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Abstract

We analyse the spectrum of a model of an exciton on a carbon

nanotube in the presence of a fixed impurity potential.

1 Proof of the existence of at least one bound

state

Theorem 1.1 There is at least one bound state in the domain {(0,2) : 0 <
0<m/4, 0<z<1/V2}.



Proof. We consider the skeleton S(k) and apply to a two-component
vector 1 = (1, s):

(WIS(k)) = (il(ga'k+To— Di(k)))
+2R(1 [ (Ty — Da(k))n) + (2| (95 'k + To — D3 (k))s).

(1.1)
Here

Dl(k') = Tw/g(gflk + To)ilTﬂ/Q, (12)
Do(k) = Trjolgr 'k + To) ' Trjao, (1.3)
Dg(k) = Tw/g_g(gl_lk' + TO)_ITW/Q_Q (14)

and . in()

sin

To(p, q) = (1.5)

Tp% + ¢ + 2pgcos(f) + 2sin?(6)

In the region where 0 < z < 1/\/§ and 0 < 0 < 7w/4, ¢ = z/cos(f),
go = —z/sin(f) and g3 = —1, and want to show that there exists ¢ such that

(0| S(ke)) > 0, where k, = \/Li Thus, we want to show that

sin(6)

WSk)Y) = (al(= + To — Di(k))hr)

V22
2Ry | (Th — Do(ki))1b2)
1
(12 | (_E + Ty — Ds(k,))2) > 0. (1.6)

We first extract the dominant terms from this expression for small z, where

we may assume that ¢, = O(z). These are:

in(¢ 1
=l + 2R | Tt~ o (5~ Tudo) 2e{0 | T2 ). (1)
We now note that if § = 7/4 then this can be written as
1 1
—5 1Y = 22T jathn|* — (¥ | <E — To)v2). (1.8)

Clearly, this has to vanish, so we need to take 1, = 22T /41, and 1), has to

be an approximation of the eigenvector of Ty with eigenvalue 1/ V2. We put
1

= —1i_.4a. 1.
¢2 % [—e.€] ( 9)
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In the general case, we put ¢; = 2zTy1),. Now,

V2 sin()

(Toy2)(p) = — T 2enl(0) (1.10)
Hence
2 sin?(9) B €
Lotz [ Ton) 72 /dp(pQ +2sin%(0))2 227 sin(6)’ (L.11)
and
2 sin(#) cos(0)
(Trjp-o2 | Toto) =~ 2 dp (p? + 2sin?(0)) (p? + 2 cos?())
€
~ V2r(sin(8) + cos(8))’ (1.12)
Moreover,
1 L C e
Wal (=T ~ 5. [ Lztp= o =0
Therefore
0D 2+ 2001 | T
3. 1 1] Lothe
(75 = Tl = 2200 | T2 )
= —2v2zsin(0)||Tytha| |* + 42]|Tytba]|* — 22]|Trja—otba||* + O(€®) > O().
(1.14)

Here we use that sin(f) < 1/v/2 and cos(6) > sin(6).



We now write the remaining terms in the case 6 = 7/4:

(1| To — Dy |91) = 2R (41 | Da [ 92) (1.15)
— (Y2 | D3 [12) + 22(t2 | T3/4¢2>
= 42*(Tryyt02 | ToTratha) — 42 R (T jatha | Dotho)

1 -1
—422 <Tﬂ-/4¢2 | Tﬂ/g <£ + TO) T7T/2T7l'/4¢2>

+42%(Trjatha | To(1 4 22Ty) ~ Trjatha) +
= 42% (T athy | To(1 + (14 22T0) 1) T jatha)

1 1
—4z R (T,r/41/12 | T2 (g + T0> Tw/4¢2>

1 —1
—47° <T7r/4’(/)2 | Tﬂ'/2 (g + TO) TW/QTW/4¢2>

= 82 (Trjatha | (To — Try2) Tryath2)

1
—42° {<T7r/4¢2 | TO(% + T0) " o T atha)

1 _
—2R (T a2 | Tw/Q(E + To) 0T jatho)

1
+ (T a2 | Tw/2(£ + TO)ITW/QTW/4w2>}
= 82% (T jaths | (T — Trjo)Trjath2)

—42%(Tryatha | (Ty — Trr/?)(% + To) Ty — Try2) T jatho).
(1.16)

Inserting (1.9) we have

Ve 1 1 1 / dq
T - Tﬂ' Tﬂ' ~ — o
(To /2) T4t T \pP+1 /212 ) (@+DHP*+P+2)

_vEL [ 2
= 7rp2+1{ R 1}. (1.17)
Thus
1 2
<T7r/4w2‘(T0_T7r/2)T7r/4w2> = %/(p2+1)2{\/m—1}dp
€ T
= P(2—§> (1.18)

4



and

(Tajata | (To = Taya) (g + To) ™ (To = Tapa) )

Q

Ly 2 N1, )
=) e\ Ve PN
2

€ dp 2
2Z§/ (P +1)2 <\/192 2 1)
- %((4\/5 — 3)w — 8)z. (1.19)

IN

We now consider the general case 0 < 6 < 7w /4. This is less elegant. We

compute the individual terms. We need the following integrals:

1 dp
sy
1 /“/2 cos®(a)da

4 /2 (sin®(a) + sin®() cos?(a))?

_ 1/1 (1 —u®)du
4 J_1 (u? cos?(0) + sin?(6))2
1 /1 s { cos?(0) — sin?(9) N sin?(0) — u? cos?() }

8sin?(0) cos2(6) J_4 cos?(B)u? + sin*(0)  (u? cos?(6) + sin?(6))2
B 1 cos(26) n cot® u 1
~ 2sin?(260) { sin?(6) tan(f) /_wt(@) 2241 * u? cos?(6) + sin?() |1}
B 1 (m — 20) cos(26)
= sin’(20) {1 T n(20) } (1.20)

s

and by transformation ¢ — 5 — 0,

1 dp 1 2
/(PQJFQCOSQ(@))?\/;TJFQ B Sin2(29){1 tan(zg)}' (1.21)

We also need

(T2 Totss) (p) =~ V2 / sin(9)

P2 +q +2¢2 + 2sin?(0)

B 1 1 sin(
= - p —|—2C082(){\/§ \/F} (122)

>



Thus we have

(1 | To | 1) = 42*(Tothy | Ty | Torho)

2 d
8 sin2(6)/ - . (1.23)
T (p? + 2sin%(0))2/p? + 2

Q

Further,

(1| Dyl o) =
-1
= 4% (Tytho | T o <%+To> T joTyp2)

B 8€_z2/ 1 sin(d) (:05((9)+ 1 B dp
S e\ ) \ Ve T eas) Przes@)?

(1.24)
and
2R (hy | D2 | 1h2) =
cos(0) !
= 4zR <Tg’(/)2 | Tﬂ/g ( \/iz + TO) T7T/2*0"7Z}2>
2
= i;ﬁg) {<T9¢2|T7r/2T7r/2—9¢2>
—1
— (Tythe | T2 (% + To) ToTw/29¢2>} .
o 8V2e2? 1 sin(d) dp
= 2 / V2 /p2 +2 | (p*+ 2cos*(0))?
_8\/5622 / 1 sin(d) 1
m? V2oV ) V2
-1
cos(6) 1 dp
’ ( e m) EEPTI0R



Finally,

| Daa) + | T2 )

os(0)
= %2(;<Tw/2—9"¢2 | Ty (C(\)/Sﬁ(z) + TO) Tr/2-0¥2)

222

- cos2(6) {<T7f/2—9¢2 | ToTj2-0%2)

-1
— (T j2-o2 | To (ci)/si(Z) + To) ToTw/29¢2>}

dp

4ez? / 1
w2 ) \/p? +2(p* +2cos?(9))?

Ae2? 1 cos(f) 1 B dp
[ ( o Wuz) 7 1 2eo @ 2

We first consider the O(z?) terms. They add up to

Sez? .
2

2 dp
0
( )/ VP?+ 2 (p? + 2sin?(6))?

_8\/5622/ 1 sin(0) dp
=\ ) ey
+4€Z2/ 1 dp
2 /P2 + 2 (P + 2cos?(0))?
e {mos@e) T, (V2sin(6) +17 (1 20 )}
2

72 | sin®(20) 22 cos3(6) sin®(20)  tan(26)

To prove that this expression is positive, we change to the new variable

_ T _ N
T =7 0:

4ez? [ msin(2x) B s
2 { cos3(2z)  (cos(x) + sin(x))3

+(COS(35>CO_S;Q’1(I21(;)> +1)? <1 — <g — 21:) tan(Zx)>} :

(e

(1.28)



For the first term we have:

4
>x+§ﬁ (1.29)

as can be easily checked by differentiation. For the second term, we have

1 <1—3z+ 1522
-3+ —.
(cos(x) +sin(z))3 — 2(1+ 2x)

(1.30)

Indeed, cos(x) + sin(z) > 1 + 2 — 2% — £2®, so it suffices to prove that

15 1 1
1422 < ((1—3z)(1+2x)+ ?x2)(1 +a— 51:2 - gx?’)?’.

Expanding the right-hand side we get

1 5. 35 . 5. 11 11 25 1
14904 2adagpt 2226 27 s oo 20 w0 1 on
R I e D - T, ST R TV

Clearly, for x < 1, the last 3 terms are less than %xs. Thus it remains to

show that

This follows easily by differentiation:

5 35 15 215
" _ v v -Y .2 Y3
5 (r) = 5 2x+2$+18x <0,

so f} is decreasing. But f3(0) = 3 and fj(1) =3 -3 — 2 45428 < 0.

Therefore f, is first increasing, then decreasing. But fo(0) = 3 and fa(1) =

1 5 35,5, 43 _ 5
st3-i-ntstn=3%
As to the third term, we first prove that

1 — (5 — 2x) tan(2x) o1t 7x?

. 1.31
cos?(2x) 1+ 2z (131)

Clearly, both sides are 1 at x = 0. We now differentiate both sides, replacing
2z by x:

d1l- (5 —x)tan(z)  3sin(x)cos(z) — (5 —z)(1 + 2 sin?(z))

dx cos?(x) B cos*(x)

(1.32)



and

't 114

2 2
O T
X

2 414 x)?
Both expressions are easily seen to be negative for # € [0, 7]. It therefore
suffices to prove that

3sin(z) cos(z) — (g —z)(1 4 2sin®*(z)) > —g + Z%

Consider first the case 0 < z < 7. Using the fact that sin(z)cos(z) =

$sin(2z) > x — 22, it then suffices if

(4x — m2®)(1 + 2)* > EZC(Q + ).

Now, if f3(z) = 3+ (2 —m)a— (2m —4)2® —7a®, then fi(z) = 2 —7—2(2m—

4)z — 3rz? and f(z) < 0, so f} is decreasing. Since f5(0) = 2 —7 > 0
and f{(%) = 2 — 7 — (7 — 2)m — &7® < 0, fy is first increassing, then
decreasing We thus only need to check that f3(§) > 0. In fact, f3(}) =
SR - —(r— 2)— — %7 = 0.01. For z > 7%, we change variables to
u = 5 — x. Then we need to prove that
3sin(u) cos(u) + T - 2u cos®(u) > Z(E —u) 2t 5 -
2 12 Ytz = )2

Again, 3sin(u)cos(u) > 3u — 2u®. Moreover, cos?(u) = 3(1 + cos(2u)) <
1—u?+ %u‘l. It thus suffices to prove that
T 2

(5 - 300+

T mw T
JR— 2 J— —_— [
573 5 u)® > 4(2 u)(2 + 5 u).

Expanding again, we need

1) 5+1 +1+7+3 1, 72+12
u = —T7 —T — - — =T u— —-u —TTU
4 4" " 16 8 2 4" 2 4 9
9 9 1 4 9 9
—§u5—§7ru5—6772u5+§u6+§7ru6—§u7>0.

By successive differentiations it is seen that this function is first increasing,
then decreasing. Indeed, f, ®) and ffl) change sign from negative to positive.

Then f}” < 0 and f; <0, and f; changes from positive to negative. Since f;



is positive at both ends, it is positive everywhere on the interval [0, 7]. This

completes the proof of (1.31).

We now use the inequality cos(z) — sin(z) > 1 — 2 — 127 to deduce (for
z €[0,%])
1 — (5 —2z) tan(2x) 3522

>4—-4xr—14 .
cos?(2z) - roAmed 1+ 2z

(cos(x) —sin(z) + 1)? (1.34)
To see this, we compute (2 — 2 — 322)2((1 — 7z)(1 + 2z) + T2?) — 4(1 —z —
7x) (14 2x) = 272% + 4ma? — 2923 + 9rz® — Bt + wat + Do — Ira® + 126
§:r6. The O(2%) and O(z°) terms are clearly positive and can be omitted.
Since # < 1, in the remaining expression, 0 < (£ — m)z* < (5 — m)2® and
2923 — 9mad + (5 — m)a® < (34 — 107)2?, so that the whole expression is

greater than (147 — 7)z% > 3522

We finally put it all together to find

msin(2z) @
cos3(2z)  (cos(x) + sin(x))3

A =T (1 (5 - 20) tantan)

cos?(2z) 2
32 152> 3522
> 9w+ oma — 3T — 41— —
> 7rx—|—37rx T+ 3rw 2(1+2$)+ (1—=z 7rx)—i—1_|_2m
32 (7 — 2m)2?
= 4d—-—m)(1- — -~ 27 > 1.
(4 —7)( x)—i-gx +5 T o0 (1.35)
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The graph of the left-hand side and the lower bound on the right-hand
side is illustrated in Figure 1, which is probably more convincing than the
above argument:

10
8

6

0.2 0.4 0.6 0.8

Figure 1. The order-z? terms and the lower bound (1.35) as a function of 6.

The O(2?) terms add up to (we omit a minus sign)

dez? dp cos(0) 1 B
2 /(p2+2COS2(9))2 ( V22 * \/p2+2) .
<o 1 sin(d)
V2 /P42
- 1 sin()) 1 1
2\@(\/5 \/p2+2> \/p2+2+P2+2}

_ 4ez? / dp cos(0) N 1 - V2sin(f) + 1 ’
m ) (P*+2c08?(0)? \ V22 \/p?+2 NGRS

4/2¢23 / dp - \/§sin(9) +1 ’

w2 cos(0) J (p?+ 2cos?(6))? N R

4y/2¢2° m V2sin(6) + 1 20

72 cos(6) {4\/5 cos3(6) 2 sin?(26) (1 a tan(29)>

N (vV2sin(0) + 1)*1 14 2cos()
8v/2cos3(6)  (1+4cos(9))? [

IN

(1.36)

We shall prove that the contribution of these terms, while negative, is small.
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For this, we again change variables to x = 7 — . Then the expression

becomes

dez? { i
72 cos(6) | v2(cos(z) + sin(z))?

e L (1 (D 20)tane)

n V2(cos(x) — sin(x) + 1)*7 1+ v/2(cos(z) + sin(x)) } |

(cos(z) + sin(x))? (V2 + cos(x) + sin(z))
(1.37)

For the first two terms we can use the same estimates as before. In the third

term, we have

1+ v/2(cos(x) + sin(z))
(v/2 + cos(z) + sin(z))? <V2

(cos(z) — sin(x) + 1)? ., 702
ot e <0 re) 0

The first inequality is elementary. The second follows as before: Using
cos(z) —sin(z) < 1 —z + 2% and cos(z) + sin(z) > 1+ z — 322 — ¢a?,

it suffices to prove that

— 1, (1.38)

and

1 1 1
(I1+2z)(1 —x+ 69:3)2 <4(l—-a+2*)(1+2z— 51‘2 - 6x3)3.

Expanding the difference yields

20 2 295 17 11 1 4 1
Ap 4502 — 008y get 25 290 6 107 8 9 10 1
T+ow Sx—l—x—i-?)x 361:—1—1890 6I 5 27x 54x
This is easily seen to be positive for x < 1 by cancelling terms from the left.
Thus, the sum of the negative O(z?), O(2'°) and O(z'') terms is smaller
than the O(z®) term. The O(x%) term is cancelled by the all previous terms,

asd+5— 2 +8+ 3> 3.
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We now have

V2(cos(x) + sin(z))3 ‘
—2@COS($)C(;ZS(I;QE;[) 1 <1 - (g — 21) tan(2x)>

(cos(z) — sin(z) + 1)?7 1 4+ v/2(cos(z) + sin(z))
V2(cos(x) +sin(z))3 (V2 + cos(x) + sin(x))?

2

VB2 — sy (1 mr o (1.40)
2 T ) '

We need to show that this is smaller than (1.35). We write the difference as

a sum of two expressions:

32 4 T
h(z) = (4=m)(1 )+ a’ \ﬁa — 32) — 2v2(v2 - 1)7(1 — 32)
+2Va(2— o — %:1:2)(1 ~ nz)
= 4+4\/_—57r+;7r\/§— (4+2\/§— 137r+g7r\/§> x
+V2(2r — 1)a? + (% + \/iw) z° (1.41)
and

2

hg(i[)) =
- {5(7 - gw) — 21577; —14V2(V2 — ) + 14v2(2 — = — %xz)} 1 i o7

1 4 2
~ (354 28va— Dt BB avEe - 7vEe2| (1.42)
2 4 1422

These two expressions are plotted in Figure 2.
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Figure 2.

It is clear that both are positive for small x. Indeed, the quadratic in
brackets in hy(x) is numerically given by 8.61—19.82—9.922, which is positive
for < 0.3674. On the other hand, hy(z) > 0 for all > 0. This is easy to

deduce by removing the positive z3-term. For x > 0.3674 we can write

1 7141
ha(z) > oo (35 + 282 — 57+ Z\@r —14V/2x — 7\/§x2>

and hence

hi(zx) + ha(x)

> (%4—\/57?— gﬁ) x + (2\/§7T—8\/§) z?

17 1 71 41
_ <4+2\/§—13w+7w¢§—§ (35+28\/§—7r+zx/§7r>)x

3
+4+4V2 = 57 + Smv/2
= 10.162° — 2.432” + 0.55z + 0.61.
This is easily seen to be positive.

Figure 3 shows graphs of the O(z?) (red) and O(z?) expressions, as well

as the corresponding lower and upper bounds (blue and purple).
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Figure 3.

Remark. Looking at your notes, I now realise that in the region z <

1/v/2 and 6 < /4, we do not always have k, = \/Li Apparently,

1 z
ke = — ——, 1.
v { sin (9) }
We therefore have to consider separately the case z > sin(f). I also note that

for z > sin(0),

(W Sk = <wlr<—%+To—Dr>wl>

+2R(1 | (Ty — D3)ha) + (o] (—

z

\/§Tn(9) +To — D3)1bs),

(1.43)

where D7 etc. are independent of z! It follows that for large 2, 1Yo = O (\%)
The second term is then negligible and the entire expression is negative. I

conclude that there is a critical value for large z.
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