for all € > 0, there exists another 6 € Z,,za(p,v) such that,

for every j € 72,
/XX P& €5)5(d€, d€') < x(j) + ¢, (4.4)

where x(j) =y, for j ¢ A, and for j € A,

XG) =Dy D r k) (R,

leAe keAn=0

where the matriz Ry is defined as
) (k) if j,k € A and j # k,
(B es = { 0, ifikeNandj=Fk - (4.5)
We now turn to

Proof of Proposition 4.1. We first note that, given o € Z .54 (, ), (4.1) ensures that,
[ Gt < [ (ol €) + 0l€” ) ot de)
XL x XT XL x XL
< [ o emae)+ [ olesemidg) <20,
X Xz
uniformly in j € Z%. Let Ay € S be fixed. For any D > 0 define the set

Ap:={keZ’:3j e A, |k—j| < D}.

Fix 0 < e <1 and let N € N be large enough so that

)\N+2

By assumption, there exists D; > 0 such that

2C

sup Z r(l,7) < —. (4.7) | sumepst
J€M0 eng

Continuing by recursion, there exist D1 < Ds < -+- < Dy41 such that

sup Z r(l,j)<%, m=1,...,N. (4.8)

JjEAD <
m lEADm_'_1

Set A = Ap,,,. Applying Lemma 4.2, there exists ¢ € = ;4 (1, ) such that,
~ . € .
[ et ds) <xti)+5, jez,
a7 xrd 2

where x(j) = 2C for j ¢ A, and,

XG) =203 N (k)Y (Ry)ey, JEA (4.9)
=0

leAc ke n=

Define the matrix norm of Rj by

|Ball o= sup > |(Bn)jel (4.10)

€A GEA

10



Note that |[Rx]| < A < 1 by assumption. To estimate (4.9) with j € Ag, we split the sum over n
into the terms with n < N and the rest, and note first that

oo . oo . AN+2 €
2C Z S or(lk) D (RR)ky < 202212 S e k) > IR < 20— <3
leEAc kKEA n=N-+1 lez? n=N-+1
1#£k

uniformly in j € Ag. Here, we used (4.6) in the right-hand side of the last inequality.
The remaining terms, we write as follows

N n—1
203 [r@)+>. D k) (H r(anhkni)) r(k1,3) |, j € Ao
i=1

leAc n=1ky,...kn€A

Now,
2C sup Z r(l,7) <,
7€A0 e pe

by the definition of A and (4.7) since Dy11 > D;. Similarly, for n > 1, if k,, € Ap,, we obtain

N N
2055 Y k) <205 Y (B Y IR € e
n=1

leAcn=1k,€Ap, lggzkd

uniformly in j € Ag. The term where k,, € A\ Ap, can be written as

N n—1

20 32> > D S rlik)

€A n=1p=1k,€A\Ap,,  kn—pt1EA\AD, .| kn-p€AD

n—p

p
X <H r(knerlvaLS)) (R’X_p)knfpmj'

s=1

This is bounded by

N n—1

QCZ Z sup Z r(l, k) ||R7fl|| k,;\up Z r(k" K | IR

n=1p=1 kEAZGZd Dp—p k//eAtbn_ "
1#£k P
n—1
Ale < A
€< ——=€
(1=A)2"
1

N
33
n=1

where we used (4.8) in the right-hand side of the first inequality. In total, we obtain the following
upper bound

p=

p(AO)(:uAml/Ao) < Z /;\{Z'i xzd p(gJ’gg)&(dé’ dél)

J€No

A A 1

Letting € — 0, we conclude that pa, = va,. Since Ag C Z< is an arbitrary finite subset and the
measures are entirely determined by their marginals, u = v. O

11
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4.1.2 Proof of Lemma 4.2.

We start by proving a local version of the Lemma. Given k € Z?, for all € > 0, there exists
G € 24 (1, v) such that, for every j € Z%,

[ o)t de) <+ e (4.11)
X2 x X2
where ’yg. =, for j # k, and
=Y r( k) (4.12)
jezs
J#k

Let € > 0 be fixed. Let 0 € E,.24(u, ) be such that, for every j # k,

€

L ENT v (dE, dET) < ;i 4.13
Loy PE €T (A€ < 3 + (4.13)

By (4.2), for all (£,&') € XZNEY 5 YZ\RY | there exists oee € Ex (e 1§), vi (- |¢)) such that

/x XP(§7§')0§,§’(d§7d§/) < pw (ur(- 1), v (- 1€)) + g < Z (4, k)p(&5,€5) + % (4.14)
x jezd
Jj#k

For A,B € B(de), define & € ’P(XZd x XZ'Y as follows

6(A x B) ::/

xzd x xzd

ITaxs ((§7 5)7 (§/7 fl)) O rozd\{k} (d§7 dﬁl)agg'(df, dfl)-
Then taking B = XZd,

F(A x X7y = /

xzd

Ia ((éa 6)) /de\{k} O'de\{k}(dé, d§/) /X Ué,g(df, dé‘/)
= [T () o (@ u(dElg) = ().
Similarly, &(XZd x B) =v(B). As aresult, ¢ € Z 4 (i, ). Moreover, if j # k then

Lo & attede) = [ (e ) (e de) [ ocedtde)

XXX

€

< o)
v+ 2

which follows from (4.13), and,
| tegoatdsag) = [ N CRCA N ES) PR
xzd ¢ yzd AZN{k} 5 xZN\{k} XXX T

<> r(k)
jez?
7k

< Z T(.ja k)’YJ + €,
jez?
J#k

i /. ) d ,d !/ E
K24\ [k} ¢ 74\ [k} p(fj 5J)O-de\{k}( § é) + 5

were we used (4.14) and (4.13) in the first and second inequality respectively. This completes the
proof of (4.11)-(4.12). Now, applying the above result to each j € A, we find that (4.4) holds with

XG) =Y _url,j), jeA

lez?
I#j

12

needill

needl12

lemlesl

—
0]
=]
jury
o
2]
N



exist

We split the sum over [ € Z4\ {5} into I € (A\ {j}) UA°. Then, for each I € A\ {j}, we can
replace 4; by x (1) to get an improved bound. In view of (4.5), this yields

G) = S ) + 303 yer(k D (Badiy

leAc leA d
1#] kke;%l
= >y k) (@)kg + (Ba)kg) + D n(BR)is-
leAe  keA leA

Continuing this way, we obtain at the m-th stage

X(]) = Xm(]) + Rm+1(j)v

with
= Z L Z r(l, k) Z(Rzi)k J
S keA =
m+1 Z'}/l
leA

From the matrix norm defined in (4.10), ||Ra|| < A < 1 by assumption, and hence ||R}'|| — 0 as
m — oo. As a result, R,,+1(j) — 0 in the limit m — oc. g

4.2 Proof of existence.

Let 8 > 0 be fixed. For convenience, we hereafter drop the [-dependence in our notations.
Given T € S and ¢ € X% such that SUppeza P(E*, 1) < 00, let pr(-|9p.) denote the local Gibbs
distribution on (&1, B(AX")) with bounded boundary condition ¥p. held fixed outside of I'. Given
A € S such that A C T, we introduce on (X2, B(X?)) the probability measure

pa (- [9pe) = pr (- [pe) o (Tx) 7, (4.15)

where I, : X1 — X2 is the projection map.
Let A € S be fixed. The first part of the proof consists in showing that

Co
1-—X

sup /X P&, €M EIET.) < oo = (4.16)

JEA

with cg > 0 defined in (3.9). Let j € A be fixed. By assumption, given ¢ > 0 and 1 € XA there
exists a coupling Ojin,&* €Ex (MJ( |ﬂA\{]}§j\r)7 /LJ( |§2d\{]})) such that

| o6 €)asme (e d) < S iptm ) + e
XxX é;?

Then, we have,
[ otemstating &) = [ ol €iner i)

< / (D(€.€) + p(€.€%)) 0y - (dE. dE')
XXX

<Z €, 9)pm, ) + €+ co.

LEA
I#7

13
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Letting € — 0, we are left with

[ e €mstdeln, 6. < S iplm ) +eo (4.17)
leA
I#j

Next, let (K, )neny C X be an increasing sequence of compact sets such that NA(K£|§ZC) — 1
when n — oo. Define the sequence of K, -restrictions of (4.15) as ug}n (Al9re) := X (ANK2 [0y ),
A € B(X®). Obviously, for all n € N, we have,

SupAp(§7£*)N£,7n(d£‘§zc) < oo,

keA

Then, we have,
Joteemdatany = [ [ T (@06, € delny, gy €00 maning )63

< Zr(l,j)/

5 p(nlag )MAyn(dﬁA\{j}|§Ac) + ¢o

lEA MU
I#]

=3 (R /X o, €Yl (dml€7.) + co, (4.18)
lEA

where we used (4.17). Tterating (4.18), we have,
/ P& E g (dEIES,) < Z(RA)ZZD,]‘/ (s €) i (dmilE}) + cp (4.19)
x leA x
where, for all integers p > 2,
p—1 p—1 c
Cp1i=coy_supd (Ra)i;=coy [Ril < —=
s=0 JEA leA 5=0 1-A

Clearly, the first term in the r.h.s. of (4.19) tends to 0 in the limit p — co. To conclude the proof
of (4.16), we use the monotone convergence theorem to take n — occ.

To complete the proof of existence, consider a sequence of subsets (A, ),en ordered by inclusion
and exhausting Z¢ and let us show that the sequence of probability measures (ua,, (- €3 ) )nen

converges weakly in P(X Zd). Let Ag € S be fixed. Let n,n’ € N with n < n’ sufficiently large
such that Ag C A,, C Ay, In view of (4.16), by applying Lemma 4.2, for all € > 0, there exists a
coupling & € = yza (pa, (- 1§} )s #a,, (- 1€} )) such that, for all j € 74,

[ re ol de) < x() + 5.
X2 x X

where x(j) = 2¢o for j ¢ A, and where x(j) for j € A, is given by

XG) =200 D DY (L) (RR k-

leAg keA, p=0

As in the proof of Proposition 4.1, we can prove that x(j) is arbitrarily small for j € Ag provided
that dist(Ag, AS) is large enough. Restricting & to X0 x X0 it follows that, for any € > 0,

A * A *
A (sl )iy 165, )) <

14



COoroproo

provided that dist(Ag, AS) is large enough. This means that (uﬁo (1€} ))nen is a Cauchy sequence
in P; (X)), and hence converges since (P (X0), pt0)) is complete by Theorem 2.1. As this holds
for all finite domains A, the sequence (ua,, (- |€}, ))nen converges weakly in ’P(XZd).

Let ﬁ(é*) denote the limit. We end the proof of existence by showing that, under our conditions,
the equilibrium DLR equation follows from the above, see Remarks 3.4 and 3.8. Let Ag, A € S such
that Ag C A. Let (A,), be the sequence of subsets as above. Let A € B(X0) and B € B(x*\1o)
bounded. For all n large enough so that A C A,,, the consistency relation (see Remark 3.4) yields

[ s Al i G, 60) = A7 (A B )

By using that (u%" (- 1€\ ))n converges weakly to ﬁ%) =% oI, X C A, (3.13) follows. O

4.3 Proof of Corollaries 3.11 and 3.12.

Proof of Corollary 3.11. We have, as in the proof of Proposition 4.1, that there exists a coupling
& € Zpna (A (- |9xe), pA (- [94rc)) such that, for all j € Z¢,

[ r& €3t dg) < x() + e
XL x xt

where x(j) = 2¢oo for j ¢ A, and where x(j) for j € A is given by

XG) =200 > D> 1l k) (RR )k -

leAc ke p=0

In the particular case of nearest-neighbour interactions, r(I, k) = 0 unless |k — | = 1, and hence,
if dist(A,A°) =D > 0, r(I,k)(R})x,; = 0 unless p > D — 1. Since |Rx|| = A < 1 by assumption,
we conclude that

2¢00

\D
1-X" 7

X(j) <2000 Y N =
p=D
from which it follows that
A ’ 2Coo
pi) (HAC 240) X (1)) < T | AP,

The second part of the corollary is now straightforward

RIS R W {GRTAT RS

<
a2l x xzd

g Cf s//\’de‘;yZd Z p(é-],f;)&(dé, dél) S |A|(C/\D + 6)7

JEA

1(€y) ~ F(€L)| (g, d€)

where ¢y > 0 is the Lipschitz constant. Taking e — 0 this proves the second statement. O
Proof of Corollary 3.12. Let A C A’® be finite such that A C A. We can write
_ A
[ oo TEaE o g) = [ alegmetde,) [ feIndig, e,
Hence, it suffices to show that

A is ¢
o) (nasih(IE,) ) < CATsHaA?,

This is analogous to the previous corollary. O
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5 Applications - Part I: Uniqueness of Gibbs measures at high temper-
ature.
5.1 A general result with application to the classical Heisenberg model.

At high temperature, there is in general no phase transition. Dobrushin’s uniqueness theorem
gives a simple explicit upper bound for the inverse temperature

Proposition 5.1 Assume that X is either a compact convex subset of a normed space with metric
p, Or a compact Riemannian manifold. In the latter case, assume that the metric on X is given
by p(z,y) fo |¢(s)|ds, where ¢ is a shortest geodesic from x to y. Consider the following formal

Hamiltonian with nearest-neighbour interactions defined on X2 as

Hino() = > _ V(E) + > Y. Vi, &), (5.1)

jezd JEZAIEN1(F)

where N1(j) = {j’ € Z? : |5’ — j| = 1} denotes the set of nearest-neighbours of j € Z2, and where,
(7). V: X — R is assumed to be continuous;

(i1). Vi : X x X = R, |k| =1 are supposed to be jointly continuous and Lipschitz-continuous in
the second variable, i.e. there exists a constant Cy > 0 such that, for all (§,1n,7) € X x X X X,

Ve (€,m) = Vi(&,1')| < Cop(n,n').

Further, let po € P(X) be a probability measure and, for a given 3 > 0, let ,uf = 1P denote the
associated 1-point Gibbs distribution generated by (5.1). Let Cy > 0 be defined as

CL(B) = sup  sup /X plE, )P (dE|) < oo

§'eEX pexN1(0)

Then, provided that 12dCoC1(B)B < 1, there exists a unique limit Gibbs distribution at inverse
temperature 3 > 0 in P(XZd) associated with Hiy,,.

As a direct application of Proposition 5.1, consider the classical Heisenberg model. In this
model, the single-spin space is the unit sphere S”, » > 1 with normalized Lebesgue measure, and
the pair-interaction potential is

Vij(sj,s1) = —Jsj-s1, sjs0 €8,
for some real coupling constant J > 0. Proposition 5.1 guarantees that there is no phase transition

for f < (12dwJ)~!. Indeed, the Riemann metric is bounded by p(s,s’) < 7 so that C; < 7, and
if @ denotes the angle between s and s,

Vi(s0,8) = Vi(s0,8" )| = J|so - (s = §')| < J|s — §'| = 2T sin (Z) < Jb=Jp(s,s).

In fact, considering S” as a subset of R"*1, the estimate can be slightly improved to 3 < (24dJ)~!
Using the symmetry as in the Ising model in Sec. 5.2 below, the estimate can be improved further.

Proof of Proposition 5.1. Given (n,7') € XN(© x xM(©) and M € N, we set

o k k , k., _
nk.—<1 M>U+Mn—n+M(77 n), k=0,...,M, (5.2)

if X' is a convex subset of a normed space, and we set

k
Nl = Cl (M) ’ kZO,...,M, (53)
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where, for I € N1(0), ¢; : [0,1] — X is a minimal-length geodesic from 7; to n] if X’ is a com-
pact manifold. Note that, since X is assumed to be compact, there exist C, > 0 such that
ZleNl(O) p(&, &) < C, uniformly in §, é’ € xN10) 5 M) Our assumptions on X then imply

1 e :
> pOma 1) = i > plmsm) < U (5.4) |kid
leN1(0) leN1(0)

In the following, we choose M in (5.2)-(5.3) large enough so that C, < M.
Now suppose that the following inequality holds for some A > 0

pw (:u‘ﬁ( |ﬂk)7uﬁ( |ﬂk—1)) < A Z P(Wk,l»ﬂk—l,l)a k= Oa ceey M. (55)

leN1(0)
Then, by virtue of the the first equality in (5.4), we have,
pw (17 (- |n), 1 pr ( SURNTC IQ,H)) <A D plmnp). (5.6)
1EN,(0)

In the rest of the proof, we prove an inequality of type (5.5). To do that, we first derive a series of
key-estimates for general 9,7’ € X N1(0), For this part of the proof, it is in fact enough that (X, p)

is a compact metric space for instance. Given §p € X and n € XN define for 3 > 0,

&l =exp [ =B [ V) + D Vilom) | |

1eN1(0)
so that (see (3.10))
WAl = Ja fﬁ(fo\ﬂ)ﬂo(d§0)7 AcB(X)
- fx fﬁ(€0|ﬂ)uo(d€0)
Let (n,7') € XN x xN1(0) be fixed. We now show that for all 8 > 0 satisfying
03 :=CoB > plm,n) (5.7)

leN1(0)

and for all A € B(X), the following holds

(WP (Aln') = 1 (Aln)| < 265(1+ 05). (5.8)
e —1<01+6), 0<0<1, (5.9)

followed by assumption (ii), we obtain, under conditions (5.7), that

By using the inequality

P2 €oln') = 2 (€olm)| = [ Zremsn M Eom) oD _q| 68 (6 1) < 05(1 -+ 0)f” (€olm)-

Denoting
Z/Xfﬁ(fom)/ﬁo(dfo),

write

1’ (Aln') — 1P (Aln) =
1
ZP(n)

B(Aln
/ (FP(&oln’) — £ (€oln)) po(déo) + 'LLZ(B(;;)/X (FP(&oln") — fP(€oln)) 1o(déo).

17



Under the conditions (5.7), it then follows from the above that
|17 (Aln") = 1P (Aln)| < (1 +65)85 (1 (Aln) + 1 (A1) - (5.10)
This proves (5.8). Subsequently assume that 6 in (5.7) is small enough so that
kg :=0g(1+0g) < 1. (5.11)
Under this condition, we prove the following upper bound for the Wasserstein distance

pw (17 (- 1), 1 (- 1)) < 6C1(B)rp. (5.12)

We follow a strategy similar to the one used in the proof of Proposition 7.5, see Section 7.2 below.
We cover X by a number N of open balls B; C X, i=1,..., N of radius %e with 0 < e < 1, and
define

Al:Bl\UBJ, ’L:].,,N
j=1
Note that the A;’s form a partition of X. We may assume that p?(A;|n’) >0 foralli=1,...,N,
and define, for any E € B(X), the measures

N
11—k« 2K
B (B) =P (Bln) - —28 BEN Ayln) = —2_B(E 5.13
Vo (E) i= 1" (Eln) T g - lu( iln) 1+H5M( ), (5.13)
1-k EﬂA|n)
-3 — WP (Ely) BZ

Note that (5.13) and (5.14) are both positive measures since (5.10) yields, for all i =1,..., N,

1+-Kﬁ 5
1— kg

Then define in P(X x X)

1_
(Ailn) > 1P (Ailn') > 1+Rﬂ/‘ﬁ(14i|ﬂ)~

N
1-k
8 — S B .
Uﬂﬂ’(EXF)_l p” E p” (EN Ailn)

Note that a g (XXE) = 1P (Fln') and 5
(This follows from the fact that u ( )

5 N
| ste.rop la.ae) Z Am / / (&€ (dg ) (d€ )

1

// (6., ()72, (de).

Using the fact that diam(A;) < € in the first term and the triangle inequality in the second term,
we have,

Ul

(X) = 252 ) Now,

~f
n I+Kp

'

[ neral tiede) < ex [ pedg @0+ [ olero, e
AxX == x == x ==
for some é € X. Since the A;’s form a partition of X', the last two terms can be bounded as follows

/ o€ 6P (dE) < 20 / p(€. Oy (d€ ) < 201 (B)s,
X - X
YN ’ 1- Kg ? = ’
| péermg i) < (1— (72 ) | ole6n el < 41 01

18
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Gathering the above estimates, the upper bound (5.12) follows after taking the limit ¢ — 0.

To conclude the proof of the Proposition, substitute in the right-hand side of (5.12) kg with its
definition in (5.11) and the explicit expression of 05 in (5.7), and then replace (n,7') by (9,1, ;)
(see (5.2)-(5.3)) in both the left-hand side and right-hand side of (5.12). This gives

pw (Mﬁ(' n,), 1 (- \ﬂk,l)) < 6C1(B)CoB Z Pkt Mk—1,1) | 14 Co Z P(Mket> Mhe—1.1)

leN1(0) leN1(0)

By virtue of the upper bound in (5.4), M can be chosen large enough so that the condition in
(5.11), implying the one in (5.7), is satisfied. Moreover, in view of (5.6), the following upper bound

pw (1) < 6Cou(3 (14T ) S plar),

leN1(0)

/

e AN 5 xN1(0) | Tt remains to take the limit M — oo and the upper bound

holds for any (n,7n") €
1 follows from the condition (3.14) in Remark 3.9. (]

in Proposition 5.

Remark 5.2 The uniqueness result for sufficiently high temperatures in Proposition 5.1 can be
extended to the case of more general interactions, as well as unbounded spins. The conditions of
Proposition 5.1 have to be modified accordingly.

5.2 The Ising and Potts models.

Theorem 5.1 does not apply to the Potts model or the Ising model.

Potts model in dimension d > 2. The single-spin space is a finite set X = {1,...,q} with
g € N, ¢ > 1 and the pair-interaction potential is

Vk(sjvsk):_Jésj,ska S5 Sk 6{17'”7(1}7
for some real coupling constant J > 0. The discrete metric is given by
p(s,s'):=1—-0854, s,8€{l,...,q},

where d; o is the Kronecker delta, i.e., d5,» = 1 when s = s’ and d5 5 = 0 otherwise. Given two
probability measures u, ' € P(X), the minimizing measure o € P(X x X) for pw (u, ') satisfies

o(s,8") = ps.s, ss'e{l ,q};
> b = ul{s}), Zps o =1 ({sD); (5.15)
s'=1
and minimizes

q
ZIP(Sv S/ Z Ds,s' = =1- Zps S (516)
s,s'=

s,5'=1
s#s’

where, to derive the last identity in the above right-hand side, we used that

Zpss/—zu{s} S = 1 (5.17)

s,s'=1 s'=1

We now claim that .

pw () = 3 " nl{sh) = W (s (5.18)

s=1
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For convenience’s sake, the proof of (5.18) is deferred to the next subsection.

Denoting
Ey(s):=~J Y s,

lEN1(j)
by using (5.18), we have,
L] PR 0B ()
By, Brigy) = = _
ow (1 C 5 C1) = 5 3 [ ~ 5|
= s sj=

Notice that
Z (6%82 - 581,81) < Z (1 - 551,32) = Z p(s1,8])-
LEN1(H) IEN1(5) 1EN: ()

Assume now that 3 > 0 is small enough so that

BT > plsisp) < 1. (5.19)

lEN1(4)

By (5.9), we obtain the upper bound

’e—ﬂEs,- e | B A Il P ¥ S B P )
lEN1(j)
It remains to use that, for any ¢ € {1,..., ¢},
! 1 2d
Z e_BESj(E) — H Z eﬂ‘]ésj“’k — H (q -1 _’_eBJ) — (q -1 + eﬂJ) ,
s;=1 kEN1(j) 55=1 keN1(j)

which implies

pw (Hf(' 1), 15 (- | ) <28J Y plsi, ).
leN1(5)
Note that if 2dGJ < 1, then (5.19) is satisfied. By (3.14) in Remark 3.9, we conclude that there
is no phase transition if 3 < (4dJ)~!

Proof of (5.18). 1In view of (5.16), we need to maximize the diagonal elements of the matrix
(ps,s')1<s,s'<q Where the s-th row and s’-th column correspond to p({s}) and p/({s’}) respectively.
If @/ ({s}) > u({s}) for some s € {1,...,q}, ps s is maximized when p, ; = u({s}). Conversely, if
w({s}) < u({s}) for some s € {1,...,q}, ps s is maximized when ps s = p'({s}). Assume for the
moment that, for such a choice of p; s’s, we can always find some off-diagonal elements p;s s+ > 0,
s # s’ so that the conditions in (5.15) and (5.17) are fulfilled. Let r := |{s € {1,...,q} : ¢/ ({s}) >
u({s})} with 1 < r < ¢ (as a result of (5.17)). Even if it means renaming the p({s})’s, we can
always assume that p/({s}) > u({s}), s € {1,...,7}. Then, by using (5.17), we can write,

1—2173,5:;(1—;1 ({sh - Zu{s> (1—Zu{s} Z+ ’<{s}>>

Z p({s})) + Z (u({s}) = Z\u ({s}) = n({s}l-

s=r+1

This proves (5.18). We now show that we can always construct a ¢ x ¢ lower-triangular matrix
(ps,s')1<s,5'<q with diagonal elements p, s = pu({s}) for s € {1,...,r}, pss = /' ({s}) for s €
{r+1,...,¢} and off-diagonal elements p, s+ > 0, s # s’ such that (5.15) and (5.17) are fulfilled.

20



Set ps := u({s}) and p, := p'({s}), s € {1,...,q}. Hereafter, we use (¢,5) in place of (s,s’) for
the matrix indices. Let r:= |{i € {1,...,q} : p; > p;}| with 1 <r < ¢. As before, even if it means
renaming the p;’s, we can always assume that p, > p;, i € {1,...,7r}. Recall the conditions

T
Sokj=pe—ph k=r+1,...0,
J=1

q (5.20)
> opei=pj-pj j=1,....1
k=r+1
We start by reordering the rows and columns so that p;- —p; is in increasing order for j =1,...,7,
and py — pj, is in decreasing order for k = r + 1,...,q. We then proceed by induction on g,

eliminating the g-th row and column. We want to determine p, ; for 1 < j < such that

r qg—1
D opei=pg—vy and  pe+ > pry =1 —p;
Jj=1 k=r+1

Now since py + - -+ +pg = py + -,

r q
S W —p)= > (P —1k)>pg — 1l
j=1 k=r+1

so that in principle this is possible. In fact, if r = ¢ — 1, then we can simply put p, ; = p;» —p; and
no induction is needed. Otherwise, let jo be the maximal value such that Z;: i (P —pj) = pg— Dl

Put py; = 0for 1 < j < jo, pg,j = 1 —p; for jo < j <rand pgj, = pg—py— > 5,410 —pj) > 0.
To prove the claim by induction, we then need to show that we can continue this procedure for
k = q— 1. From (5.20), the reduced set of equations reads

Jo
Jj=1
pk7j:0, j:j0+17"'ar; k:T+1,;q_15

q—1
Z Prj =D;—Dj, J=1,....50—1;

k=r+1
q—1 r
D Phjo+Pg =Py =1 —pje+ Y ) — 1))
k=r+1 Jj=jo+1

We therefore need that .
p;'o — Djo T Z (p; —Pj) = Pq —p;.
j=jo+1
This holds by definition of jy. Therefore, the procedure can be continued.
Ising model in dimension d > 2. The single-spin space is ¥ = {—1, 1} and the pair-interaction
potential is
Vl*j(sja Sl) = _J(‘] - l|)8j8[, Sj,S1 S {_1’ 1}’ l 7& ja
where J is a sufficiently fast decreasing positive function satisfying 3, _,a J(|k[) < oo.

k0
For X = {—1, 1}, the discrete metric is given by

p(s,s'):=1—10854.
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By virtue of (5.18) with ¢ = 2, given two probability measures u, u’ € P(X), we have,

o) =5 3 nlsh) = # (D] = lul{+) — W (D (5.21)

56{7’4’}
Denoting
s) =y J(li)s;,
jezs
Jj#0
by using (5.21), we have,
eBSo(s) eB5s(s)

pw (ug(' 1), 15 (- |§')) =

eBS0(s) 4 g—BSo(s)  eBSo(s) J g—BSo(s")

% [tanh(BSo(s)) — tanh(B8Sy(s"))] . (5.22)

This implies that

1
pw (1 (-19), 15 (-18)) < 55190 (s) = So(s)] < ﬂ > Jillss =51 < B8 T(1iDe(s;,85)-
jezd jezd
§#£0 Jj#0

By (4.3), we conclude that there is no phase transition if 3(3_,cz4 J([j])) <1

70
Remark 5.3 In the 1-dimensional Ising model with nearest-neighbour interactions, it can be in-
ferred from (5.22) that there is no phase transition for all 8 > 0. Indeed, (5.22) is non-zero when:
1) s_1 =1 and s; = —s;; 1) s_1 =81 and s’ # s}; 4ii) s_1 # s1 and s = s1. However, only
the situations ii) and iii) can occur for which (5.22) equals to 3 tanh(28.J) < 3 (here J > 0 is the
coupling constant). It remains to use the condition in (3.14) (with d = 1) to conclude.

6 Applications - Part II: Convex perturbation of the Gaussian free field
model.

In this section, we focus on some models of Euclidean lattice field theories, see, e.g., [25, 46].

Notations. The state space is R™ with its standard topology and Lebesgue measure. The
standard inner product and Euclidean norm are denoted by (-,-) and || - || respectively. Below,
the norm || - || on the space M,,(C) of n x n matrices denotes the operator norm.

6.1 The Gaussian free field model with n-dimensional spins.

G
c%ass Proposition 6.1 For any integer n > 1, let L € M, (R) be a non-negative symmetric matriz.
Consider the following formal Hamiltonians with nearest-neighbour interactions defined on (R")Zd

as
H(z) :Z Oé||%||2 Yo > fag L) (6.1)

jezd JEZLIEN1()

Then, provided that o > 2d||L||, there exists, for all 8 > 0, a unique limit Gibbs distribution in
P((R”)Zd) associated with HE.

Remark 6.2 The interactions between particles are of ferromagnetic type since L is non-negative.
Proof. Fix j € Z¢ and y,y’ € (R")™MU) distinct. Set y := Yiem) W ERY Y =2 en )Y €
R™. In view of (6.1), the corresponding 1-point Gibbs distribution reads

W20 (Aly) = ZW}”()/AGXP <g (;anx”z . <x,Ly>>) d"z, AeB(R"),
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20 = [ e (<5 (Gallel? ~ . 2) ) v

We now construct a coupling in P(R™ x R™) such that the marginals coincide with the 1-point
Gibbs distribution above with the different boundary conditions, see (6.2) and (6.3) below.

Set 93}1@1 = 1L(y’ — y). Define o> ¢ P(R"™ x R™) as

Jyy
5(”)AXB 1 / ex (_ (1 2 )) 1. pn) m, . gn, .t
pl -8 =zalx x, Ly ol —x—0,," )d"xd "2,
T AP = 25 sallel = (. Ly) ) ) o ( 5
(6.2)
for any A, B € B(R™). Here, 0 denotes the Dirac measure. It is easily seen that
B,(n) n /3 (n) B,(n) (. EWCHC))
Ty’ (A XR") = (Aly) and o .y /(R" x B) = u;""(Bly'). (6.3)

From (6.2), we have, by direct calculation,

1
o = l|ogyy (d e, d"a") = L@y — ).
/Rn <Rn Gy’ «
The proposition now follows from the condition in (3.14) since the above identity yields

n ,(n 1
pw (1] C o)l ™)) < <UL Y =il O

leN1(4)
Remark 6.3 In the special case n =1, the formal Hamiltonian on RZ commonly considered is
He (g Z a:ﬂ + Z Z f:m . (6.4)
JGZd JEZLIEN1(F)

We can mimic the arguments used in the proof of Proposition 6.1 by gathering the quadratic terms
together, giving the factor ag == a + 4d. The existence and uniqueness, for all 3 > 0, of a limit
Gibbs distribution in ’P(de) is guaranteed whenever oo > 0.

Remark 6.4 The method used in the proof given above allows us to extend the uniqueness result
of Proposition 6.1 to long-range pair-interaction potentials, typically of the form

SN T = (s — ), (6.5)

j€zd ez
1#]

where J is a sufficiently fast decreasing function satisfying Zjezd J(|7]) < o0
70
6.2 Convex perturbation of the Gaussian free field model.

We extend the uniqueness result to the Gaussian free field model perturbed by a convex self-
interaction potential. Proposition 6.5 covers the case of 1-dimensional spins while Proposition 6.9
covers the case of n-dimensional spins for a particular class of convex potentials.

6.2.1 The case of 1-dimensional spins.

Proposition 6.5 Consider the following formal Hamiltonian with nearest-neighbour interactions
defined on RZ" | which is a perturbation of (6.4) in the sense

1
18z =Z(2a$ +ng) SO S -w) (6.6)
JEZ! JGZdlENl(J)

Assume that g : R — R is a convex function. Then provided that o > 0, there exists, for all 3 > 0,
a unique limit Gibbs distribution in P(de) associated with HE.
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Remark 6.6 In the lattice approzimation of quantum field theory, the ¢* model corresponds to
g(z) = cx*, ¢ > 0 in (6.6). Further models are covered by our assumptions, see, e.q., [25, 46].

Remark 6.7 The uniqueness result of Proposition 6.5 can be extended to long-range pair inter-
action potentials of the form (6.5), see Remark 6.4.

To prove Proposition 6.5, we need the following lemma.

Lemma 6.8 Letv € P(R) be a probability measure. Then, for any v-integrable and non-decreasing
function f on R, the function

1 z
z = wy,(z) = (o)) /_Oo f(z)v(dz)

is mon-decreasing on R.

Proof. Suppose that z < z’. We have

’—wZZ; : xux—Mz z)v(dx
) = we) = s (/ flawtin) = [ )>.

Since f is non-decreasing by assumption, f(x) > f(z) on (z,2'] and f(z) < f(z) on (—o0, z].
As a result,

v((=00,2]) (wu(2') — w(2)) > f(2) (V((Z, ') -
We now turn to

Proof of Proposition 6.5. Fix j € Z% and y,y’ € RM () distinct. Set y := 2ien () Y € R and
Y = eny( i) y; € R. From (6.6), the corresponding 1-point Gibbs distribution reads

W (Aly) = Z;(y) /A exp (—ﬁ (;adazug(m—w))das, Ac B(R),

J

where oy := a + 4d, and with

ZP(y) = /Rexp <—ﬂ <;ad:r2 +g(x) — xy)) dz.

We now construct a coupling in P(R x R) such that the marginals coincide with the 1-point Gibbs
distribution above with the different boundary conditions, see (6.8) and (6.9) below. Let (2 )mez
be the increasing sequence of points z,, := md with 0 < § < 1. Define the sequence (z/,,)mez such
that

17 (=00, 2 ]ly') = 11 ((—00, 2m]ly) - (6.7)
This implies
,u? ((Z;nflv Z;n] |yl) = Ngﬁ' ((melv Zm] |y) .

From the foregoing, define the coupling O'J[?,y’y/ € P(R x R) as

0 )= Y AN Gt i) ) (B0 (vl
meZ :u? ((Zm—h Zm} |g)

for any A, B € B(R). It is casily seen that

0y (AXR) =l (Aly) and o], (Rx B)=u(Bly). (6.9)

coinn
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Furthermore,

;) (deely) ] (da'ly')

|z — 2|0 (dx,d2’) = / |z — 2’|
/]RX]R 1549 7rLZEZ (zm—l;Zm]x(zinflvzén] ‘LLf ((Zm—h Zm] |g)

/

& B ’ /
< Z ( sup ]|z — z’|> K ((zm_l’zmﬂy) K ((mel’zmHy). (6.10)

) Mf ((zm—1,2mlly)

(z,2")€(2m—1,2m]X (2], _1:20,

meZ
Next, we claim that under our conditions (a proof is given below)
1
sup |z =2 <6+ —y—¥]. (6.11)
(2,2")E€(Zm—1,2m] X (20, _1,20,] Qd
Inserting (6.11) into the right-hand side of (6.10) and letting § — 0, we get,
1 1
pw (WG C)) < —ly—vI<— > lw—uil
Qq Qg .
LEN1(4)

and the Proposition follows from the condition in (3.14). To complete the proof of the Proposition,
we now prove (6.11). Suppose that y < y’ (the case y > y' can be treated by similar arguments).
First, we show that z,, < 2/, for all m € Z. It suffices to remark that

J7 e (daly)
+ ()] —
[ ety -y) uf(dwlg)

15 (=0, 2lly') =

as a result of Lemma 6.8 since 2 — €'~ is increasing. Set z = z, and then use (6.7).
Secondly, we show that z],, < z,, +6,_, with 6,,_, := aid(y' —y) > 0 proving (6.11) when y < y/'.
Due to (6.7), it suffices to prove that

1 (=00, 2+ 0,y ly') > 1) (=00, 2]ly) - (6.12)
By a change of variables, we have the rewriting

I e~ 3Baa(e—ay'y)®—Bg(z+0,_,) 1o
— 00

'Q — 0 ’ ! - .
:U‘] (( OOyZ+ Yy —y“ﬂ) f+oo @*%50¢d($*a;1y)2*59(w+%'—y)dx
—o0

This yields the following identity

—1_\2
f-i-OC e-%ﬁad(x—ad y) —ﬂg(x-‘rey/,y)dx 5
—o0 : N 0., AN ,8 o )
fz e_%ﬁad@_ad—ly)Q_Bg(w)dx (ﬂ] (( OO’Z+ Yy y”y) IU‘J (( OOaZ”Q)

1 : — T ’ —g(z - - T ’ —g{r
= B—/ o Blala+0,_,)—g( )),uf(da:@ _/ o Blala+0,_,)—g( ))M?(dﬂy) (6.13)
11 (=00, 2]ly) /o —o0

Note that  — g(z + 0) — g(z), 6 > 0 is non-decreasing since ¢ is convex. By multiplying the
right-hand side of (6.13) by (—1) then applying Lemma 6.8 with f(z) = —e 89 +0y—)=9(@)] anq
v= ,uf( ly), we conclude that (6.13) is non-negative. Therefore, (6.12) follows. O

6.2.2 The case of n-dimensional spins.

Proposition 6.9 For any integer n > 1, let L € M, (R) be a non-negative symmetric matri.

Consider the following formal Hamiltonians with nearest-neighbour interactions defined on (R")Zd,
which are a perturbations of (6.1) given by

() = Y (;axj2+ng<zj,r>> DD RN (6.14)
r=1

jezd JEZI LENL(5)

25

inh

Hconvn



Assume that g, : R — R, r=1...,n are convez functions. Then, provided that o > 2d||L||, there
exists, for all B > 0, a unique limit Gibbs distribution in ’P((R")Zd) associated with HS".

Remark 6.10 The uniqueness result of Proposition 6.9 can be extended to long-range pair inter-
action potentials of the form (6.5), see Remark 6.4.

Proof of Proposition 6.9. Fix j € Z% and y,y’ € (R")™M() distinct. Set y := Yien () Yt € R,
= en ) y; € R". In view of (6.14), the corresponding 1-point Gibbs distribution reads

Mf’(n (Aly) = Zﬁ (n) / H exp ( < ax? + g, (z,) — xr@l/)r)) dry---dr,, Ae€BR"),

with

Zjﬁ’(n)(g) = /n H exp (—ﬂ <;Ozl’72n + gr(zy) — SCr(Ly)r>> dry---dzy,
r=1

Pick 0 < § < 1. Let (21,m, )m,ez be the sequence z1 y,, := myknd2 with

1
3max(L o~ L(y —y)[)vn

Define the sequence (21 ,,,, Jm,ez such that

Kp 1=

PPz €R™ ¢ 21 € (—00, 21m | Hy) = 1) V({2 €R™ ¢ 2 € (—00, 21, [}y

1 (1)
Set Aﬁn{ ={z € R" : 21 € (Z1m,—1,%1,m,|} and A( ={ €R" ¢ 21 € (21 my—1> 21y}
Then, for r = 2,...,n, let (2rm, )m,cz be the same increasing sequences z, n,, = mykpd2. Define

recursively the sets A%i e 1= {z € A%;,l‘)‘,mrfl 2 2r € (Zrmy—1,Zrm, ]}, 2 < 7 < n. Define the
sequences (2. ,,, Jm,ez, © = 2,...,n such that

WAD ) =w A ), 2<r<n,

MY yeeey My my,

where the sets A/( ) ..,m,. are defined similarly to A,(Qm but with (z;.), and (z,., ),. Define

B,(n i AT Amy o omg Y (BT Amg,
o (A X B) = Z — ,
e o, u“>mh,mAw

for any A, B € B(R™). It is easily seen that
oM (AxRY) = 1M (Aly) and o (R x B) = 1 (Bly).

Furthermore,

/R . |z — = ||O'fy(7;) (d"z,d"z") < Z sup Iz — 2|
nR™ ,

W20 (A%

m17~~;mn|y)

Bi(m) ( 1(n)

misma |Y')
u@(”)(A(”) - (615)
J

my,..., Mn |Q)

We now claim that, under our conditions, the following holds

1
sup o= 2 <8+ Ly = 9. (6.16) [claima]

(2,2)EAS o XA
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Inserting (6.16) into the right-hand side of (6.15) and letting § — 0, we get,

n n 1 1
pw (1™ C 1)l ) < UL =) < <21 DS Tl = will

lEN1(j)

and the Proposition follows from (3.14). To prove (6.16), it is enough to show that

1
sup |z, — 2l | < k82 + =|(L(y' —y)el, 7=1,...,n.
a

(zr,2]) €(2rmp—1:2r,mp ] X (Z:','ln,.,‘fl ’Zi,mr]

Since this is now similar to the case of 1-dimensional spins, it suffices to repeat the arguments
used to prove (6.11) in the proof of Proposition 6.5. O

Remark 6.11 Some translation-invariant Hamiltonians with infinite-range pair-interactions are
considered in [38, 12, 7]. A typical pair-interaction potential is of the form (6.5). In [33, 12, 7],
the self-interaction potentials diverge at least quadratically and the conditions set on the pair-
interaction potentials assure the superstability of the Hamiltonians. For a wide class of boundary
conditions, existence of ’superstable’ limit Gibbs distributions (see [43]) is proven in [33] (the state
space is R™) and existence of tempered limit Gibbs distributions is proven in [12, 7] (the state space
is R). Conditions for uniqueness are also discussed in [38, 12, 7]. In [12], sufficient conditions
are derived from Dobrushin’s uniqueness theorem using an explicit expression for the Wasserstein
distance between probability measures on R, see [12, Thm. 2.2].

7 Proof of Theorem 2.1.

7.1 Some technical results.

We start with two lemmas:

Lemma 7.1 Let X be a completely regular Hausdorff space. Let K C X be a non-empty compact
set and O C X an open set such that K C O. Let (un)nen C P(X) be a sequence of probability
measures converging weakly to u € P(X). Then, given ¢ > 0, there exists an open set V. C O such
that K C V', and for all n large enough, pu,(V) < p(K) + €.

Proof. Given 0 < § < 1, we may replace O by an open set U such that K C U and u(U\ K) < 6.

By Urysohn’s lemma, there exists a continuous function f : X — [0, 1] such that 1 < f < 1y.
Since (i, )n converges weakly to u, then it follows that, for n sufficiently large,

< 0.

)u(dz) /X F(@)jin(da)

Now define V := {& € X' : f(x) > 1—§}. Clearly, K C V C U. From the above, we have, for n
large enough,

1
V) < 15 [ S@mtan) < 11 ([ routan +) < st +2),
where we used that u(U) < p(K) + 9. Set e = 36/(1 — 0) and the lemma follows. O

We recall the following well-known result

Lemma 7.2 Let X be a completely reqular Hausdorff space. Let (fin)nen C P(X) be a sequence
of probability measures converging weakly to u € P(X). Then, for all open sets O C X,

lim inf p,, (O) > p(O).

n— o0 -
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We continue with the following two technical lemmas

Lemma 7.3 Let X be a completely regular Hausdorff space. Let K C X be a non-empty compact
set and O1,02 C X be two open sets such that K C (O1UOs). Let (fn)neny C P(X) be a sequence
of probability measures converging weakly to p € P(X). Then, given 0 < § <1 and 0 < € < 1,
there exist two open sets Vi C O1 and Vo C Og such that K C (V1 UVa), with (K \ O2) C Vi and
(K \ V1) C Vi, such that, for all n large enough, all the following hold
(). Either u(K \ O2) =0 and p, (V1) <6, or p(K \ O2) > 0 and p, (V1) < (1 + e)p(K \ O2);
(i4). Bither p(K \ Vi) = 0 and in(Va) < 6, or p(K\ V1) > 0 and g (Va) < (1+ (K \ V1)
(i6). pn(Vi NV2) < 2ep(K \ Vi) whenever u(K \ Vi) > 0.

Proof. Set K; := K\ O2. Assume first that u(K) = 0. Clearly, there exists an open set V; C Oy
such that K7 C V4 and p, (V1) < 6 for n large enough. Set Ky := K\ V4. Similarly, there exists an
open set Vo C Oy such that Ky C V5 and p, (V) < 6 for n large enough. So we can now assume
that pw(K) > 0. If u(K7) = 0, then as above, there exists an open set V3 C O; such that Ky C V;
and pn (V1) < § for n sufficiently large. If p(K1) > 0 then by Lemma 7.1, there exists an open set
Vi C O such that K7 C Vi and, for n large enough, pu, (V1) — u(K1) < ep(K7). This proves (4).
We point out that, if u(K \ V1) > 0, we may assume that, for n large enough, we also have,

pn(VA) = () < e\ VA), (71) [im2

Indeed, we can replace V; by an open set V' C V; such that K; C V{ and for n sufficiently large,
pa (V) < (K1) + 2ep(K \ Vi) < p(Kq) + fep(K \ V/). Write V; instead of V{ and (7.1) follows.
We next turn to (77). Set Ko := K \ V5. Notice that K1 N Ko = ). Let U3 C V4 and Uy C O3 be
two open sets such that U; N Uy = () and K; C U; and Ky C Us. By the same arguments used
to prove (i), we may choose an open set Vo C Us such that Ko C V5 and for n sufficiently large,
pn(Va) < 6 if p(Ks) = 0 and p,(Va) — u(Ka) < eu(Ks) if pu(Kz) > 0. To prove (éii), first note
that p, (Vi NVa) < pn (Vi) — pn(Ur) because Vo C Us C ((O1 U O2) \ Uy). Assuming pu(Ks3) > 0,
it follows from Lemma 7.2 that 1, (Vi NV2) < pn (V1) — p(Ur) + Fep(K2) for n sufficiently large.
It remains to use (7.1) noting that K; C U;. O

Lemma 7.4 Let X be a completely regular Hausdorff space. Let K C X be a non-empty compact
set and By, - ,By C X N > 2 open sets such that K C Uf\il B;. Let (ftn)nen C P(X) be a
sequence of probability measures converging weakly to p € P(X). Then, given 0 < € < 1, there
exist N open sets Vq,...,Vy with V; C B;, i =1,..., N such that K C Uivzl Vi, and, setting

- N
K=k\[Jwu | Bj|], i=2....N-1 (7.2)

lle, 1=2,...,N, and, for all n sufficiently large, either

such that K1 C Vi and K; C V; \ U;;
K;) > 0 and pn(V;) < (1 + e)u(K;) for alli=1,...,N, and

p(K;) = 0 and (1, (Vi) < 5, or p(
moreover,

i—1
1 - X
(Vo Um ) < gentrcn (73)
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Proof. We start by applying Lemma 7.3 to K := K \ Ujvzg) Bj C (B1 U Bs). Hence, there exist
two open sets V{ C By and Vy C By such that K?) ¢ (V/UVy), and such that, for n large enough,
denoting K| := K® \ By C V{ and K} := K® \ V{ C V3, either p(K]) = 0 and p, (V) < &, or
w(K!) > 0 and p, (V) < (1 + e)u(K]), i = 1,2, and, moreover, pu,(V{ NV34) < 2ep(K}). We now
proceed by induction on N, assuming that the statement holds for N—1 and modifying the previous
sets V/, i =1,..., N — 2 in the process (the sets V/, i = 1,...,j constructed at the induction step
j are different from the sets V/, i = 1,...,j constructed at the step j 4+ 1). Assume thus that we
have constructed V/, i =1,..., N — 1 for the set K(N=1 := K\ By C Uf\:ll B;. We then apply
Lemma 7.3 to K C (Uf\:ll V/UBn). Hence, there exist two open sets Uy C UZ]\SI V! and Us C By
such that K C (U; UUs) with KO®-Y c U, and K \ U; C Uy, and such that, for n large enough,
either p(KW=1) =0 and 1, (U1) < £ or p(KWN=V) > 0 and p,(U1) < (1 + e)pu(K NV, and
also, either p(K \ U1) = 0 and 1, (Uz) < & or u(K \Uy) > 0 and p,(Uz) < (1 +€)pu(K \ Uy), and
moreover, i, (U;NU2) < %eu(K\Ul). Now let usset Vy :=Uz and V; :=V/NUy,i=1,...,N—1.
With this definition, V; C V/ and U; = Uf\!ll Vi. Set Ky := K\ Uy,

1—1 N
Ki=Kk\[UJwvu lJ Bi|, i=2....,N—1,
j=1 j=i+1

and K; := K\ Ujvzz Bj. Set also

N
K9:=K\ |J B;, i=2...,N-1L
j=it1

By construction of the sets V/, we have K () \U;;ll V! C V/. Since KWN-Y cUu, = Ufi}l Vi, we
have K@)\ U;;ll v/ =K® \U;;ll V; = K;. Tt remains to use that K; C K¥=1 to conclude that
Ky CcViand K; € V\U;Z1 V; C Vi, i =2,...,N—1. Hence, if p(K;) = 0 then 11, (Vi) < pin(V}) <
> while if p(K;) > 0 then p, (Vi) < pn(V)) < (1 + €)u(K;). Moreover, pu, (Vi N U;;llvj) <
(Vi N U2y V) < Sen(K;). When i = N, Ky C Vy since K \ Uy C Us. Hence, if p(Ky) =0
then p,(Vy) = pun(Uz2) < +, otherwise p,(Vy) = pn(U2) < (1 + e)u(K \ Ur) = (1 + €)u(Kn).
Moreover, p,(Vy N Uj\;—ll Vi) = un (U2 N U1) < $ep(Ky). This proves the lemma. O

7.2 Equivalence of weak convergence and convergence in Wasserstein metric.

The following Proposition contains the key-results for the proof of Theorem 2.1 (7).

Proposition 7.5 Let (X, p) be a metric space. Let p € P1(X) and (pin)nen C P(X) be a sequence
of probability measures such that p, € P1(X) for n large enough.

(). Suppose that pw (pin, 1) — 0 when n — co. Then (u,) converges weakly to .

(i4). Suppose that (p,) converges weakly to . Further, assume that a Prokhorov-like condition
holds, i.e. for every e > 0, there exists a non-empty compact set K C X such that for all n large
enough and for some xy € X,

/ p(x, x0)pn(dz) < €. (7.4)
Then pw (fn, ) — 0 when n — oo.

Remark 7.6 The proof of Proposition 7.5 relies on Lemma 7.4 which holds for general com-
pletely regular Hausdorff spaces X. This enables the extension to uniform spaces, replacing the
Wasserstein metric by a Wasserstein uniformity.

Proof. (7). Fix e > 0. Let f : X — R be a bounded uniformly continuous function. By definition,
there exists § > 0 such that for every z,y € & with p(z,y) < 0, [f(z) — f(y)| < §. Besides, in
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view of the definition (2.1), there exists a sequence of probability measures o, € ZEx(tin, ) on
X x X such that for all n large enough,

52
| plontdn,dy) < ow (i) + 5. (7.5)
XXX

Let As = {(z,y) € X x X : p(z,y) < 0} be a J-neighbourhood of the diagonal. Then (7.5)
implies that, for all n large enough,

1 1 52
m(s5) <5 [ ol ol ) < g (pwmn,m ¥ 2) . (7.6)

Since by assumption pw (tn, i) — 0, (7.6) yields 0, (A§) < 6 for n large enough. This implies

@)~ [ fatan)| < [ (@)~ falon(dndg) < §+2 b (@)

It remains to replace 0 above by min(d, m) As (7.7) holds for all bounded uniformly continuous

functions f : X — R, the weak convergence follows, see, e.g., [8, Thm 2.1].
We now prove (ii). Fix o € X and 0 < € < 1. By assumption, there exists a non-empty compact
set K C & such that, for n sufficiently large,

/ ol zo)uldr) + / ol o)y (i) < &

We cover K with a number N of open balls B; C X of radius 0 < r < 1 to be chosen hereafter.
Applying Lemma 7.4, given 0 < k < 1, there exist N open sets Vi, ..., Vy with V; C B; and also
N compact sets K71, ..., Ky which are defined in (7.2) such that, setting

Al ::Vh
=V\JVv. i=2...N,
j=1

we have K; € A4; C Vi, ¢ = 1,...,N and, for all n sufficiently large, either p(K;) = 0 and
pn(As) < pn(Vi) < %, or p(K;) >0 and

pn(Ai) < pn(Vi) < 1+ k)u(K;), i=1,...,N. (7.9) | upbbnd
Next, set [ :={i € {1,...,N}: u(K;) > 0} and define a measure v € M (X) by

=]
! I

V(E) == w(E) — (1 — k) ZM(E N4;), EeB(X), (7.10)

and, also, introduce the sequence of measures (v, )nen by

n(ENA;
Un(E) i= pn(E) — (1 — &) Zu(Ai)M, E € B(X). (7.11) [nun
il n(Ai)
Note that v, € MT(X) for all n large enough since for i € I,
i1 1 1
) = 5) = i (Vi U5 | > (1l00) = o) ) = o) > (1= ),
j=1

Here, we used Lemma 7.2 combined with the upper bound (7.3). In view of (7.10) and (7.11),
define for all n large enough o,, € P(X x X) as follows

wn(F N A;) n V(E)v,(F)

on(Ex F) = (1=m) ) w(ENA)= =7 V)

iel
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It follows from the fact

V(X)) =1—(1—r) > pA) = va(X),
il
that we have o, € Zx(u, ). Moreover, we have,

/ o, y)on(dz, dy)
XXX

1 1
=(1-r)) (A /AMALV p(z,y)p(dz)pn (dy) + oA /Xxx p(z, y)v(dz)vy(dy).

icl

To conclude the proof of the proposition, it suffices to show that, for all n large enough,

/ p(x,y)on(dz, dy) < e. (7.12)
XxX

On the one hand, since diam(4;) < diam(B;) = 2r, we have,

1
(1 r) Z s /A e dy) < 2r(1 = ) ;umi) <or

On the other hand, by the triangle inequality, we have, for all n large enough,
1

WLXXP(x,y)V(dx)Vn(dy)S/Xp(x,xo)u(dx)—|—/Xp(:r0,y)un(dy). (7.13)

In view of (7.10), the first term in the right-hand side of (7.13) can be rewritten as

/Xp(x,a:o)y(dx):/X\UiEIA o, 20)u(de) +KZ/ (2, 20)p(de),

i€l

and can be bounded as follows

/X (e, z0)v(d)

S/ pla, zo)u(dr) + K / p(x, zo)p(dx) +Z p(x, zo)p(dx)
X\Uier A (Uier A)\K icel AOK
S/ p(mwo)u(dx)—i—/i/ plx, zo)p(dx).

e K

For the second term in the right-hand side of (7.13), in view of the definition (7.11), we have,

| otz < [ plazo)un(da) 1;:2 / (2, 70)in(d),

where we used the bound in (7.9). It then follows that,

/ (i, w0 v (der) < / p(, 20)an (dr)
X X\Uier A;

+ 2K / p(x, x0) n (dz) +Z/ plx, xo)pun(dz) | .
(Uier AD\K A;NK

i€l
Gathering the above estimates together, we eventually get, for all n large enough,
[ steaontdn.dn) <22 ([ pwanutao) + [ pleaa o)) + 36 sup oo, ao)
XXX c e €K

(7.12) follows by taking r = te and x =

1
9max(1,sup, ¢ p(x,20)) €
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7.3 Proof of Theorem 2.1 (7).

Non-degeneracy. Let us show that pw(u,v) = 0 = p = v (the converse is obvious). Pick
€ > 0. From (2.1), there exists a probability measure o € Zx(u, ) such that,

/ plx,y)o(de, dy) < e. (7.14)
XXX

Denote A jz:={(z,y) € X x X : p(z,y) < \/e}. From (7.14), we have,

o(A%) < (z,y)o(dz,dy) < Ve. (7.15)

1
— p
Ve ac,

Suppose now that p # v. Then there exists a non-empty compact set K C X such that u(K) >
v(K) (without loss of generality). Setting § := (u(K) — v(K)) > 0, there exists an open set
O C X such that K C O and p(K) > v(O) + §. We may assume that O is the §-neighbourhood
of K. Indeed, if K5 C O then u(K) > v(Ks) + 6, and if p(K,O¢) < §, then we can replace § by
p(K,0°). For the set (K x O°) C A§, we have,

c(KxO0%)=0(KxX)—0d(Kx0)>c(KxX)—0(X x0)=uK)—v0)>4.

It follows that o(A§) > § which contradicts (7.15) if we set § = /.
Triangle inequality. Let u; € P1(X), I = 1,2,3. We need to show that

pw (p1, p13) < pw (e, p2) + pw (p2, 13)- (7.16)

Given € > 0, there exist 012 € Ex (1, t2) and 023 € Ex(pe, ptg) such that,

| plenaioudan o) < pwlu) +e 1= 1.2 (7.17)
XXX

Denote by p1,2 the conditional probability measure defined by (see Section 8.1)

0’1,2(141 X Ag) = / Ml)Q(AlIxQ)MQ(d.’EQ), Al,AQ € B(X) (718)
Ag

Subsequently, we put

0'173(141 X Ag) = / /JJLQ(A1|.T2)O'273(d$2, dl‘g), Al, A3 S B(X) (719)
XXAg

Using the triangle inequality and the definition in (7.19), we have,

/ p(x1,x3)01 3(dwy, dws)
XXX

S/ P(xl,$2)u1,2(d$1|$2)02,3(d3327dms)+/ 0(332,$3)M1,2(X|$2)02,3(d3327dﬂ?s)
XXX XX XXX

Z/ P($1,$2)M1,2(d$1|$2)uz(d$2)+/ p(x2, x3)02,3(drs, drs)
XxX XXX

Using (7.18) in the first term of the above right-hand side, this yields

/ p(z1,x3)01 3(dxy, dxs) S/ p(z1,x2)01 2(dxy, do) +/ p(z2, x3)02 3(dx2, dr3).
XXX XXX XXX

To obtain (7.16), it remains to use (7.17) and take the limit e — 0.
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7.4 Proof of Theorem 2.1 (ii).

Given a non-empty compact set () and a real o > 0, in the following we denote
Qo = {z € X : dist(z,Q) < a}. (7.20)

Let (1 )nen be a Cauchy sequence in Py (X). This means that, given 6 > 0, there exists N € N such

that pw (tn, tm) < % for all n,m > N. As a result, there exists a coupling oy, p, € Ex (fin, fim)
for each n,m > N such that,

/ o 9)0n m(de, dy) < 6. (7.21)
XXX

By setting Ay := {(z,y) € X X X : p(z,y) < ¢}, (7.21) implies that o, (A§) < §, see (7.15).
Further, for any uniformly continuous function f : X — R satisfying

[f(z) = f(y)l < Cp(z,y), (7.22)

for some constant C' > 0, we have, for all n,m > N,

/X F@)pn(dz) = /X f(y)ﬂm(dy)’ _

Fix 0 < e < 1. Let §g := f—; > 0 and ng € N such that pw (pn, im) < % for all n,m > ng.
Choose a compact set Kq such that p,,(K§) < 5. Put Og := Ko (see (7.20)) and introduce

[ U@ = f)onmdndy)| < (421710 (723
AsUAS

folz) = 1 — Ldist(z, Ko), if dist(z, Ko) <€
0= o, if dist(z, Ko) > € ’

where it is understood that fo =1 on K. Clearly, fq is uniformly continuous and satisfies (7.22)
with C = 1. It follows from (7.23) that, for all n > no,

(00> [ o) > [ foans(dn) = (24 1) o> ) = (24 7 )

Since pun, (Ko) > 1 — £, we find that 1, (0§) < 2e for all n > n.
Next, we proceed by 1nduct10n to construct a non—decreasing subsequence (n;);ey and compact
sets K;, i € N such that, denoting O; := K, 5-i. (see (7.20)), we have, for all n > n,,

C 1 (& 1
Suppose that we have found n;,_; € N and we have constructed a compact set K;_; such that
2
fni o (KE ) < (1= &)e and p, (05 ) < (1 — 527 )e for all n > n;_1. Let §; := ety > 0
and n; € N such that pw (tin, pim) < L for all n,m > n;. We choose K; C O;_1 compact such
that K; 1 C K; and pu,, (Kf) < (1 — 577 )¢, and we put O; = K; 5—i.. Then, setting

filz) = { 1 - Zdist(z, K;),  if dist(z, K;)

S £
0, if dist(zx, K;) >

%
27
it follows from (7.23) that, for all n > n,,

/fz ,un dl’ /fl ,U'n dﬂj < )5 >,U'nl(Kz)7 <2+261) d;.

It remains to use that y,(K;) > 1 — (1 — 577 )€ to conclude this induction step.
Define K := |J;c Ki and let us show that K is compact. Fix 0 <7 < 1 and let 79 € N such
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existence

that 20%3 < 1. We can cover Kj;, by finitely many balls of radius 4 denoted by B(ﬂl), l=1,...,M.
2
Since K; C Oj_1, dist(K;, Kj_1) < 211—,1 It follows by induction that dist(Kj;, K;) < 2%1 for all
J > 1. Now, if 2’ € K, there exists j > 4o such that dist(z’, K;) < 7 and hence dist(z’, K;,) <
T+ 210%1 < 3. Therefore, there exists 2 € Kj, with p(z,2") < 4, and there is a ball Bg,l") with
2

z € B so that 2’ € B7(7l°). We conclude that K is covered by the balls B1(7l) with double the

radius.2 This means that K is totally bounded, and since X" is complete, K is compact.

Consider now the sequence of probability measures (iun,)ien. From the foregoing, we have
found a compact set K such that u,,(K¢) < € for all ¢ € N. By Prokhorov’s theorem, see e.g.
[10, Sec. IX.5.5], there exists a subsequence (tim, )ken, With fipy,, = [n,;, converging weakly to a
probability measure p € P(X). Let us show that p € P1(X). Note that p,, € Pi(X) for all

2
k € N by assumption. Further, since pw (tm, tim,) < %1 for all m > my > ny, by mimicking the
arguments leading to (7.21), there exists, for each m, a coupling o, m, € Zx (Lm,, fim, ) such that,

/ p(2, Y) T,y (dz, dy) < 67 < 1.
XXX

As a result, given zp € X, there exists a constant ¢,,,, > 0 such that, for k € N, k > 2,

/ (2, 70 )y () < / P, 4) s (e, dy) + / Py, 20) e (dy) < 1+ ey (7.24)
X XXX X

This means, in particular, that the left-hand side of (7.24) is uniformly bounded for all k € N. By
virtue of the monotone convergence theorem, we conclude that

/ ple, zo)u(dz) < 1+ ey,
X

and hence p € P1(X). We can now apply Proposition 7.5 (i) giving that pw (tim,, ) — 0 when
k — oo. Using the triangle inequality, we conclude that pw (tm, ) — 0 when m — oo. O

8 Appendix.

8.1 Disintegration theorem.

We recall the disintegration theorem for the existence of conditional probability measures, see,
e.g., [10, Sec. IX.2.7]. Given a topological space (X, 7), let B(X) denote the Borel o-algebra of
subsets of X.

Theorem 8.1 Let X be a completely regular Hausdorff space and assume that the compact sub-
spaces of X are metrizable. Let Y be a Hausdorff space. Let u € P(X) be a Radon probability
measure and m : X — Y be a p-measurable function. Let v € P(Y) be the image measure
v=m.(p) = pornt. Then there exists a map p, : Y — P(X), y — py, such that for all A € B(Y)
and all bounded Borel-measurable functions f : X — R,

[ f@manva = [ o) (s.)
AJx T=1(A)

The above map is a.e. unique and i, is concentrated on 7~ ({y}) for a.e. y. One usually writes
py(-) = pu(-ly). Further, if f € LY (u) then f € L (pny) for a.e. y, and the identity (8.1) still holds.

Remark 8.2 Taking the indicator function f = 1g, E C X and choosing A =Y in (8.1) yields

[ m(Etdy) = u(e).
y
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The special case where & is a product space is particularly important. Considering X = &} x X,
and considering the projection map onto one of the factors, for instance mo : X — AXs, all spaces
7y "({y}) are equivalent to X;. Given y € P(X) a Radon probability measure, we can thus define
py(A) := py (A x {y}) for any A € B(X1). In the case of probability measures, we have in fact:

Corollary 8.3 Let X = X1 x X5 be a product of completely reqular Hausdorff spaces. Assume in
addition that the compact subspaces of X1 are metrizable. Let u € P(X) be a Radon probability
measure and o 1 X — Xo be the projection map. Let v € P(Xs3) be the image measure v = ,uowgl.
Then there exists a map p, : Xo — P(X1), y — py such that for all B € B(X2) and all Borel-
measurable functions f € L*(u),

/ ody) | Flary)duy(de) = / £ (@ y)du(de, dy). (8.2)
B X1 X1XB

The probability measure p, is called the conditional measure on &) and is usually denoted
(- ly), i.e. pu(Aly) is the probability of A € B(X}) given that ma(z) = y.

8.2 The quantum harmonic crystal model revisited.

In this section, we give an application of Dobrushin’s uniqueness theorem to the quantum
harmonic crystal model. In this lattice model, we associate with each site j € Z¢ a one-particle
Hilbert space L?(R) = L?(R, dz;) where dz; is the Lebesgue measure on R.

Notations. Hereafter, we identify 7-periodic functions on R with functions on the 1-dimensional
torus T, := R/(7Z) which we define by identifying points in R that differ by 7n for some n € Z.
The state space is the Banach space Qg := C(T3) of 8-periodic continuous parametrised paths,
endowed with the supremum norm || - ||« and equipped with the Borel o-algebra B(€Qg) of its
subsets. We introduce the real Hilbert space L?(Ts). The standard inner product and norm are
denoted by (-,-)s and || - ||2 respectively. By B(L?(T3)) we denote the Borel o-algebra of subsets
of L*(Tg). Note that Q5 € B(L*(Ts)) and B(Qg) = B(L?(Ts)) N Q. We refer to the beginning
of Sec. 3.1 for notations related to the configuration spaces.

The quantum harmonic crystal is described by the formal translation-invariant Hamiltonian

Hqua::—zld —|—Z Sar] —|—Z Z 5 — 1), (8.3)

jEZA JEZAIEN1(J )

for some « > 0. (8.3) may be represented by the family {Hx }acs of local Hamiltonians

Hy :=— Zld —|—Z Sar; +Z Z %(xj—xl)Q. (8.4)

JEA Lj JEALENL(F)NA

By standard arguments, (8.4) defines a family of bounded below essentially self-adjoint operators
acting in L?(R!M) with discrete spectrum. The definition (8.4) corresponds to the free (or zero)
boundary conditions. The system described by the family {Hp }acs of local Schrédinger operators
can be equivalently described by the family of local path measures {uﬁ} Ares defined as follows.
The semi-group {exp(—7Hp), 7 > 0} associated with Hy is positivity preserving and of trace
class, i.e. Trlexp(—7Hp)] < oo for all 7 > 0. Thus, for every 8 > 0, the semi-group exp(—GHj)
generates a stationary [-periodic Markov process, see, e.g., [1, Sec. 3]. This stochastic process
has a canonical realisation on (QQ,B(QQ)) described by the measure uﬁ € P(Qg), the marginal
distributions of which are given by the integral kernels of the operator exp(—7Hjp), 7 € [0, 5]. By
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means of the Feynman-Kac formula, the measure ui on (Qg, B(Qg)) is then defined as
1 B

Z fa/ w;(1)%dr

— 2 Jo

JEA

B
con (- Y 5 [ —amra ) [[ua). 63

JEAIENT (HHNA JEA

1
#ﬁ(d%\) = 78 exp | —
A

where Z fz is a normalisation constant, and ug denotes the Brownian bridge measure on (Qg, B(Qg))
defined by means of the conditional Wiener measures with the condition w;(0) = w;(3), see, e.g.,
[11, Sec. 6.3.2]. Thus defined, {4/ }acs forms the family of local (Euclidean) Gibbs distributions
with zero boundary conditions.

Next, define the embedding ¢ : Qg < L?(Tg), ¢(f) = f. Since [|t(f)|l2 < B/ f]loo, then ¢ is a
continuous injection. ug o1~ ! is the image measure of ug on L?(Tsz) and ug 01 1(Qp) = 1. The
extension of the family of local Gibbs distributions to ((L?(Ts))", B((L*(Tg))")) is then defined

similarly to (8.5) but with ,ug 017!, Unless otherwise specified, we will not hereafter distinguish
in our notation measures on (Qg‘, B(Qg)) from their extensions to ((L?(Tjs))™, B((L?(Ts))*)).
For the quantum harmonic crystal model we have the well-known result

Proposition 8.4 Consider the following formal energy functional (Hamiltonian) with nearest-

neighbour interactions defined on (LQ(T/;))Zd as

quag . N~ L7 e
h4(w) ._]§d2a /0 w; (7) dT+]§dle§j)2 /O (w; (1) — wi(7))3dr. (8.6) [Hqt

Then, provided that « > 0, there exists, for all 8 > 0, a unique limit (Euclidean) Gibbs distribution
in P((LX(T3))%") associated with (8.6).

Proof of Proposition 8.4. Fix j € Z and 5,7’ € (L*(Ts))" ) distinct. Set 7 := 2ien() M €
L*(Tp) and 1" := 35 ey, (jy M € L*(Tp). In view of (8.6), the 1-point Gibbs distribution reads

1 1
piaeln) = s exp (gl + Gouria ) ().

Z; (n)

where we set ag4 := a + 2d, and with

1
Zio = [ e (—aalol} + oo )
L*(Tp)

We now construct a coupling in P(L?*(Tg) x L?(Ts)) such that the marginals coincide with the 1-
point Gibbs distribution above with the different boundary conditions, see (8.9) and (8.10) below.
To do so, introduce the 1-point correlation function defined by

(s = | o, SR O sl € Ty) (8.7

Define the Fourier coefficients of f as follows

fe :;<f,exp <2;T€~>>6, leZ.

We claim that, under the above conditions, (8.7) can be rewritten as

P (fln) = exp <Z m <—;|f£|2 +i [m(ﬂ)%(ﬁ@) + S(fe)%(ﬁe)}>> : (8.8)

LEL
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remmm3

For reader’s convenience, the proof of (8.8) is deferred to Sec. 8.3.2. Note that (8.8) is nothing
but the characteristic function of a product of shifted Gaussian measures on R? when ¢ # 0 and
R when ¢ = 0, centered at c,(8)(R(7je), I(7¢)) and at co(B)7o respectively, and with covariance

1
“) = Grg et ag
More precisely, uf (1) = Qez 'yf , where, when ¢ = 0 and ¢ # 0 respectively,

Bldz) = ex —71 T —c )2 7{1@‘ ;
) = ex (= o = o)

5 e [ 1 v 5 V)2 dix
e (dz, dy) = e p< 204(5)( 4(5)%(7%))) 2mee(B)
1 B S(f,))2 L
Xexp( 20@(5)@ ce(B) (W))) e )

Note that x and y above denote respectlvely the real and imaginary parts of @y.

Subsequently, we define the coupling o ey € P(L2(Tg) x L*(Tp)) as

ﬂﬂ(dw dw’) :® ?dwe )0 (Wy — wp — cr(B) (7 — Tie
€z

sigjet

<~
>
~
~
—~
oo
=}
N

for any A, B € B(L?(Tg)). Here, & denotes the Dirac measure. We can readily check that

o (AX L(Tg)) = (Alp) and o7, (L%(Tp) x B) = ul (Bl).  (8.10)

By Cauchy-Schwarz inequality, we have

w—uw|2 dG’ dw, dw’
3.’
L2(Tg)x L?(Tg) -

< lw — w'||2 do”? (dw, dw') ce(B)20e — M)|2.
\//LZWW' 3do?,, = [ a2 -

LET

To derive the right-hand side, we used Parseval’s identity followed by a direct computation from
(8.9) and the definition of the v, ’s. Finally, Parseval’s identity yields

1
pw (W (1)) < coB)lm=n'llz < — D7 =il
4 1en ()

and the Proposition follows from the condition in (3.14). O

Remark 8.5 In lattice models of quantum anharmonic crystals, see, e.g., [5, 6, 30] and references
therein, the whole system is formally described by

Hwe = — Zld +Z Sar; +Z z]+z Z . (8.11)

jeZd JGZd Jjezd Jjezd l€N1(J)

(8.11) may be represented by the corresponding family {ﬁA}Aes of local Hamiltonians

Hy = — Zldz—i—z cwc +g(z;)) +Z Z %(xj—xl)z. (8.12)

JEA J JEANIEN(J)NA
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decaycorr

Assuming that g is continuous a.e. and bounded from below, (8.12) defines a family of bounded be-
low essentially self-adjoint operators acting in LQ(RW) with compact resolvent. By mimicking the

arguments above (8.5), {Ha}acs can be equivalently described by the family {ﬁi}/\eg of measures

~ 1 1 B8 ) B8
) =z expl= Y50 [ wy(rir+ [ gty (r)in)

A JEA
1 8
cenl=30 Y 5 [ ) —aalr)Pan T i),

JENIEN(F)NA JEA

where ,ug the Brownian bridge measure. Thus defined, {[lﬁ}/\eg on ((L%(Tp))™, B((L*(T))M))
forms the actual family of local (Euclidean) Gibbs distributions with zero boundary conditions.
We refer to [2, 4] and reference therein for the uniqueness problem in some lattice models of
quantum anharmonic crystals with translation-invariant Hamiltonians of type (8.11).

8.3 Gaussian correlations functions.

In this section, we give a direct proof of the exponential decay of correlation functions for the
Gaussian free-field model with 1-dimensional spins and the quantum harmonic crystal model in
the high temperature regime. We refer to [24, 31] and references therein for further related results.

8.3.1 The classical case.

For the notations used in this subsection, we refer to Sec. 6. Let A, A € S such that A C A.
Given 3 > 0 and t, € R®, we define the correlation functions by

pantts) = [ e (83 b, | i) (313)
JjEA

The local Gibbs distribution in P(R*) for the Gaussian free-field model with 1-dimensional spin
generated by the Hamiltonian in (6.4) reads

1 1 1
B — 2 2
pia(dzy) == ng exp | =0 Z 50@]- + Z Z 5(%’ — ) H dzj,
JEA JEALEN1(H)NA JEA
where o > 0 and Zfz is the corresponding normalisation constant.

Proposition 8.6 For every By > 0 there exist two positive constants ¢ = ¢(Bo,a,d) and C =
C(Bo, a,d) such that, for any A, A, A € S such that A C A C A and for any 0 < 8 < By,

= sup PR A(Ea) = PR (Ea)| S Cem AN (814

B B
HpA,A — PA,N
tA ERA:EA ||I=1

Remark 8.7 The above result implies in particular that the measures pﬁ converge to a measure
p? as A tends to Z4.

Proof. Introduce the matrix Ma with elements (M, ;);1ca defined as

Hi"eA:i-J1=1}, ifj=4
=1 —1 if |7 -1 =1, (8.15)
0 otherwise.

Then we can write

78 = /RA exp (—ﬂ; {2y, (aly + MA)xA>> [1 d=;.

JEA
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and,

230 n(ts) = [ e (=5 (leas ol + Ma)zy) ~ itiaa)) ) TL o

JEA

where fj =t;if j €A, t~j :=0if j € A\ A. Now, the corresponding Gaussian integrals can be
computed using the well-known formula:

/m exp (—;(gc, Mz) + (b,x)) ’f[ld:ck _ (Z:t)(M) exp <;<b,M—1b>> . (8.16)

where z € R™, b € R™ and M € M,,,(R) is an invertible matrix. It follows from (8.16) that (below
the subscript A indicates the restriction to A),

PAA(LA) = exp <—B; (tas (adp + MA)AltA>) : (8.17)

To prove (8.14), it thus suffices to prove that
[(alla + Mp) At = (allar + Mp) 7t || < ClemedistA08)] (8.18)

for some constant C’ > 0. Set ag := o + 2d and Ry := 2dl, — My. We then have,

(a]IA—i—MA)_ (ad]IA—RA —adIZad RA R

and the above series converges since |Ry|| < 2d < ag. For (allyr + Mas)™!, a similar expansion

obviously holds true. We now claim that (Ra/)k = (Ra)K if k& < dist(A,0A). We proceed by
induction to show, in fact, that (RA/)]Z = (RA);?J if j,l € A and k < dist({j,!},0A). For k = 1,
clearly (Ra+)j; = (Ra);1 if {j,1} C A. For k> 1 and j,l € A with dist({j,1},0A) > k+1,

(Ra)ETh =D (Ba)k i (Ran)joa-

JjreN

The only non-zero terms are those with |j* — | < 1. Then j' € A and dist(j’, 0A) > dist(l,0A) —
|7/ =1 > k, so (RA/)M (RA)M Therefore,

(RS T = D" (Ra)E i (Ran)jra = Y (Ba)E j (Ra)yra = (Ra)5T.

Jen jren’
The proposition eventually follows from the following identity
(oo}
(allp + MA) — (allp + MA')A =aqy P Z a;k ((RA)Z — (RA/)Z) . ]
k=dist(A,0A)+1
Remark 8.8 By the same arguments, there exists a constant ¢ > 0 such that, for any A € S,
|(OzI[A + MA)j_ll| < e—cli—tl,

Remark 8.9 The result of Proposition 8.6 can be generalized to higher spin dimensions.

8.3.2 The quantum case.

To extend the above arguments to the quantum harmonic crystal model, an expression for the
correlation functions analogous to (8.17) is derived. For the notations used in this section, we refer
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to Sec. 8.2. Let A, A € S such that A C A. Given 8 > 0 and a family of functions f, := (fj)jea
with f; € L?(Tp), the correlation functions are defined by

A = xp (4(f5, w; s . . corre
PL(f ) = /(%))A LT o U0y | o) (5.19) N

Remember that, for any 5 > 0, the local Gibbs distribution ,u/’i in P((L*(Tp)")) reads
B 1 1 2 1 2 B
pp (dwy) == ?GXP —Z§a||wj||2 exp —52 Z lwj — will3 Hﬂo(dwj)v
A JEA JEANIENL(F)NA JEA

where o > 0, Zﬁ is the normalisation constant and ug is the standard Brownian bridge measure.
The Fourier coefficients of the f;’s are defined as

fie = % <fj7exp <—2er- )> , tel (8.20)
s

Here is the counterpart of (8.17) in the quantum case
Lemma 8.10 Let My be the matrixz defined through (8.15). Then, under the above conditions,

pﬁ(iA) = exp (;BZ <(£A)g, ((QWﬂflg)Q + o)l + MA);1 (fA)€>> 7 (8.21)

LeZ

where the subscript A for the inverse matrix stands for its restriction to A.
To prove Lemma 8.10, we need the following technical lemma

Lemma 8.11 For any v > 0,

Tim. n]:f (2 <1 — cos (253)) + (Z)Q) = 2sinh (%) . (8.22) [simn

Proof. First note the following identity

j_f[: (2 (1 — cos (2;])) v (g)2> _on 1:[1 (Cosh(ﬁn) _ cos (%L)) :

Jj=0

where we set 1, := arcosh(1 + %) Recall that arcosh(z) = In(z + v22 — 1), = > 1. Next, use

m—1
2
gm=—1 H (cosh(x) — cos (y + Wk)) = cosh(mx) — cos(my), m eN.
m
k=0

Letting y = 0 and m = n in the above formula, we then obtain,

i:[: (2 <1 — cos (Ty)) n (2)2) — 2(cosh(ndy) — 1).

It remains to use that lim,, ., nd, = lim,,_ ., n - arcosh(1 + %) =+, together with the identity

sinh(§) = sign(z)/ % and the lemma follows. O
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Proof of Lemma 8.10. Let ga := (g,)jea with g; := f; if j € A and g; := 0 otherwise. Given
n € N, let N (9jk)jea with g;p = gj(gk) VEk < n (hereafter, we use that f;(0) = f;(5)).
Introduce the sequence of functions (W/2¢),cn, with W2<(-) = W/2(-, (gmk)}}::l,g) CRAUA S C
defined as

nlAl "
2B\ 2 n
Wl ((zpp)ir) == ( f) [[exp <—25 (Z(%‘,k —xj k1) + (Tjn — lfj,l)z))

JEA =

n n

3 B

A e | =g (oxfar > @uemm? | ) Jesn (03 (g, 0m0) |-
JEA k=1 lEN1(HHNA k=1

Below, we only consider the values ¢ € {0,1}. By definition of Wiener measure, see [11, Sec.
6.3.2],

" VA if ¢ = 0;
lim drjp | WP (g p)iey) =4 24 . ’ 8.23) [zLam
n—0o0 JpniA| jlg\l];[l Ik ((7A’k)k_1> { Zﬁpﬁ(iA), if C =1. ( )
To investigate the limit n — oo, we need a suitable rewriting. Define A,, € M,,(R) as follows
2n n n
LA
5 5 5 0 0
A, = . (8.24)
S o La wm
07L DR 0 _B ?’,l _2/'?
-5 0 0 -5 %

Note that, for any j € A, we have,
n n n 6
exp (‘25 (Z(%‘,k —jp1)" + (@0 — %;1)2)) k]i[lexp <—2nfmf,k>

k=2
= €xXp (_; <xj7 (An + ia]l'n) l‘]>> .

Denoting z, := (z ;)i and g, = (gAﬂk)Z:p we actually have the compact rewriting

_nlA|
Wfva(gA) = (27;6) exp (—; <xA,AxA>> exp (z(i <gA,xA>> , (8.25)

where the matrix A € M,,5|(R) is defined by the Kronecker sum

A=T ® An+ D (s + ) B L. (8.26)

Note that M, is a symmetric positive definite matrix, see (8.15). As for A,, it is a symmetric
circulant matrix. The latter can be diagonalised by the use of discrete Fourier transform. Define

1 21
U = %exp <:;r€k) , k=1,....n¢=0,...,n—1.
Putting U = (Ugykzl, R Ug,k:n)ggggn_l, we have,

UAU" = diag (A, A0 ) (8.27)
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where the eigenvalues read

o2 ol
AE)::;<1—cos(7T)>, (=0,... . n—1. (8.28) [Tambdal
n
Consider the case when n is odd. Then )\En) = )\Si)e, i.e. the eigenvalues )\En) with ¢ =1,..., "T_l

are two-fold degenerate. Corresponding real-valued eigenvectors lead to the transformation

2 — 2kl 2 — 2kl
/=23 SmRe d vp=1/> Y apsin [ T 8.29 1
Uy \/;k_l Ty, COS < - > and vy \/;k_l T sin < - > , ( ) |uv

and, in the case of £ = 0, we set

n
1
Uy = E Tk
n =1

k

Bl

Note that, by writing w,, := 27”, the matrix

1 1 .. 1 1
V2 cos(wy,) V2 cos(2wy,) e V2cos((n — 1)wy) 1
V2 sin(wy,) V2 sin(2w,) .. V2sin((n — 1)wy,) 0

ﬂcos(‘”Tflwn) ﬂcos(.%wn) \/icos((n;l)"?’lwn) 1
ﬂsin(%w@ ﬂsin(Q%wn) \@sin((nfl)”Tflwn) 0

is orthogonal, and the inverse transformation is given by

n—1
TE = ﬁ ug + \/5; (ue cos (;:M) + vy sin (;:k:é)) . (8.30)  [uv2
For any z € R", set

n
ZZ5ZZU€,I€$I¢7 £=0,...,n—1.
k=1

Note that, in view of (8.29), we have the identities

|

From the above features, we get,

. . o n—1.
(ug + ivy), ife=1,..., %5

(Un ¢ —ivn_e), if0=2E n (8:31)

1
R

2

Sk

n

n—1 n n—1
(@, Anz) = > (An)kw (Z Uk,ﬂé) (Z Uk/,é/%/) = Yz (UAT), 20,
=0 =0

kk/=1 £,0'=0

and by using (8.27) along with (8.31),

n—1

n—1 2
(2 Auz) = S AP P = TN (1 +07). (5.32)
=0 =1

Defining similarly, for any y € R,

e ::ZUMyk, 0=0,...,n—1, (8.33)
k=1
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we also have,

n—1 n—1 n—1
(Z Uk,éﬂé) (Z Uk,@%/) Z Yeze Z 1n Up—ep = Z Yeze,
1 0'=0 =0

and by using (8.31), it holds

‘n—l

(y,x) = uolo + —= \f Z we(Je + Gn—e) — e(Je — Jn—r)) - (8.34)

From (8.25) and (8.26) combined with (8.29)-(8.30) and (8.32)-(8.34), we obtain,

/an H H dzjp | Wi ((zap)izt) =

k=1j€A
nA|

(”f) /Rw H dug | exp (—; <u0A, g (adp + MA)UUA>> exp (z(i <(§A)07UOA>>

(L (o) B (o 2021

JEA £=1

X exp (z(\%i <(QA)Z + @A)H‘Z’WA»)

n,l rLl

x / 1T I] dvr H exp ( <Wm 5 ((ZA@”) + a) Iy + MA) WA>>

JEA =1
<o (cg52 (20~ @),

where ug, = (u¢)jen, ve, = (ve)jen and (g, )e == (gj,0)jen With g; . as in (8.33). By using (8.16)
for each one of the three integrals, and then rearranging the g; ’s, we are left with

/Rnw H H dxj’k Wf:( (<£A,k)2:1) =

k=1j€eA
g\~ exp <C2§5 <(§A)€v (<%>\2n) + O‘) In+ MA>_1 (gA)"_Z>)
( ) g[[o \/det (g ((%A§">+a)HA+MA)) .

Let {gp}‘LAz‘l be the eigenvalues of M counting with multiplicities. Note that ¢, > 0, and moreover,

()T o (2 (0 ) e )
i g Gt o aFo)?
:g$g@@_m(ﬂp+@ﬁl)),

where we used (8.28) in the above r.h.s. In view of (8.23) along with (8.35), Lemma 8.11 yields

(5.35)

22 = 1 (2smn (0572

p=1
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and in view of (8.35) again along with (8.20), it remains to use the identity

n

Jim \fg]n ¢ = lim ;iZeXp<Wﬁk) g (ﬂ >fj,e, JEA, (8.36)

to conclude the proof of the lemma. O
We end this section with the proof of the identity in (8.8)
Proof of (8.8). We follow the strategy used in the above proof. By abuse of notation, we set

1 = (Mk)j—y with np = n(%k) Similarly, set f := (fx)j_; with fr := f(gk) Introduce the
sequence of functions w2¢(-|n) = w<(-, f|ln) : R" — C defined as

wﬁﬁ@m) = <277;ﬂ> Tz exp (27; (ICZQ(.’B]C — xk—l)Q + (xn o 131)2))

X H exp (_Qﬂn (admi — xknk)> exp <z§§ <f,x>> .

k=1

By definition of Wiener measures, see, e.g., [11, Sec. 6.3.2],

. n - Z’g(ﬂ if ¢ = 0;
nILHéo “(z|n) H dxy, = { Zﬁ(ﬂ) (i), Fe—1. (8.37) |ZLam2

By using (8.24), note the following rewriting

wy (z[n) = (27;5) - exp (—; <:v (An + gadﬂn) m>> exp (i (n+ic/, m>) : (8.38)
- _ 1y 2 A N 2 _ _
mg.—\/ﬁ;exp<nk€>nk, fg.—\/ﬁ;exp(nkﬁ)fk, {=0,...,n—1.

Using (8.34), note also the identity

n—1

(n-+iC.5) = uolio +iCo) +VEY (e (R0 +iCR(T) +ve (3G +i¢3(F) ) . (839)
{=1

From (8.38), (8.32) together with (8.39), we obtain,

k=1
2 7 I = LB (1) s B s
<n> /n dug g duy ezl_[l dvg | exp (—2n (ﬂ)\o + ad> ug + I (770 + z(fo) uo)
X H exp (—;5 (Z)\En) + ad) ulQ + gx/i (é)%(ﬁe) + i(%(ﬁ)) Ul)
=1

« T esp (=52 (5A +aa) o + 22 (300 + ic3(i0) u )
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Next, we use (8.16). By noticing that $(7j,) = R(7j,—¢) and I(7j¢) = —I(7},—¢) (and similarly for
the fs), we are eventually left with

n

[ Gl ] dow -

k=

1
—1 - -
o <4‘i (582" +aa) (2l = 2631l + i4¢ (RGEIR(F) + %(m)%(fz))))
V5 (A + )
In view of (8.37), (8.8) follows from (8.36) together with the identity

exp (%§:eez((QWﬂ‘lg)z*‘ad)fllﬁd2)

Z%(n) =
5 () 2sinh (16/agq) ’
which is derived from Lemma 8.11 along with (8.20). O
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