Proof of a general noncommutative central limit theorem using a Feynman-Kac representation

T. C. Dorlas University of Wales Swansea Department of Mathematics Singleton Park, Swansea SA2 8PP, U.K.

Email: T.C.Dorlas@swansea.ac.uk

Abstract. The generalized noncommutative limit theorem conjectured in a preceding paper is proved using a Feynman-Kac representation analogous to that in an earlier paper by the author.

1. The Feynman-Kac representation.

In a preceding paper [1] the author and K. Neammanee conjectured a new noncommutative central-limit-type theorem which is a generalization of the second theorem proved in [2] to the case of higher spin values. Here I outline a proof of this conjecture along the lines of [2] indicating the necessary changes. It involves a Feynman-Kac representation like the one first derived by Griffiths [3], [4]. Given a set of r + 1 creation and annihilation operators a^∗_0, . . . , a^∗_r respectively a_0, . . . , a_r satisfying [a_i, a^∗_j ] = δ_{i,j} (i, j = 0, 1, . . . , r), (1.1) we introduce a new set c_k, c^∗_k (k = 0, 1, . . . , r) defined by

c_k = r∑ i=0 O_{k,i}a_i, (k = 0, 1, . . . , r) (1.2) where O is an orthogonal matrix with the property that

O_{0,j} = (r + 1)^{−1/2} ≡ γ_r (j = 0, 1, . . . , r). (1.3)

As in [2], the operators a_j and a^∗_j can be represented on the n-particle space F_n by a_j | F_n = 1 √ n n∑ p=1 a_{p,j} | F_n and a ∗ j | F_n = 1 √ n + 1 n+1∑ p=1 a^∗_{p,j} | F_n , (1.4)

where a^∗_{p,j} |x_1, . . . , x_n⟩ = |x_1, . . . , x_{p−1}, j, x_p, . . . , x_n⟩ a_{p,j} |x_1, . . . , x_n⟩ = δ_{xp,j} |x_1, . . . , x̂_p, . . . , x_n⟩. (1.5a)

In this representation the number operator c^∗_kc_k is given by

c^∗_kc_k = n∑ p=1 (_r ∑ i=0 O_{k,i}a^∗_{p,i} ) r∑ j=0 O_{k,j} a_{p,j} . (1.6)

It follows that the operator ∑_r k=1 c^∗_kc_k appearing in the exponent of formula (1.16) in [1] can be written as_r ∑ k=1 c^∗_kc_k = n∑ p=1 G_p, (1.7)

where the operator G_p acts on the p-th particle space according to

⟨x^′| G_p |x⟩ = r∑ k=1 r∑ i=0 r∑ j=0 O_{k,i}O_{k,j} ⟨x^′| a^∗_{p,i}a_{p,j} |x⟩

= r∑ k=1 O_{k,x}′ O_{k,x} = δ_x′_{,x} − 1 r + 1 , (1.8)

independently of O. As in [2], the operator G_p is the generator of a simple jump process with transition probabilities given by p_t(x, x^′) = ⟨x^′| exp[−tG_p] |x⟩ = e^{−t}δ_x′_{,x} + (1 − e^{−t}) 1 r + 1

. (1.9)

The corresponding infinitesimal transition probabilities are

P[ξ_p(t + δt) = x^′ | ξ_p(t) = x] = { 1 −^r_{r+1} δt if x^′ = x, 1 r+1 δt if x^′ ≠ x.

(1.10)

The operators Δ_k can be written as

Δ_k = r∑ j=0 O_{k,j} a^∗_j a_j = n∑ p=1 Γ_{k,p}, (1.11)

where

Γ_{k,p} = r∑ j=0 O_{k,j} a^∗_{p,j} a_{p,j} . (1.12)

These are diagonal in this representation and we have the following analogue of (2.15) in [2]: ⟨x^′_1, . . . , x^′_n| exp [ −β n∑ p=1 G_p + f({Γ_{k,p}}_{k,p}) ] |x_1, . . . , x_n⟩

= E^{(n)}_{x1,...,xn} [ exp [∫_β 0 f ({ O_{k,ξp(t)} } k,p ) dt ]_n ∏ i=1 1_{{ξi(1)=x}′_{i}} ] . (1.13)

Here f is any function of the nr arguments Γ_{k,p} with k = 1, . . . , r and p = 1, . . . , n and and E^{(n)}_{x1 ,...,xn} is the expectation with respect to the n-fold product measure ∏_n i=1 P_{xi} .

Next we define the following measure on r-dimensional paths (z_1(t), . . . , z_r(t)) ∈ L^2([0, β], R^r), with z_i(t) = ∑_n p=1 O_{i,ξp(t)}: K^{(n)}_β [F ] = 1 Z_n(β) ∑ n_0 ,...,n_r ≥0: ∑_{ni=n} n_0! . . . n_r! n! ∑_∗ x_1,...,x_n ∑_∗ x^′_1,...,x^′_n E^{(n)}_{x1,...,xn} { F (_n ∑ p=1 O_{1,ξp(t)}, . . . , n∑ p=1 O_{r,ξp(t)} )_n ∏ i=1 1_{{ξ: ξi(β)=x}′_{i}} } , (1.14)

for an arbitrary continuous function F ({z_i(·)}^r_{i=1}) of r paths, where the normalization factor Z_n(β) is given by

Z_n(β) = ∑ n_0,...,n_r : ∑_r i=0 n_i=n exp [ −β r∑ k=1 n_k ] = n∑ m=0 ( m + r − 1 r − 1 ) e^{−βm}, (1.15)

and where the asterisk above the sum indicates that the sum is taken over all sequences (x_1, . . . , x_n) satisfying #{i : x_i = k} = n_k for all k = 0, . . . , r.

Using (1.4), (1.7) and (1.11) we now have

Trace_n exp {−β ∑_r k=1 c^∗_kc_k + f(Δ_1, . . . , Δ_r)} Trace_n exp {−β ∑_r k=1 c^∗_kc_k} = K^{(n)}_β [f̃_β], (1.16)

where f̃_β(z_1(·), . . . , z_r(·)) = exp [∫_β 0 f(z_1(t), . . . , z_r(t))dt ] . (1.17)

As in [2], we now want to compute the characteristic functional for the measures K^{(n)}_β . We take a more operator-theoretic approach and express these in terms of expansionals as introduced by Fujiwara [5] and Araki [6,7]. If A(t) (t ∈ [0, β]) is a continuous one-parameter family of operators then the (right) expansional of A(t) is defined as Exp ∫_β 0 ; A(t) dt = ∞∑ m=0 ∫_β 0 dt_1 ∫_{t1} 0 dt_2 . . . ∫_{tm−1} 0 dt_mA(t_m) . . . A(t_1). (1.18)

Lemma 1. The characteristic functional of the measure K^{(n)}_β is given by

K^{(n)}_β [ exp { i ∫_β 0 r∑ k=1 u_k(t)z_k(t)dt }] = 1 Z_n(β) ∑ n_0,...,n_r : ∑_r i=0 n_i=n λ^{n0}_0 . . . λ^{nr}_r , (1.19) where λ_0, . . . , λ_r are the eigenvalues of the matrix U(β) given by U(β) = ( Exp ∫_β 0 ; A(t)dt ) V (β), (1.20)

where the (r + 1) × (r + 1)-matrices A(t) are given by A_{m,m}′ (t) = i ∑_r k=1 u_k(t) ∑_r x=0 O_{m,x}O_{k,x}O_m′_{,x} if m, m^′ ≠ 0, iγ_ru_m(t)e^{−t} if m^′ = 0, m ≠ 0, iγ_ru_m′ (t)e^t if m = 0, m^′ ≠ 0.

(1.21)

and where V (β) is a diagonal matrix with V_{0,0}(β) = 1 and V_{m,m}(β) = e^{−β} if m ≠ 0.

Proof. First define Ũ_{x,x′} (β) = E_x { exp [ i ∫_β 0 r∑ k=1 u_k(t)O_{k,ξp(t)}dt ] 1_{{ξp: ξp(β)=x}′_} } . (1.22)

Using (1.10) we have d dβ Ũ_{x,x′} (β) = ( i r∑ k=1 u_k(β)O_{k,x}′ ) Ũ_{x,x′} (β)

+ lim_{δβ→0} 1 δβ ( E_x { exp [ i ∫_β 0 r∑ k=1 u_k(t)O_{k,ξp(t)}dt ] 1_{{ξp: ξp(β+δβ)=x}′_} }

− E_x { exp [ i ∫_β 0 r∑ k=1 u_k(t)O_{k,ξp(t)}dt ] 1_{{ξp: ξp(β)=x}′_} } )

= ( i r∑ k=1 u_k(β)O_{k,x}′ − r r + 1 ) Ũ_{x,x′} (β) + 1 r + 1 ∑ x^{′′}≠x^′ Ũ_{x,x′′} (β). (1.23)

This can be written as d dβ Ũ(β) = Ũ(β)B̃(β), (1.24)

where B̃_{x,x′} (β) = ( i r∑ k=1 u_k(β)O_{k,x}′ − 1 ) δ_{x,x}′ + 1 r + 1

. (1.25)

Next we transform to the c-representation and define

U(β) = OŨ(β)O^T . (1.26)

Then d dβ U(β) = O d dβ Ũ(β)O^T = U(β)OB̃(β)O^T = U(β)B(β). (1.27) The matrix B(β) is given by B_{m,m}′ (β) = ∑ x,x^′ O_{m,x}B̃_{x,x}′ (β)O_m′_{,x}′

= i r∑ k=1 u_k(β) ∑ x O_{m,x}O_{k,x}O_m′_{,x} − ∑ x O_{m,x}O_m′_{,x} + 1 r + 1 ∑ x,x^′ O_{m,x}O_m′_{,x}′

= i r∑ k=1 u_k(β) ∑ x O_{m,x}O_{k,x}O_m′_{,x} − δ_{m,m}′ + δ_{m,0}δ_m′_{,0}.

(1.28)

Using the simple fact that d dβ V (β)^{−1} = (1 − P_0)V (β)^{−1},

where (P_0)_{m,m}′ = δ_{m,0}δ_m′_{,0}, we now find that d dβ U(β)V (β)^{−1} = U(β)V (β)^{−1}A(β), (1.29)

where A(β) = (1 − P_0) + V (β)B(β)V (β)^{−1} is given by (1.21). By a general result of Araki’s [6] we then have

U(β)V (β)^{−1} = Exp ∫_β 0 ; A(t)dt as stated. QED

2. The Main Theorem

We now state the main theorem. The general noncommutative central limit

theorem of [1] follows from this in the same way as in [2].

Theorem. The rescaled measures given by K̃^{(n)}_β (F ) = K^{(n)}_β (F_n), where

F_n(z_1, . . . , z_r) = F (z_1/ √ n, . . . , z_r/ √ n), converge weakly to the product measure ∏_r i=1 K_β given by

K_β[F ] = 1 Z(β) ∞∑ m=0 E_0 [ ψ_m(q(0))Ω_0(q(0))^{−1}F (γ_rq(·))ψ_m(q(β))Ω_0(q(β))^{−1} ] , (2.1)

where Z(β) = (1 − e^{−β} )^{−1}, and where E_0 is the expectation with respect to the

Ornstein-Uhlenbeck process on C[0, β] starting at 0, and Ω_0 and ψ_m are the ground

state and excited states of the harmonic oscillator H_0 = a^∗a in the position repre-

sentation.

Proof. We first prove that the corresponding characteristic functions converge.

The largest eigenvalue λ_0 of U(β) tends to 1 as n → ∞. We show that the order- 1/ √ n term is zero. Notice first that to this order only the term ∫_β 0 A(t)dt of the

expansional is significant. Thus if we put λ_0 = 1 +^{1√}_n α_1 + O(n^{−1}) and set the

eigenvector equal to v_0 +^{1√}_n w where w ⊥ v_0 then

(1 + 1 √ n ∫_β 0 A(t)dt)(v_0 + e^{−β} 1 √ n w) = (1 + 1 √ n α_1 + O(n^{−1}))(v_0 + 1 √ n w). Taking the scalar product with v_0 we find

α_1 = ⟨v_0 | ∫_β 0 A(t)dt v_0⟩ = 0 since (v_0)_i = δ_{0,i} is the eigenvector of V (β) with eigenvalue 1. Denoting similarly

(v_m)_i = δ_{m,i}, the scalar product with v_m yields 1 √ n ( e^{−β} w_m + ∫_β 0 A_{m,0}(t)dt ) + O(n^{−1}) = 1 √ n w_m.

Thus the eigenvector corresponding to λ_0 is given by

v_0 + 1 √ n 1 1 − e^{−β} r∑ m=1 ∫_β 0 A_{m,0}(t)dt v_m + O(n^{−1}). (2.2)

We can do a similar calculation for the next term of λ_0. We now put λ_0 = 1 + α_2n^{−1} + O(n^{−3/2}) and insert the just computed eigenvector: ( 1 + 1 √ n ∫_β 0 A(t)dt + 1 n ∫_β 0 dt_1 ∫_{t1} 0 dt_2A(t_2)A(t_1) )

× ( v_0 + 1 √ n e^{−β} 1 − e^{−β} r∑ m=1 ∫_β 0 A_{m,0}(t)dt v_m + O(n^{−1}) )

= (1 + 1 n α_2 + O(n^{−3/2})) ( v_0 + 1 √ n 1 1 − e^{−β} r∑ m=1 ∫_β 0 A_{m,0}(t)dt v_m + O(n^{−1}) ) . Taking again the scalar product with v_0 we obtain

α_2 = e^{−β} 1 − e^{−β} r∑ m=1 ∫_β 0 A_{0,m}(t)dt ∫_β 0 A_{m,0}(t)dt

+ r∑ m=1 ∫_β 0 dt_1 ∫_{t1} 0 dt_2A_{0,m}(t_2)A_{m,0}(t_1)

= − r∑ m=1 γ^2_r 1 − e^{−β} ∫_β 0 dt_1 ∫_{t1} 0 dt_2u_m(t_1)u_m(t_2)(e^{−t1+t2} + e^{−β+t1−t2} ).

(2.3)

The other eigenvalues are all of the form λ_k = e^{−β} + O(n^{−1/2}).

It follows that lim_{n→∞} λ^n_0 = lim_{n→∞} ( 1 + α_2n^{−1} + O(n^{−3/2}) )_n = exp(α_2) and hence lim_{n→∞} ∫ exp [ i r∑ k=1 ∫_β 0 u_k(t)z_k(t)dt ] K̃^{(n)}_β (dz_1(·), . . . , dz_r(·)) =

= lim_{n→∞} 1 Z_n(β) ∑ n_0,...,n_r : ∑_{nk =n} λ^{n0}_0 λ^{n1}_1 . . . λ^{nr}_r

= (1 − e^{−β} )^r lim_{n→∞} λ^n_0 r∏ k=1 ∞∑ n_k =0 ( λ_k λ_0 )_{nk}

= (1 − e^{−β} )^re^{α2} lim_{n→∞} r∏ k=1 ∞∑ n_k =0

(e^{−β} + O(n^{−1/2}))^{nk} = e^{α2} .

(2.4)

This is just the characteristic function of the product measure ∏_r i=1 K_β as was proved in [2] (with a different normalization).

In order to complete the proof we need, as in [2], to find a compact set which contains all the measure up to ϵ uniformly in n (Prokhorov’s theorem). This can be done in a similar way as in [2], but the technical details are more complicated. We need norm bounds on all terms of the series (1.20). As in [2] we will assume that u ∈ π^{(m)}(L^2([0, β], R^r)) where π^{(m)}is the projection onto the space spanned by the scaled Haar functions h_q with 2^m ≤ q ≤ 2^{m+1} − 1 defined by

h_q(t) = β^{−1/2}2^{−m/2} if (2^{−m}q − 1)β ≤ t < (2^{−m}(q +^1_2 ) − 1)β, −β^{−1/2}2^{−m/2} if (2^{−m}(q +^1_2 ) − 1)β ≤ t < (2^{−m}(q + 1) − 1)β, 0 otherwise.

(2.5)

We then have

u_k(t) =

2^{m+1}−1 ∑ q=2^m u_{k,q}h_q(t). (2.6) We also write A_k′′_{,k}′ (t) = i r∑ k=1 u_k(t)a_k′′_{,k,k}′ (t), (2.7) where a_k′′_{,k,k}′ (t) = ã_k′′_{,k,k}′ if k^′, k^{′′} ≠ 0, ã_k′′_{,k,k}′ e^{−t} if k^{′′} ≠ 0, k^′ = 0, ã_k′′_{,k,k}′ e^t if k^′ ≠ 0, k^{′′} = 0, ã_k′′_{,k,k}′ ≡ 0 if k^′ = k^{′′} = 0.

(2.8)

Here ã_k′′_{,k,k}′ = r∑ x=0 O_k′′_{,x}O_{k,x}O_k′_{,x}. (2.9) In particular, if k^′ = 0 or k^{′′} = 0, ã_{0,k,k}′ = γ_rδ_{k,k}′ and ã_k′′_{,k,0} = γ_rδ_k′′_{,k}. (2.10) Inserting these expressions into the p-th term of (1.20) we have [∫_β 0 dt_1 . . . ∫_{tp−1} 0 dt_pA(t_p) . . . A(t_1) ] k^{′′},k^′ =

= i^p r∑ k_1,...,k_p=1

2^{m+1}−1 ∑ q_1,...,q_p=2^m u_{k1 ,q1} . . . u_{kp,qp}

× r∑ k^′_1,...,k^′_{p−1}=0 ∫_β 0 dt_1 . . . ∫_{tp−1} 0 dt_p h_{q1} (t_1) . . . h_{qp} (t_p) × a_k′_{p,kp,k}′_{p−1} (t_p) a_k′_{p−1,kp−1,k}′_{p−2} (t_{p−1}) . . . a_k′_{1,k1,k}′_0 (t_1),

(2.11)

where k^′_p = k^{′′} and k^′_0 = k^′. We now remark that since t_i > t_{i+1} for all i in this formula, and h_{qi} (t_i) = 0 if t_i /∈ [q_i2^{−m} −1, (q_i +1)2^{−m} −1], we must have q_{i+1} ≤ q_i.

Moreover, if q_i > q_{i+1} then the integral ∫_{ti} 0 dt_{i+1} can be extended to ∫_β 0 dt_{i+1} and the multiple integral splits into a product. Thus [∫_β 0 dt_1 . . . ∫_{tp−1} 0 dt_pA(t_p) . . . A(t_1) ] k^{′′},k^′ =

= i^p p∧2^m∑

l=1 ∑ p_1,...,p_l≥1: ∑_{pi=p} ∑ 2^m≤q_l<...<q_1≤2^{m+1}−1 × r∑ k_1,...,k_p=1 l∏ j=1 n_j∏

i=n_{j−1} +1 u_{ki,qj}

× r∑ k^′_1,...,k^′_{p−1}=0 l∏ j=1 I^{(pj ,qj )} (k_{nj−1+1},...,k_{nj} );(k^′_{nj−1} ,...,k^′_{nj} ),

(2.12)

where n_j = ∑_j i=1 p_i and I^{(pj ,qj )} (k_{nj−1 +1},...,k_{nj} );(k^′_{nj−1} ,...,k^′_{nj} ) = ∫_β 0 dt_1 . . . ∫_{tpj −1} 0 dt_{pj} h_{qj} (t_1) . . . h_{qj} (t_{pj} ) × a_k′_{nj ,knj ,k}′_{nj −1} (t_{pj} ) . . . a_k′_{nj−1+1,knj−1+1 ,k}′_{nj−1} (t_1). (2.13)

In operator form we can write ∫_β 0 dt_1 . . . ∫_{tp−1} 0 dt_pA(t_p) . . . A(t_1) =

= i^p p∧2^m∑

l=1 ∑ p_1,...,p_l≥1: ∑_{pi=p} ∑ 2^m≤q_l<...<q_1≤2^{m+1}−1 × r∑ k_1,...,k_p=1 l∏ j=1 J^{(pj ,qj )} k_{nj−1+1},...,k_{nj} n_j∏

i=n_{j−1}+1 u_{ki,qj} ,

(2.14)

where J^{(pj ,qj )}_{knj−1 +1,...,knj} is a matrix with entries ( J^{(pj ,qj )} k_{nj−1+1},...,k_{nj} ) k^{′′},k^′ = = r∑ k^′_1,...,k^′_{pj −1}=0 ∫_β 0 dt_1 . . . ∫_{tpj −1} 0 dt_{pj} h_{qj} (t_1) . . . h_{qj} (t_{pj} ) × a_k′′_{,knj ,k}′_{pj −1} (t_{pj} )a_k′_{pj −1,knj −1,k}′_{pj −2} (t_{pj −1}) . . . a_k′_{1,knj−1+1,k}′ (t_1). (2.15)

We now construct a bound on the Hilbert-Schmidt norm of J. For simplicity we write p for p_j ; q for q_j and k_1, . . . , k_p for k_{nj−1+1}, . . . , k_{nj} in the following. We distinguish the cases k^′_i = 0 and k^′_i ≠ 0. Notice that, in formula (2.15), if k^′_i = 0 then k^′_{i+1} ≠ 0 and k^′_{i−1} ≠ 0 because of (2.8) (last case). Writing k^{′′} = k^′_p and k^′ = k^′_0 we therefore have a maximum of

[_{p+1} 2 ] possible i with k^′_i = 0. Moreover, #{i = 0, . . . , p : k^′_i = 0} cannot be zero. Let ν = #{i = 1, . . . , p − 1 : k^′_i = 0}. If k^′_i = 0 then k^′_{i+1} = k_{i+1} and k^′_{i−1} = k_i. The remaining number of variables to be summed over is at least p − 1 − 3ν and at most p − 1 − 2ν. Next we estimate | | | | ∫_β 0 dt_1 . . . ∫_{tp−1} 0 dt_p h_q(t_1) . . . h_q(t_p)e^{±(ti1 −ti2 +...±tiν )} | | | | . For ν even, | | | | ∫_β 0 dt_1 . . . ∫_{tp−1} 0 dt_p h_q(t_1) . . . h_q(t_p)e^{ti1 −ti2 +...−tiν} | | | | ≤ 1 p! β^{p/2}_m (e^{βm} − 1) ≤ 1 p! β^{p/2+1} m e^{βm} (2.16)

and | | | | ∫_β 0 dt_1 . . . ∫_{tp−1} 0 dt_p h_q(t_1) . . . h_q(t_p)e^{−β(ti1 −ti2 +...−tiν )} | | | | ≤ 1 p! β^{p/2}_m (1 − e^{−βm} ) ≤ 1 p! β^{p/2+1} m , (2.17)

where β_m = β2^{−m}. For ν odd, | | | ∫_1 0 dt_1 . . . ∫_{tp−1} 0 dt_p h_q(t_1) . . . h_q(t_p)e^{β(ti1 −ti2 +...+tiν )} | | | ≤ 1 p! β^{p/2}_m ( e^{β(2−m(q+1)−1)} − e^{β(2−m q−1)} )

≤ 1 p! β^{1+p/2} m e^{β(2−m(q+1)−1)}. (2.18)

and | | | | ∫_β 0 dt_1 . . . ∫_{tp−1} 0 dt_p h_q(t_1) . . . h_q(t_p)e^{−β(ti1 −ti2 +...+tiν )} | | | | ≤ 1 p! β^{p/2}_m ( e^{−β(2−mq−1)} − e^{−β(2−m(q+1)−1)} )

≤ 1 p! β^{1+p/2} m e^{−β(2−m q−1)}. (2.19)

Now, if k^′_i = 0 then by (2.8) and (2.10) the corresponding factors a_k′_{i,ki,k}′_{i−1} (t_i) and

a_k′_{i+1,ki+1,k}′_i (t_{i+1}) yield a factor γ^2_r e^{ti−ti+1} . In the case k^′_0 ≠ 0 and k^′_p ≠ 0 the

number ν of variables k^′_i = 0 is at most [p/2]. Using (2.9) and summing over the

remaining free variables k^′_i we therefore get

| | | | ( J^{(p,q)}_{k1,...,kp} ) k^′_p,k^′_0 | | | | ≤ [p/2]∑

ν=1 γ^{2ν}_r ∑ 1≤i_1<...<i_ν ≤p−1 | | | | ∑ k^′_1 ,...,k^′_{i1−2} ∑ k^′_{i1+2},...,k^′_{i2−2} . . . ∑ k^′_{iν +2},...,k^′_{p−1} × ã_k′_{1,k1,k}′_0 . . . ã_k′_{i1−2,ki1−2,k}′_{i1−3}ã_{ki1 ,ki1−1,k}′_{i1−2} × ã_k′_{i1+2,ki1+2,ki1+1} . . . ã_k′_{i2−2,ki2−2,k}′_{i2−3}ã_{ki2 ,ki2−1,k}′_{i2−2} · · × ã_k′_{iν +2 ,kiν +2,kiν +1} . . . ã_k′_{p−1,kp−1,k}′_{p−2}ã_k′_{p,kp,k}′_{p−1} | | | | × 1 p! β^{1+p/2} m e^{βm}

= 1 p! β^{1+p/2} m e^{βm} [p/2]∑

ν=1 γ^{2ν}_r ∑ 1≤i_1<...<i_ν ≤p−1 × | | | | r∑ x_0=0 O_k′_{0,x0} O_{k1,x0} . . . O_{ki1 ,x0} | | | | | | | | r∑ x_1=0 O_{ki1+1,x1} . . . O_{ki2 ,x1} | | | |

× . . . × | | | | r∑ x_ν =0 O_{kiν +1,xν} . . . O_{kp,xν} O_k′_{p,xν} | | | | . (2.20)

Squaring this and summing over the variables k^′_0, k_1, . . . , k_p, k^′_p we obtain sums of

the form r∑ k^′_0,k_1,...,k_{i1} =1 | | | | r∑ x_0=0 O_k′_{0,x0} O_{k1,x0} . . . O_{ki1 ,x0} | | | | 2

≤ r∑ x_0,x^′_0=0 r∑ k^′_0,k_1,...,k_{i1} =0 O_k′_{0,x0} O_k′_{0,x}′_0 . . . O_{ki1 ,x0} O_{ki1 ,x}′_0

= r∑ x_0,x^′_0=0

δ_{x0 ,x}′_0 = r + 1 = γ^{−2}_r .

Moreover, if for example i_1 < i^′_1 then the sums overlap and x_0 = x^′_0 = x_1. We can therefore first sum over the indices which occur in both factors. The remaining indices i and i^′ can be chosen from the spaces in between. This latter sum can be bounded by 3^{p−1−ν} .

It now follows that r∑ k^′_0,k_1,...,k_p,k^′_p=1 | | | ( J^{(p,q)}_{k1,...,kp} ) k^′_p,k^′_0 | | | 2

≤ 1 (p!)^2 β^{2+p}_m e^{2βm} [p/2]∑

ν=1 γ^{4ν}_r ∑ 1≤i_1<...<i_ν ≤p−1 3^{p−1−ν} γ^{−2(ν+1)} r

≤ 1 (p!)^2 β^{2+p}_m e^{2βm} γ^{−2}_r 3^{p−1} [p/2]∑

ν=1 ( p − ν ν ) ( γ^2_r 3 )_ν

≤ 1 (p!)^2 β^{2+p}_m e^{2βm} γ^{−2}_r 3^{p−1} (( 1 + γ^2_r 3 )_{p−1} − 1 )

≤ 1 (p!)^2 β^{2+p}_m e^{2βm} 3^{p−2}p ( 1 + γ_r 3 )_{p−2}

≤ 1 (p!)^2 β^{2+p}_m e^{2βm} p 4^{p−2}.

(2.21)

Similarly, if k^′_p = 0 but k^′_0 ≠ 0, | | | ( J^{(p,q)}_{k1 ,...,kp} ) 0,k^′_0 | | | ≤ [(p−1)/2] ∑ ν=1 γ^{2ν+1}_r ∑ 1≤i_1<...<i_ν ≤p−2 × | | | ∑ k^′_1,...,k^′_{i1−2} ∑ k^′_{i1+2},...,k^′_{i2−2} . . . ∑ k_{iν +2},...,k^′_{p−2} × ã_{kp,kp−1,k}′_{p−2} . . . ã_k′_{iν +2,kiν +2,kiν +1} · · · × ã_{ki1 ,ki1−1,k}′_{i1−2} . . . ã_k′_{1,k1,k}′_0 | | | × 1 p! β^{1+p/2} m e^{β(2−m (q+1)−1)}

= 1 p! β^{1+p/2} m e^{β(2−m(q+1)−1)} [(p−1)/2] ∑ ν=1 γ^{2ν+1}_r ∑ 1≤i_1<...<i_ν ≤p−2 × | | | | r∑ x_0=0 O_k′_{0,x0} O_{k1,x0} . . . O_{ki1 ,x0} | | | | | | | | r∑ x_1=0 O_{ki1+1,x1} . . . O_{ki2 ,x1} | | | |

× . . . × | | | | | r∑ x_{ν−1}=0 O_{kiν−1+1,xν−1} . . . O_{kiν ,xν−1} | | | | | | | | | r∑ x_ν =0 O_{kiν +1,xν} . . . O_{kp,xν} | | | | . (2.22)

Hence r∑ k^′_0,k_1,...,k_p=1 | | | ( J^{(p,q)}_{k1,...,kp} ) 0,k^′_0 | | |^2 ≤ 1 (p!)^2 β^{2+p}_m e^{2β(2−m(q+1)−1)} [(p−1)/2] ∑ μ=0 γ^{4μ+2}_r ∑ 1≤i_1<...<i_μ≤p−2 3^{p−2−μ}γ^{−2(μ+1)} r

≤ 1 (p!)^2 β^{2+p}_m e^{2β(2−m(q+1)−1)}3^{p−2} [(p−1)/2] ∑ μ=0 ( p − 2 μ ) ( γ^2_r 3 )_μ

≤ 1 (p!)^2 β^{2+p}_m e^{2β(2−m(q+1)−1)}3^{p−2} ( 1 + γ^2_r 3 )_{p−2}

≤ 1 (p!)^2 β^{2+p}_m p 4^{p−2}e^{2β(2−m(q+1)−1)}.

(2.23)

In the same way we find r∑ k^′,k_1,...,k_p=1 | | | | ( J^{(p,q)}_{k1,...,kp} ) k^′,0 | | | | 2 ≤ 1 (p!)^2 β^{2+p}_m p 4^{p−2}e^{−2β(2−mq−1)} (2.24)

and r∑ k_1 ,...,k_p=1 | | | | ( J^{(p,q)}_{k1 ,...,kp} ) 0,0 | | | | 2 ≤ 1 (p!)^2 β^{2+p}_m p 4^{p−2}. (2.25)

We next insert these bounds into (2.14). We first notice that after multiplying

by V (β) on the right-hand side, all exponential factors can be bounded by 1. For

example, consider the case l = 4 with k^′_0 ≠ 0, k^′_{n1} = 0, k^′_{n2} ≠ 0, k^′_{n3} ≠ 0 and

k^′_{n4} = k^′_p = 0. In that case the exponential factors are:

e^{β(2−m(q4+1)−1)}e^{βm} e^{−β(2−m q2−1)}e^{β(2−m(q1+1)−1)}e^{−β} ,

the last factor being due to V (β). The product of the first three factors is ≤ 1

because q_4 + 2 ≤ q_2. The entire product is thus ≤ 1 since 2^{−m}(q_1 + 1) − 1 ≤ 1.

We now have | | | | | | | | ∫_β 0 dt_1 . . . ∫_{tp−1} 0 dt_p A(t_p) . . . A(t_1)V (β) | | | | | | | | ≤ p∧2^m∑

l=1 ∑ p_1,...,p_l≥1: ∑_l i=1 p_i=p ∑ 2^m≤q_l<...<q_1≤2^{m+1}−1 × l∏ i=1 | | | | | | r∑ k_1,...,k_{pi} =1 J̃^{(pi,qi)} (k_1,...,k_{pi} ) p_i∏

j=1 u_{kj ,qi} | | | | | | HS ≤ p∧2^m∑

l=1 ∑ p_1,...,p_l≥1: ∑_l i=1 p_i=p ∑ 2^m≤q_l<...<q_1≤2^{m+1}−1 l∏ i=1 r∑ k_1 ,...,k_{pi} =1 | | | |J^{(pi,qi)} (k_1,...,k_{pi} ) | | | |^2_{HS} 1/2 r∑ k_1,...,k_{pi} =1 p_i∏

j=1 |u_{kj ,qi} |^2 1/2

and inserting the bounds: | | | | | | | | ∫_β 0 dt_1 . . . ∫_{tp−1} 0 dt_p A(t_p) . . . A(t_1)V (β) | | | | | | | | ≤ p∧2^m∑

l=1 ∑ p_1,...,p_l≥1: ∑_l i=1 p_i=p ∑ 2^m≤q_l<...<q_1≤2^{m+1}−1

× l∏ i=1 1 p_i! β^{1+pi/2} m √ p_i2^{pi−2} (_r ∑ k=1 u^2_{k,qi} )_{pi/2}

≤ p∑ l=1 1 l! β^{l+p/2} m 2^{p−2l}2^{ml/2}

× ∑ p_1,...,p_l≥1: ∑_l i=1 p_i=p l∏ i=1 1 (p_i − 1)!

2^{m+1}−1 ∑ q=2^m r∑ k=1 u^2_{k,q} p/2

≤ β^{p/2}_m 4^p (_p ∑ l=1 2^{−3l+ml/2}β^l_m l!(p − l)! ) ||⃗u||^p ≤ β^{p/2}_m 4^p 1 p! [( 1 + β_m2^{m2 −3} )_p − 1 ] ||⃗u||^p.

(2.26)

Finally, summing over p and putting in the factors 1/ √ n, we obtain ||U(β) − V (β)|| ≤ ∞∑ p=1 1 n^{p/2} β^{p/2}_m 4^p 1 p! ||⃗u||^p [( 1 + β_m2^{m2 −3} )_p − 1 ]

= exp { 4 √ n β^{1/2}_m ( 1 + β_m2^{m/2−3} ) ||⃗u|| } − exp { 4 √ n β^{1/2}_m ||⃗u|| }

≤ 1 2 √ n β^{3/2}_m 2^{m/2}||⃗u|| exp { 4 √ n β^{1/2}_m ( 1 + β_m2^{m/2−3} ) ||⃗u|| } .

(2.27)

This shows that ||U(β) − V (β)|| = O(2^{−m}n^{−1/2}) which suffices for the eigenvalues

λ_i (i ≠ 0), but not for λ_0. However, it is not difficult to improve on (2.27) by

splitting off the 1/ √ n term:

||U(β) − ( 1 + 1 √ n ∫_β 0 A(t)dt ) V (β)||

≤ ∞∑ p=2 1 n^{p/2} β^{p/2}_m 4^p 1 p! ||⃗u||^p [( 1 + β_m2^{m2 −3} )_p − 1 ]

= exp { 4 √ n β^{1/2}_m ( 1 + β_m2^{m/2−3} ) ||⃗u|| } − exp { 4 √ n β^{1/2}_m ||⃗u|| }

− 1 2 √ n β^{3/2}_m 2^{m/2}||⃗u|| ≤ 1 8n β^3_m2^m||⃗u||^2 exp { 4 √ n β^{1/2}_m ( 1 + β_m2^{m/2−3} ) ||⃗u|| } .

(2.28)

The eigenvalues of U^{(1)}(β) = ( 1 +^{1√}_n ∫_β 0 A(t)dt ) V (β) are easily computed since ∫_β 0 A_{k,k}′ (t)dt = 0 for k, k^′ ≠ 0 if u ∈ π^{(m)}(L^2) with m ≥ 0, i.e. (u, h_0) = 0. The

eigenvalues λ^{(1)}_i = e^{−β} (i = 2, . . . , r) are unchanged but

λ^{(1)}_{0,1} = 1 2 1 + e^{−β} ± (1 − e−β )2 − 4 n γ^2_r r∑ k=1 ∫_β 0 u_k(t)e^{−t}dt ∫_β 0 u_k(t)e^{−β+t}dt , (2.29)

so that λ^{(1)}_0 = 1 + O(2^{−2m}n^{−1}||u||^2) and λ^{(1)}_1 = e^{−β} + O(2^{−2m}n^{−1}||u||^2). Com-

bining this with the bound (2.28) we have

λ_0 = 1 + O(2^{−2m}n^{−1}||u||^2) (2.30)

and λ_i = e^{−β} + O(2^{−2m}n^{−1}||u||^2) (2.31)

for i = 1, . . . , r. We can then proceed as in [2] and assume that ||u||^2 ≤ δ2^{3m/2}.

In that case the exponential factor in (2.28) is indeed bounded and we have λ_0 =

1+O(2^{−m/2}n^{−1}) and λ_i = e^{−β} +O(2^{−m/2}n^{−1}). This implies that the characteristic

function of the measure projected on the space spanned by h_q with 2^m ≤ q ≤

2^{m+1} − 1 satisfies

ψ^{(n)}_m [u] = π^{(m)} ( K^{(n)}_β ) [exp[i(ξ, u)]] = 1 + O(δ2^{−m}). (2.32)

To see this we write

|ψ^{(n)}_m [u] − 1| = ∑ n_0,...,n_r : ∑_r i=0 n_i=n ( λ^{n0}_0 λ^{n1}_1 . . . λ^{nr}_r − e^{−β(n1 +...+nr )} ) ∑ n_0,...,n_r : ∑_r i=0 n_i=n e^{−β(n1 +...+nr )}

≤ max n_0,...,n_r : ∑_r i=0 n_i=n | | | λ^{n0}_0 λ^{n1}_1 . . . λ^{nr}_r − e^{−β(n1 +...+nr )} e^{−β(n1 +...+nr )} | | | ≤ max n_0,...,n_r : ∑_r i=0 n_i=n { |λ^{n0}_0 − 1||c^{n1}_1 . . . c^{nr}_r |

+ r∑ k=1 |c^{nk}_k − 1| | |c^{nk+1}_{k+1} . . . c^nr_r | | }

≤ 1 n Cδ_m max n_0,...,n_r : ∑_r i=0 n_i=n r∑ k=1 ( 1 + 1 n Cδ_m )_{nk +...+nr}

≤ r n Cδ_m exp [Cδ_m].

(2.33)

where δ_m = δ^22^{−m/2} and c_k = λ_ke^β , and we have used |λ_0 − 1| ≤^1_n Cδ_m and |c_k − 1| ≤^1_n Cδ_m.

We also need an analysis of the space spanned by h_0. Thus, let ⃗u(t) = ⃗u_0h_0(t) where h_0(t) = β^{−1/2} is the constant function with norm 1. We can estimate the norm of A(t) in general as follows. We first compute A(t)^∗A(t) using (1.21):

[A(t)^∗A(t)]_{k,k}′ = γ^2_r e^{−2t} ∑_r k^{′′}=1 uk^{′′} (t) 2 if k = k^′ = 0, γ_re^{−t} ∑_r x=0 O_k′_{,x} ( ∑_r k^{′′}=1 Ok^{′′},xuk^{′′} (t)) 2 if k = 0, k^′ ≠ 0, γ_re^{−t} ∑_r x=0 O_{k,x} ( ∑_r k^{′′}=1 Ok^{′′},xuk^{′′} (t)) 2 if k ≠ 0, k^′ = 0, ∑_r x=0 O_{k,x}O_k′_{,x} ( ∑_r k^{′′}=1 Ok^{′′},xuk^{′′} (t)) 2 + γ^2_r u_k(t)u_k′ (t)

if k, k^′ ≠ 0. (2.34) The trace then yields the Hilbert-Schmidt norm:

||A(t)||^2_{HS} = γ^2_r (e^{−2t} + 1) r∑ k=1 u_k(t)^2 + r∑ x=0 r∑ k=1 O^2_{k,x} (_r ∑ k^′=1 O_k′_{,x}u_k′ (t) )_2

= (1 + γ^2_r e^{−2t}) r∑ k=1 u_k(t)^2 ≤ (1 + γ^2_r )||⃗u(t)||^2.

(2.35)

Inserting this into the expansional we obtain ||U(β) − U^{(1)}(β)|| ≤ 1 n (1 + γ^2_r )||u||^2 exp ( (1 + γ^2_r )^{1/2} ||u|| √ n ) . (2.36)

If (u, h_0) ≠ 0 we cannot compute the eigenvalues of U^{(1)}(β) explicitly, however. To first order in 1/ √ n we have λ^{(1)}_0 = 1 + O(n^{−1}) (see the beginning of the proof), whereas λ^{(1)}_k with k ≥ 1 are given by the eigenvalues of the matrix

U^{(1)}_{k,k}′ = e^{−β} ( δ_{k,k}′ + i √ β n r∑ k^{′′}=1 u_{0,k}′′ r∑ x=0 O_{k,x}O_k′_{,x}O_k′′_{,x} ) (k, k^′ = 1, . . . , r). (2.37) Clearly, the order-1/ √ n term is not zero. However, notice that Trace U^{(1)}(β) = re^{−β} , that is, the sum of the order-1/ √ n terms is zero. In any case, we can use bounds on the perturbation expansion (see Kato [7], Chapter II) to estimate the higher-order terms. We use the representation (2.29) of [7,Chapter II]:

λ^{(1)}_0 − 1 = 1 2πi Trace ∫ Γ ∞∑ p=1 1 pn^{p/2} ( − ∫_β 0 A(t)dt V (β)R_β(ζ) )_p dζ. (2.38)

Here R_β (ζ) = (V (β)−ζ)^{−1} is the unperturbed resolvent, and Γ is a contour around ζ = 1. In our case the p = 1 term vanishes because the order-1/ √ n term of λ^{(1)}_0 is zero. For the higher terms we use the following bound, which follows from (2.35),

|| ∫_β 0 A(t)dtV (β)R_β(ζ)|| ≤ √ β||⃗u_0||ρ^{−1}, (2.39) where ρ is the radius of the contour Γ, which can be taken as (1−e^{−β} )/2. Together with the fact that for any operator, |Trace B^p| ≤ ||B||^p_{HS} we see that, if ||⃗u_0||^2 ≤ δ then λ_0 = 1 + O(δn^{−1}). The argument (2.33) now has to be modified since λ_k − e^{−β} = O(1/ √ n). Instead we can write

|ψ^{(n)}_m [u] − 1| = | | | | | |

∑ n_0,...,n_r : ∑_r i=0 n_i=n ( λ^{n0}_0 λ^{n1}_1 . . . λ^{nr}_r − e^{−β(n1 +...+nr )} ) ∑ n_0,...,n_r : ∑_r i=0 n_i=n e^{−β(n1 +...+nr )}

| | | | | |

≤ max_{n0≤n} |λ^{n0}_0 − 1| + | | | | | |

∑ n_0,...,n_r : ∑_r i=0 n_i=n λ^{n0}_0 ( λ^{n1}_1 . . . λ^{nr}_r − e^{−β(n1 +...+nr )} ) ∑ n_0,...,n_r : ∑_r i=0 n_i=n e^{−β(n1 +...+nr )}

| | | | | |

≤ Cδ exp [Cδ] + ∑_n k=0 |λ_0|^{n−k}e^{−βk} | | | ∑ n_1,...,n_r : ∑_r i=1 n_i=k(c n_1 1 . . . c^{nr}_r − 1) | | | ∑_n k=0 (_{k+r−1} k ) e^{−βk}

≤ exp [Cδ] Cδ + ∑_n k=0 (_{k+r−1} k ) e^{−βk}C √_δ n k ( 1 + C √ δ/n )_k ∑_n k=0 (_{k+r−1} k ) e^{−βk}

≤ exp [Cδ] Cδ + ∑_∞ k=0 (_{k+r−1} k ) e^{−βk}C √_δ n k ( 1 + C √ δ/n )_k ∑_∞ k=0 (_{k+r−1} k ) e^{−βk} ≤ exp [Cδ]C √ δ { 1 − 1 √ n (1 − e^{−β} )^r d dβ (1 − e^{−β+C} √_{δ/n} )^{−r} }

≤ exp [Cδ]C √ δ { 1 + r √ n(1 − e^{−β} ) exp [−β + C √ δ/n] } = O( √ δ). (2.40)

Although adequate for the proof of the main theorem, this bound is in fact not

entirely satisfactory. Namely, whereas the bound (2.33) for u ∈ π^{(m)}(L^2) is uni-

form in r, this is not the case for (2.40). This is due to the fact that λ_i − e^{−β} is of

order 1/ √ n instead of 1/n. Nevertheless, it is possible to derive a more satisfac-

tory bound which, although not uniform in r, is uniform in the density ρ = n/r,

that is, the number of particles per degree of freedom. This will be done in an

appendix. It was outlined in [9] how the noncommutative central limit theorem

might be used for proving Bose-Einstein condensation in certain lattice models of

a boson gas. In that case r plays the role of the volume and the uniformity in

the volume is essential. The idea is that in the limit of large n the Bogoliubov

approximation holds. (This was in fact proved by Ginibre in [10] by entirely dif-

ferent means and, it seems, in a less useful form.) This application will be worked

out in a subsequent publication.

As in [2], we can now define a compact set K_δ by

K_δ = ξ ∈ L^2 ([0, β], R^r) | | 2^{m+1}−1 ∑ q=2^m ||(ξ, h_p)||^2 ≤ η_m ∀m ≥ 0 and ||(ξ, h_0)|| ≤ M . (2.41) Then K^{(n)}_β [K^c_δ ] ≤ K^{(n)}_β [||(ξ, h_0)|| > M]+ ∞∑ m=0 K^{(n)}_β [{ξ | |^2 m+1−1 ∑ q=2^m ||(ξ, h_p)||^2 > η_m}]. (2.42)

But, by (2.32) and Lemma 4.1 of [2], K^{(n)}_β [ξ| ||π^{(m)}(ξ)||_2 > η_m] ≤ δO(2^{−m/2}) (2.43) if we take η_m = δ^{−1}2^{−m/2}, and similarly K^{(n)}_β [||(ξ, h_0)|| > M] ≤ O( √ δ) (2.44) if M = δ^{−3/4}. It follows that for δ small enough, K^{(n)}_β [K^c_δ ] < ϵ. (2.45) This completes the proof of the main theorem. Q.E.D.

The generalised noncommutative central limit theorem follows from the main theorem in the same way as in [2] because of the fact that ∫_β 0 f(ξ(t))dt is continuous as a function of ξ ∈ L^2 ([0, β], R^r).

Appendix.

In this appendix we derive an improved bound on ψ^{(n)}[⃗u] in the case that ⃗u ∈ L^2([0, β], R^r) is a multiple of the constant function h_0: u_i(t) = u_{0,i}β^{−1/2}, with ⃗u_0 ∈ R^r. It depends on the following lemmas:

Lemma 1. To order 1/ √ n the eigenvalues λ^{(1)}_i (i = 1, . . . , r) satisfy r∑ i=1 (λ^{(1)}_i − e^{−β} ) = 0 and r∑ i=1 |λ^{(1)}_i − e^{−β} |^2 = β n (1 − γ^2_r )^2||ũ||^2. (A.1)

Proof. The first identity has already been proved. The second follows from the fact that to order 1/ √ n, λ^{(1)}_i (i = 1, . . . , r) are the eigenvalues of the matrix

U^{(1)} given by

U^{(1)}_{k,k}′ = e^{−β} ( δ_{k,k}′ + i √ β n r∑ k^{′′}=1 ũ_k′′ r∑ x=0 O_{k,x}O_k′_{,x}O_k′′_{,x} ) (k, k^′ = 1, . . . , r). (A.2) Therefore r∑ i=1 |λ^{(1)}_i − e^{−β} |^2 = Trace(U^{(1)} − e^{−β} )^∗(U^{(1)} − e^{−β} )

= β n r∑ k_1 ,k_2=1 r∑ k,k^′=1 r∑ x_1,x_2=0 ũ_{k1}ũ_{k2} O_{k,x1} O_{k,x2} O_k′_{,x1} O_k′_{,x2} O_{k1,x1} O_{k2,x2}

= β n (1 − γ^2_r )^2||ũ||^2

(A.3)

since ∑_r k=1 O_{k,x1} O_{k,x2} = (1 − γ^2_r )δ_{x1,x2} . Q.E.D.

Lemma 2. Let k_1, . . . , k_r be non-negative integers; k = ∑_r i=1 k_i ≥ 2, and let

s_p = #{i| k_i = p} for p = 0, 1. Then, for any set of complex numbers z_1, . . . , z_r

with ∑_r i=1 z_i = 0, | | | | ∑ σ∈S_r z^{k1}_{σ(1)} . . . z^{kr}_{σ(r)} | | | | ≤ s0! s1! ||z||^k (A.4) where ||z|| denotes the 2-norm: ||z||^2 = ∑_r i=1 |z_i|^2.

Proof. We first prove the inequality (A.4) in the case that s_k = k, i.e. all

k_i = 0, 1. In that case it can be written in the form | | | | | ∑ 1≤i_1<...<i_k ≤r z_{i1} . . . z_{ik} | | | | | ≤ ||z||^k. (A.5)

We do induction on k. If k = 2 then in fact ∑ 1≤i<j≤r zizj = − 1 2 ∑_r i=1 z^2_i . Next

suppose (A.5) holds for all k^′ with 2 ≤ k^′ ≤ k. Then we can write

0 = (_r ∑ i=1 z_i ) ∑ 1≤i_1<...<i_k ≤r z_{i1} . . . z_{ik}

= (k + 1) ∑ 1≤i_1<...<i_{k+1}≤r z_{i1} . . . z_{ik+1} + ∑ 1≤i_1<...<i_k ≤r k∑ ν=1 z_{iν} z_{i1} . . . z_{ik} . (A.6)

To compute the latter term we can write similarly (_r ∑ i=1 z^2_i ) ∑ 1≤i_1<...<i_{k−1}≤r z_{i1} . . . z_{ik−1}

= ∑ 1≤i_1 <...<i_k ≤r k∑ ν=1 z_{iν} z_{i1} . . . z_{ik} + ∑ 1≤i_1<...<i_{k−1}≤r k−1∑ ν=1 z^2_{iν} z_{i1} . . . z_{ik−1} . (A.7)

Repeating this process we obtain ∑ 1≤i_1<...<i_k ≤r k∑ ν=1 z_{iν} z_{i1} . . . z_{ik}

= (_r ∑ i=1 z^2_i ) ∑ 1≤i_1<...<i_{k−1}≤r z_{i1} . . . z_{ik−1}

− (_r ∑ i=1 z^3_i ) ∑ 1≤i_1<...<i_{k−2}≤r z_{i1} . . . z_{ik−2} + . . . . . . + + (−1)^{k−1} (_r ∑ i=1 z^{k−1}_i ) ∑ 1≤i_1<i_2≤r z_{i1} z_{i2} + (−1)^{k−1} r∑ i=1 z^{k+1}_i .

(A.8)

We thus obtain | | | | | ∑ 1≤i_1<...<i_{k+1}≤r z_{i1} . . . z_{ik+1} | | | | | ≤ 1 k + 1 k−1∑ p=2 | | | | | r∑ i=1 z^p_i | | | | | | | | | ∑ 1≤i_1<...<i_{k−p+1}≤r z_{i1} . . . z_{ik−p+1} | | | | + | | | | | r∑ i=1 z^{k+1}_i | | | | | ≤ 1 k + 1 (k − 1)||z||^{k+1}. (A.9) Next we use induction on the number of k_i ≥ 2. By symmetry we may then

assume that k_r ≥ 2 and write | | | | ∑ σ∈S_r z^{k1}_{σ(1)} . . . z^{kr}_{σ(r)} | | | | ≤ r∑ i=1 |z_i|^{kr} | | | | | ∑ σ∈S_{r−1} z̃^{k1}_{σ(1)} . . . z̃^{kr−1}_{σ(r−1)} | | | | | ≤ s_0!s_1! r∑ i=1 |z_i|^{kr} ||z̃||^{k−kr} ≤ s_0!s_1!||z||^k provided k_1 + . . . + k_{r−1} ≥ 2. Here z̃_j = z_j if j < i and z̃_j = z_{j+1} if j ≥ i. In case

k_1 + . . . + k_{r−1} = 1 the inequality (A.4) has the form | | | | ∑ σ∈S_r z_{σ(1)}z^{k−1}_{σ(2)} | | | | ≤ (r − 2)! ||z||^k

and can also be written as | | | | | ∑ 1≤i<j≤r (z_iz^{k−1}_j + z^{k−1}_i z_j ) | | | | | ≤ ||z||^k.

This follows immediately upon multiplying out 0 = ( ∑_r i=1 z_i) (∑_r j=1 z^{k−1}_j ) . If

k_i = 0 for all i ≤ r − 1 then the inequality reads | | ∑ σ z^k_{σ(1)} | | ≤ (r − 1)!||z||^k which is trivial. Q.E.D.

Lemma 3. Let k and p be positive integers, k ≥ p ≥ 2. Then, for any set of

complex numbers z_1, . . . , z_r with ∑_r i=1 z_i = 0, | | | | | | ∑ n_1 ,...,n_r ≥0: ∑_r i=1 n_i=k ∑ k_i≤n_i: ∑_r i=1 k_i=p r∏ i=1 ( n_i k_i ) z^{ki}_i | | | | | | ≤ ( k + r − 1 k ) k^p ||z||^p {_{(r−p)!} r! ∨^1_{p!r} if p ≤ r, 1 p!r if p > r. (A.10)

Proof. It is clear that it suffices to prove that

1 r! | | | | | ∑ σ∈S_r ∑ k_i≤n_i: ∑_r i=1 k_i=p r∏ i=1 ( n_i k_i ) z^{ki}_{σ(i)} | | | | | ≤ k^p||z||^p {_{(r−p)!} r! ∨^1_{p!r} if p ≤ r, k^p p!r ||z||^p if p > r. (A.11) Inserting Lemma A.2 we get

1 r! | | | | | | ∑ σ∈S_r ∑ k_i≤n_i: ∑_r i=1 k_i=p r∏ i=1 ( n_i k_i ) z^{ki}_{σ(i)} | | | | | | ≤ 1 r! ∑ k_i≤n_i: ∑_r i=1 k_i=p ( n_1 k_1 ) . . . ( n_r k_r ) s_0! s_1! ||z||^p and, using

k^p = p! ∑ k_1,...,k_r : ∑_r i=1 k_i=p r∏ i=1 n^{ki}_i k_i!

it remains to prove that

s_0! s_1! ≤ { (r − 1)! if r < p, p!(r − p)! ∨ (r − 1)! if r ≥ p. .

This is easily checked. Q.E.D.

We next insert this estimate into (2.43) to prove the following improved esti-

mate:

Proposition. If ⃗u ∈ L^2([0, β], R^r) is a multiple of the constant function h_0,

i.e. u_i(t) = u_{0,i}h_0(t) (i = 1, . . . , r), and, moreover, ||⃗u_0||^2 ≤ δ then there exists a

constant C(β) depending on β but not on r or n such that |ψ^{(n)}[u] − 1| ≤ C(β) r n δ. (A.12)

Proof. We write c_i = λ_ie^β and z_i = c_i − 1 for i = 1, . . . , r. We now estimate

the expression in the numerator of the third line of (2.40) by means of Lemmas 2

and 3: | | | | | | ∑ n_1,...,n_r : ∑_r i=1 n_i=k (c^{n1}_1 . . . c^{nr}_r − 1) | | | | | |

= | | | | | ∑ n_1,...,n_r : ∑_r i=1 n_i=k k∑ p=1 ∑ k_i≤n_i: ∑_r i=1 k_i=p r∏ i=1 ( n_i k_i ) z^{ki}_i | | | | | .

The term p = 1 vanishes because it equals ∑ n_1,...,n_r : ∑_r i=1 n_i=k r∑ i=1 n_iz_i = ∑ n_1,...,n_r : ∑_r i=1 n_i=k k r (_r ∑ i=1 z_i ) = 0.

Thus, using Lemma 3 and the fact that r(r − 1) . . . (r − p + 1) ≤ r(p − 1)! if r ≥ p, | | | | | | ∑ n_1,...,n_r : ∑_r i=1 n_i=k (c^{n1}_1 . . . c^{nr}_r − 1) | | | | | |

≤ k∑ p=2

| | | | | | ∑ n_1,...,n_r : ∑_r i=1 n_i=k ∑ k_i≤n_i: ∑_r i=1 k_i=p r∏ i=1 ( n_i k_i ) z^{ki}_i | | | | | | ≤ k∑ p=2 ( k + r − 1 k ) k^p||z||^p r(p − 1)! ≤ k^2 r ||z||^2 exp [k ||z||].

(A.13)

Inserting into (2.40) we obtain

|ψ^{(n)}[u] − 1| ≤ e^{Cδ} { Cδ + ∑_n k=0 (_{k+r−1} k ) e^{−βk k2}_r ||z||^2e^{k ||z||} ∑_n k=0 (_{k+r−1} k ) e^{−βk} }

≤ e^{Cδ} { Cδ + ∑_∞ k=0 (_{k+r−1} k ) e^{−βk k2}_r ||z||^2e^{k ||z||} ∑_∞ k=0 (_{k+r−1} k ) e^{−βk} }

= e^{Cδ} { Cδ + 1 r ||z||^2(1 − e^{−β} )^r d^2 dβ^2 (1 − e^{−β+||z||})^{−r} }

= e^{Cδ} { Cδ + ||z||^2 e^{−β+||z||}(1 + re^{−β+||z||})(1 − e^{−β} )^r (1 − e^{−β+||z||})^{r+2} }

≤ e^{Cδ} { Cδ + C^′r||z||^2 } ≤ e^{Cδ} { Cδ + C^{′′} r n δ }

≤ C(β)(1 + r n )δ.

(A.14)

Here we used the fact that ||z||^2 ≤^β_n e^{2β} ||⃗u_0||^2 by Lemma 1. Q.E.D.

References.

1. T. C. Dorlas & K. Neammanee: A general noncommutative central limit theorem.

2. T. C. Dorlas: A non-commutative central limit theorem. J. Math. Phys. 37, 4662-4682 (1996).

3. J. Ginibre: Some applications of functional integration in statistical mechanics, in: “Statistical Mechanics and Quantum Field Theory”, Les Houches Summer School 1968; eds. C. De Witt & R. Stora, pp. 327-428, Gordon & Breach 1970.

4. J. Ginibre: Reduced density matrices of quantum gases. I. Limit of infinite volume. II. Cluster property. III. Hard-core potentials. J. Math. Phys. 6, 238-251, 252-262, 1432-1446 (1968).

5. I. Fujiwara: Operator calculus of quantized operator. Prog. Theor. Phys. 7, 433-448 (1952).

6. H. Araki: Expansional in Banach algebras. Ann. Scient. Ecole Norm. Sup.

6, 67-84 (1973).

7. H. Araki: Relative Hamiltonian for faithful normal states of a von Neumann algebra. Publ. RIMS 9, 165-209 (1973).

8. T. Kato: Perturbation theory for linear operators. Springer Verlag, 1966; and A Short Introduction to Perturbation Theory for Linear Operators. Springer Verlag, 1982.

9. T. C. Dorlas: Noncommutative central limits and Bose-Einstein condensation, in: “Mathematical Results in Statistical Mechanics”, World Scient. 1999 (eds. S. Miracle-Solé, J. Ruiz & V. Zagrebnov)

10. J. Ginibre: On the asymptotic exactness of the Bogoliubov approximation for many boson systems. Commun. Math. Phys. 8, 26-51 (1968).