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Summary

The purpose of this thesis is to argue that N-point functions of holomorphic fields
in rational conformal field theories can be calculated by methods from algebraic ge-
ometry. We establish explicit formulae for the 2-point function of the Virasoro field
on hyperelliptic Riemann surfaces of genus g > 1. N-point functions for higher N are
obtained inductively, and we show that they have a nice graphical representation. We
discuss the Virasoro 3-point function with application to the Virasoro (2, 5) minimal
model.

The formulae involve a finite number of parameters, notably the O-point function
and the Virasoro 1-point function, which depend on the moduli of the surface and
can be calculated by differential equations. We propose an algebraic geometric ap-
proach that applies to any hyperelliptic Riemann surface. Our discussion includes a

demonstration of our methods to the case g = 1.
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Introduction

Quantum field theories are a major challenge for mathematicians. Apart from cases
without interaction, the theories best understood at present are conformally invariant
and do not contain massive particles. In dimension two, such conformal field theories
(CFTs) are naturally defined on compact Riemann surfaces. This is the only case we
will consider.

In order to actually compute the functions occurring in CFTs (like N-point func-
tions (¢ ...¢y) of holomorphic fields, and more specifically the partition function
(1) for N = 0, where 1 is the identity field), one has to study their behaviour under
changes of the conformal structure. This is done conveniently by first considering
arbitrary changes of the metric. Such a change of (¢ ...¢@y) is described by the
corresponding (N + 1)-point function containing a copy of the Virasosoro field 7.
For this reason we shall investigate in Part I of this thesis the N-point functions of T
(rather than of more general fields). These will then be available to our discussion of

the metric dependence of N-point functions in Part II of the thesis.

The space of all possible conformal structures on the genus g surface is called
the moduli space M,. Thus conformal quantum field theory is closely related to the
study of functions on M,. For an important special class of CFTs (the rational ones)
one obtains functions which are meromorphic on a compactification of M, or of a
finite cover.

One also needs the following generalisation: Conformal structures occur as equiv-
alence classes of metrics, with equivalent metrics being related by Weyl transforma-
tions. The N-point functions of a CFT do depend on the Weyl transformation, but
only in a way which can be described by a universal automorphy factor.

For g = 1 this can be made explicit as follows. The Riemann surfaces can be
described as quotients C/A, with a lattice A generated over Z by 1 and 7 with T € H*.
The upper half plane H* is the universal cover of M;, in other words its Teichmiiller

space. One has M; = SL(2,Z) \ H*. Meromorphic functions on finite covers of
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M are called (weakly) modular. They can be described as functions on H* which
are invariant under a subgroup of S L(2,Z) of finite index. SL(2,7Z) has therefore
received the name full modular group.

Maps in S L(2, Z) preserve the standard lattice Z? together with its orientation and
so descend to self-homeomorphisms of the torus. Inversely, every self-homeomorphism
of the torus is isotopic to such a map. A modular function is a function on the space
L of all lattices in C satisfying [38]

fQAA) = f(A), YAeL, 1eC". (1)

L can be viewed as the space of all tori with a flat metric.

Conformal field theories on the torus provide many interesting modular functions,
and modular forms. (The latter transform as f(AA) = A7k f(A) for some k € Z which
is specific to f, called the weight of f.)

Little work has been done so far on analogous functions for g > 1. The present
thesis develops methods in this direction. The basic idea is that many of the relevant
functions are algebraic. In order to proceed step by step, we will restrict our investi-
gations to the locus of hyperelliptic curves, though the methods work in more general
context as well.

We shall derive the ordinary differential equations that allow to compute the Vi-
rasoro N-point function on any hyperelliptic Riemann surface. For an important class
of CFTs (the minimal models), the vector space of solutions is finite dimensional. It

is shown that in the (2, 5) minimal model, our approach reproduces the known result.
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Notations and conventions

For any k > 0 and any rational function R(x) of x with Laurent expansion

R(x) = Z aixi

i€Z
for large | x|, we define the polynomial
ROk 1= )" apx' @)
i>k

Let H* := {z € C| 3(z) > 0} be the complex upper half plane. H* is acted upon by the
full modular group I'y = S L(2,2Z) with fundamental domain

7::={z€]Hl+

1
Izl > 1, [R(2)| < 5} .

The operation of I'y on H* is not faithful whence we shall also consider the modular
group 1_"1 =11 /{zlh} = PSL(2,Z), (here I, € GL(2,7Z) is the identity matrix). We

refer to S, T as the generators of I'; (or of ) given by the transformations

Sz —-1/z

T:z>2z+1.

We shall use the convention [38]

Go(2) = 5 Z x s Z Z (mz + H)Zk

m#0 nez
and define Ey; by Gi(z) = {(k)E(z) for {(k) = 5,51 n—lk, SO €e.g.

2
@@=%@@,

4
@@=%&@,

6
%@—”Em)

Let (q)n := [T, (1 - ¢") be the g-Pochhammer symbol. The Dedekind 1 function is

27i 7

€1 1
N2 =q%@eo=q"(1-q++q+q +...), q=e



Vi

(1) and (T') (or Ay, ...) are parameters of central importance to this exposition.

For better readibility, they appear in bold print ({(1) and (T), or Ay, ...) throughout.
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Part I

Virasoro correlation functions on

hyperelliptic Riemann surfaces






Chapter 1

Introduction

Conformal Field Theories (CFTs) can be defined over arbitrary Riemann surfaces. A
theory is considered to be solved once all of its N-point functions are known. We re-
strict our consideration to meromorphic CFT's [14] which are defined by holomorphic
fields, and a rather specific class of Riemann surfaces.

The case of the Riemann sphere X is easy, and for the torus Z;, one can use
the standard tools of doubly periodic and modular functions ([41],[3] and more re-
cently, e.g. [4],[29]). The case g > 1 is technically more demanding, however. Some
progress has been made in the Vertex Operator Algebra (VOA) formalism by sewing
surfaces of lower genus. There is no canonical way to do this and two different sewing
procedures have been explored. Explicit formulae could be established for the genus
two N-point functions for the free bosonic Heisenberg VOA and its modules ([24],
[25]), and for the free fermion vertex operator superalgebra [35].

Instead, quantum field theory on a compact Riemann surface of any genus can
be approached differently using methods from algebraic geometry ([30], [34], [10])
and complex analysis. N-point functions of holomorphic fields are meromorphic
functions. That is, they are determined by their poles. By compactness of Z,, these
functions are rational.

The present paper establishes explicit formulae for the 2-point functions of the
Virasoro field over hyperelliptic genus-g Riemann surfaces X¢, where g > 1. N-point
functions for N > 3 are obtained inductively from these, up to a finite number of
parameters which in general cannot be determined by the methods presented in this
paper. In comparison, the formulae given by the work of Mason, Tuite, and Zuevsky
determine all constants, but are given in terms of infinite series.

We show that the N-point functions can be written in terms of a list of oriented



graphs. For g = 1 the result reduces to a formula which is very similar to eq. (3.19)
in [19]. The method we used is essentially the one developed in [19] though it was
found independently.

Although we deal with the Virasoro field, our method applies to more general
holomorphic fields.

The material of the Chapters 2, 4, 5, and 6 is published in [22].



Chapter 2

The Virasoro OPE

In this chapter we define a global theory, a meromorphic conformal field theory on a
Riemann surface, by glueing local data. For brevity, the global and the local theories
will be treated on an equal footing. In order to consider the local data for them-
selves, it suffices to consider the Riemann surface given by the open unit disc, with

its standard coordinate.

2.1 The vector bundle of holomorphic fields

For any Riemann surface S (not necessarily compact), we assume that the holomor-
phic fields of a meromorphic CFT on S form a vector bundle ¥ over § with a distin-
guished trivialisation on every parametrized open set. More specifically, let (U, z) be

a chart on S: The holomorphic map

Z

U - C

is called a coordinate on U, and U will be referred to as a coordinate patch. We

postulate that (U, z) induces a trivialization
Fluy > FxU,

where F is the standard fiber of ¥ .

Remark 1. An example is ¥ = T*S, the cotangent bundle of S : Any chart (U, z) on
S defines a nowhere vanishing section dz in T*U and thus a trivialisation of T*U. A

different coordinate 7 = f(z) on U defines a different trivialisation (given by dz’).



In the present case, the fiber F is the infinite dimensional complex vector space of
holomorphic fields. For U’ C U, the trivialization corresponding to (U’, z) is induced
by the one for (U, z). For any coordinate patch U with coordinate z, elements of F |y

can be written as

@) = () N x {u}),

with ¢ € F, u € U. Abusing notations, we shall simply write ¢(z) where we actu-
ally mean ¢,(u). (This will entail notations like ¢(Z) instead of ¢;(u) etc.). Thus an
isomorphism between two coordinate patches on S induces an isomorphism between
the corresponding fields. We postulate that the standard fiber F has an ascending
filtration.

Remark 2. It has been suggested to introduce the component of Ly of the Virasoro
field at this stage as F is filtrated as a result of the grading defined by the diagonali-
sation of Ly. As we shall see in the following section, however, Ly is defined in terms
of local coordinates while the filtration is postulated to be universal. Once everything

is said and done, the two definitions are of course equivalent.

As the base point # € § is varied, the filtration of the fibers ¥, of # gives rise to a
totally ordered set of finite rank subvector bundles of 7. On PL, every such finite rank
bundle admits a splitting into a direct sum of line bundles (Birkhoff-Grothendieck
theorem). For C C P(lc, the degrees of the line bundles figuring in any such decom-
position of finite rank subbundels of ¥ define a Z grading on the fiber F. Thus to
every (nonzero) homogeneous element ¢ € F there is associated the (holomorphic)
dimension h(y) of ¢. For quasi-primary (non-derivative) fields ¢ the degree of the

corresponding line bundle is 2/(¢).

Remark 3. All holomorphic fields can be obtained from differentiating quasi-primary
fields, which implies that the action of Ly is encoded by the line bundle structure.

‘We shall assume that
hp) >0, VeeF, 2.1

so that

F:@ F(h),

hEN()

where F(0) = C is spanned by the identity field 1, and we assume that for any



h € Ny, the dimension of F(h) is finite. Since in a conformal field theory fields of
finite dimension only are considered, it is sufficient to deal with finite sums.

It may be useful to compare our formalism to the approach by P. Goddard [14]
where only the case g = 0 is discussed in detail. Goddard interprets F as a dense
subspace of a space of states H using the field-state correspondence. He works on
C c P%j. In our notation this corresponds to the identity map id : U — C. Our
field ¥i4(z) is Goddard’s V(i z). We will not use the field-state correspondence and
reserve the word state for something different. Our notion of state on a Riemann
surface S is a map ( ) from products of fields ¥ = ¢, (p1) ® ... ® Y, (pn) tO
numbers (V) € C, in analogy to the language of operator algebra theory. We will not
use the interpretation of fields as operators, however, since the necessary ordering is

unnatural for g > 1.

2.2 Meromorphic conformal field theories

Let S, be a connected Riemann surface of genus g > 1 (when the genus is fixed, we
shall refer to S, simply as ). We don’t give a complete definition of a meromorphic

conformal field theory here, but the most important properties are as follows [28]:

1. Fori = 1,2, let S; be a Riemann surface and let ¥; be a rank r; vector bundle
over §;. Let pf?’} be the pullback bundle of F; by the morphism p; : $1XS2 —
S;. Let

F1 8 F2 = piF1® p,F2

be the rank r;r; vector bundle whose fiber at (z1,22) € S1 X S21s F17, ® Far,.
We are now in position to define N-point functions for bosonic fields. Let ¥ be

the vector bundle introduced in section 2.1. A state on S is a multilinear map

where S.(F) denotes the set obtained by restricting the symmetric algebra

S(F) to fibers away from the partial diagonals
Ay :={Gz1...,z2v) €SNz = zj, for some i # j},

for any N € N. For ease of notations, when writing ® and ® we shall in the

following actually mean the respective symmetrized product.



Locally, over any U N c SN\ Ay such that (U, z) defines a chart on S, a state is

the data for any N € N of an N-linear holomorphic map

% FPVxuN - C

(p1,2D) B ... B (N, 28) P (p1(21) ® ... @ en(zN))

satisfying the following conditions:

(a) ( ) is compatible with the Operator Product Expansion (OPE). (The
OPE is defined below in point 3, and the compatibility condition is ex-

plained in point 4.)
(b) For ¢; = 1 € F(0), the identity field, we have

(1(z1) ® p2(22) ® ... @ n(zn)) = (¥2(22) ® ... ® on(zN)) -

Remark 4. In standard physics’ notation the symbol for the symmetric tensor

product is omitted. We shall adopt this notation and write

(p1(z1) - - - on(zN))

instead of {(¢1(z1) ® ... ® on(zn)) but keep in mind that each z; lies in an in-
dividual copy of U whence the ¢i(z;) are elements in different copies of F and

multiplication is meaningless.

Since each ¢; is defined over U, we may view {¢1(z1) ... ¢n(zyn)) as a function
of (z1,...,zv) € UN. We call it the N-point function of the fields ¢y, ..., N
over U. For example, the zero-point function' (1) is a complex number.

Remark 5. One can make contact to the notion of N-point function used in
[14] by considering states for manifolds with boundary (see G. Segal’s axioms)
[32].

2. Fields are understood by means of their N-point functions. A field ¢ is zero if
all N-point functions involving ¢ vanish. That is, for any N € N, N > 2, and
any set {¢», ... ¢y} of fields,

(@(z1) 2(22) ... dn(zn)) = 0.

"henceforth denoted by (1)



3. We assume the existence of an OPE on F, in particular for any m € Z of a

linear degree m map
Nn: F®F — F.
N, has degree m if for any ¢1, 9> € F, N, (¢1, ¢2) has holomorphic dimension

m + h(p1) + h(g2) .

Note that the degree condition is void when N,,(¢1, ¢2) is the zero field.

Remark 6. For ¢ € F, the family of induced linear maps Ny, (¢, ) : F — F
indexed by m € Z span a vertex operator algebra (VOA) (in particular a Lie
algebra), with

Y(p,2) = ) Nulp, )"

meZ

being the vertex operator associated with ¢ [11]. In particular, Ly = N_p(T, ).

4. While fields and coordinates are local objects, states should contain global
information. A state is said to be compatible with the OPE if for any N € N,
N > 2, and whenever ¢, .. ., ¢y are holomorphic fields over a coordinate patch
U c S, the corresponding N-point function has a Laurent series expansion in

z1 about z; = zp given by

(@1(z1) p2(z2) - .. on(zn))
= D @ = 2" N1, ¢2)(22) 93(23) .- en(an)),

m=mog

for some mg € Z. Symbolically we write

012 92(2) P D (@1 = 2)" N1, 92)(22)

m2my

This arrow defines the OPE of ¢1,¢, € F|y. We postulate that every OPE

admits compatible states.

Remark 7. Physicists write an equality here. Recall however that @ is under-
stood on the Lh.s.

5. We have N,,(¢, 1) = 0 for ¢ € F and m < 0. Define the derivative of a field ¢
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by
O0¢p := Ni(p, 1).

Equivalently, d¢ is defined by prescribing

(00(2)@2(22) ... en(zN)) = 0L0(2) 92(22) ... oN(zN))

for all N-point functions involving ¢.

6. In conformal field theories, one demands the existence of a Virasoro field T €
F(2) which satisfies

N_(T,p) = 0¢, (2.2)

whenever ¢ is a holomorphic sectionin U X F.

In standard textbooks (e.g. [11]) the Virasoro algebra is required in addition to
eq. (2.2) and A(T) = 2. The latter is equivalent to the Virasoro OPE [20], which is
the specific arrow for the fields ¢; = ¢» = T in point 4. The Virasoro OPE actually
follows from the assumptions made in Section 2.1 and the properties 1-6 above:

Lemma 8. In local coordinates z and w, the Virasoro OPE has the form

T()T(w) c/2 71+ ! 5 (T@)+TW) +Pw) + 0z —w),  (2.3)
(z—=w) (z=w)

for some c € C.

The constant c is called the central charge of the theory. Note that

o*T

o = N()(T,T)— T .

Proof. (e.g. [20]) By assumption (2.1), all holomorphic fields have non-negative di-

mension, and A(T") = 2. This yields the lowest order term, since F(0) is spanned

by the identity field 1. Symmetry (point 1) implies the existence of a field Q, of

dimension 2, and of a constant ¢ € C, such that

5.1 Qz) + Q(w)

T(2)T(w) > —=

(T (w) P P

_ 51 20(w)  0Qw)

Z-w  (@-w? (@-w)

+0(1)

+0(1).

Thus N_i(T, T) = 0Q, from which (considering dimensions) we conclude Q = 7. O
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Example 1. A CFT containing the identity field 1, the Virasoro field T and which
is closed under Ny(.,.) for m € Z is said to be generated by T. A CFT is minimal
if it has only finitely many non-isomorphic irreducible representations of the VOA
(or the OPE). Minimal CFTs generated by T are called minimal models. They are
parametrised by unordered pairs (i, v) of natural numbers u,v > 1 s.t. gcd(u,v) = 1.

For the (1, v) minimal model the number of such representations is (e.g., [3], [1])

(- D=1
—
For (u,v) = (2,3), one has F(0) = 1.C, and F(n) = 0 forn > 0 (so that T = 0). The
(2,5) minimal model has two irreducible representations, the vacuum representation
M for the lowest conformal weight (or holomorphic dimension) k; — é—(l) =0, and
another representation My corresponding to the conformal weight k — % = —% ([3],
table* 8.1., p. 243). (For g = 1, the O-point functions are characters, and K for
1 <5 < (v—1)/2is the leading power in the small g-expansion of the character (1)
in the (2,v) minimal model. We will use k to parametrise the characters in Chapter

8.)

2Note that there is a typo in the value for the conformal weight 4, , of (1), in [3].






Chapter 3

Analytic calculation of the
Virasoro N-point function for

some genus 1 minimal models

Virasoro N-point functions on the torus can be determined using techniques from
VOA theory [41]. In this chapter we illustrate a more elementary approach using the

Weierstrass g-function.

3.1 The Virasoro N-point function in the (2, 5) minimal model

We consider a conformal field theory (CFT) over the torus ¥ = C/Afor A = Z.1+Z.7
with the property that the space F(4) of the holomorphic fields of dimension /2 = 4 is
one dimensional. Thus for the field ® of the OPE (2.3), we have

3K 1

_ (28 1) 2
CD—(IO 2)8T, (3.1)

for some K € C. The model, in which (3.1) holds true, is referred to as the (2,5)
minimal model. K = 1 is such a theory, but our calculations will show that anyhow.

For any N > 1, the Virasoro N-point function (7'(z1)...T(zy)) is an element of the
field

Clp(zi1l), ' (z1l7), . . ., planlT), 9’ (znlT)

13
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where g is the Weierstrass function associated to A,

RN 1 1
o) = 5 + mZ {(Z e m)2}’ (32)

and ' = dp/0z is its derivative. x = @(z|t) and y = ¢’(z,|r) are related by the
equation y2 = 4(x® — 30G4x — 70Gg), where for k > 2, Gy are the holomorphic
Eisenstein series. For N = 1, there actually exists a covering of £; by coordinate
neighbourhoods for which (T'(z)) = (T) is constant. Comparison of the singularities
in (3.2) and the OPE (2.3), and using that holomorphic functions on the torus are

constant, yields
(T(T()) = %(Dg@”(zlr) + 2Tp(ar) + C, (3.3)
where C o« (1) is constant in position. About z = 0,
p(dr) = 277 +6Gaz” + 0(zh)

SO
(No(T, T)(W)) = C + cG4(1) = (D(W)) .

But in the (2, 5) minimal model,
(@®)y=0

by eq. (3.1), since (§°T) = O*(T) = 0. (O is referred to as the singular vector in M,
of the (2, 5) minimal model.) We conclude that

C=—-c(1)Gy . (3.4)

The Virasoro 2-point function in the (2,5) minimal model is completely determined

by the 0- and 1-point function. This result has been found previously by [7].

3.2 Higher N-point functions

It is worth mentioning that the method of matching the singularities of the Virasoro
OPE with suitable derivatives of the Weierstrass g-function, as demonstrated for the

2-point function in the preceding section, allows also to compute the N-point func-
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tions of the Virasoro field for higher N, by recursion. For N = 3 we have

(T@TW)T (u))

c/2 (T) +

=—0 — (T@QT W) + {TWT )} +{(PW)T (w)) + Oz — w).
(z—w) (z—w)

On the other hand, the general form of the Virasoro 3-point function, considered as a
function of z, is

c/2
(z—wyt
1

L P {§<1>go" +4(T)p +2C)

1
+(Z_W){...}

+ (=) {53p + (D + (@) T ()

(TQTW)T (W) =

(T)

+0@Z-w). (3.5)

Here and henceforth we denote by ¢ for k > 0 the function &*p(w — ulr), where
0@ = o. We have omitted the (z — w)~'-term which will drop out as the symmetry
between z and w is restored. On the other hand, considering the singularities and the

symmetries between z, w and u yields the ansatz

(T(TW)T (u))
= A{p"(z—wlt) + 9" (z — ult) + 9" (w — ul7)}
+ B {p(z = wlt) + p(z — ulr) + p(w — ul7)}
+ C {p(z = wiD)p(z — ult) + p(w — 2lD)p(w — ult) + p(u — 2lT)p(u — wit)}
+ D p(z - win)p(z — ult)p(w — ulr)

+E, A,B,C,D,EcC. (3.6)
By comparison with (3.5), we conclude
A= 1—62(T>, B=12C, C=XT), D=c).
In the (2, 5) minimal model, we have by eq. (3.4),

B =-12¢(1)Gy4 .
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Moreover, by eq. (3.1),

3K 1

(@W)T () = ( 02

)aﬁmwmu»

so the coefficient of (z — w)° reads
c cK 3K
—()p¥ +(T DW)T(w)) = —(Dp™® + —(T)p” .
72097 + (Do +{@WT W) = 75{1p™ + =Ty

For the term of order zero, we obtain a cubic equation in @,

1
(3¢ - 3Kc) 9>+ S (5¢ + 40 — 18K) (T) 9> — 54c(1 - K) G4 (1) p + E = 0,

where E = E + (=9¢ — 60 + 36K) G4 (T) + 84cK G (1).

The equation is satisfied iff K = 1, ¢ = —%, and
_ 78 1848
E = 3 G4 (T) + 5 Ge (1).

In particular, (TTT) yields 1-point functions of Ni(T, N¢(T,T)). More complicated
fields are treated analogously.

3.3 The Virasoro N-point function in the (2, 7) minimal model

Let us now consider a CFT on C/A with the property that

@0*T + BNo(No(T, T), T) + yNo(T, 8°T) + SNo(dT,dT) = 0 , (3.7)

a,B,v,0 € Cnot all zero.

(In the (2,7) minimal model, the second singular vector occurs at level 6, cf. [3], p.
243, subsequent to table 8.1.) From the Virasoro OPE follows

(T()T(0)) = %(D@"(ZIT) + 2Tl + C

- CZ/TZ<1> + z%<T> +(C + cGa(1)) + 22(12G4(T) + 10cGe) + O,
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SO

GATRT(0)) = %(Dp(“)(zlr) + 2T)e” (zl7)
= 1—2C<1> + %<T> +20¢Ge(1) + 24(T)YG4 + O(z%)
< Z

= (No(@T, T)(w)) = 24(T)G4 + 20c¢Gs(1) (3.9)
Since odd order derivatives of g are odd,

3:0:(T@QTW)) = — dXT()T(W))
= (No(T,dT)(w)) = — (No(&*T, T)(w))

For (No(No(T, T), T)) we have by eq. (3.7) and the fact that (T) = const.,

(No(No(T, T), T)) = YT_(s(NO(T, 6*T)y, provided#0. (3.9)

The constant %5 can be determined independently and is thus assumed to be known.
Also, the central charge of the (2,7) minimal model is known to be ¢ = —67—8. Com-

parison of eq. (3.5) with eq. (3.6) yields
(OWT ) = = 2¢(D)9> + (¢ + 8N(T)p? + (24C + 60cG4(1)p + E
where
E = E — (9¢ + 60)G4(T) + 140cGe(1) .

So (®(w)T (u)) is known upon knowledge of (1), (T), C, and E. To determine E, it is
sufficient to know (Ny(®, T)). By eq. (3.9),

1
(No(D, T)y = (No(No(T, T) — Eazr, T))

1
= (No(No(T, T),T)) — §<N0(52T, T))

y-o6 1 2
=(———2)(No(0°T,T)) .
7 7) (No( )
But (No(0*T, T)) is given by eq. (3.8). We conclude that in the (2, 7) minimal model,
the Virasoro 3-point function is determined by the 0-point, and the Virasoro 1-point

and 2-point function.






Chapter 4

The Virasoro 1-point function in
rational coordinates,

for genus g > 1

4.1 Change to rational coordinates

Let £ be a compact Riemann surface of genus g = 1. Such a manifold is biholomor-
phic to the torus C/A (with the induced complex structure), for the lattice A spanned
over Z by 1 and some 7 € H*, unique up to an S L(2, Z) transformation. Here H" de-
notes the upper complex half plane. We denote by z the local coordinate on X; and by
Z1,...,2Zn the corresponding variables of the N-point functions on Z; [3]. Recall that
N-point functions on X; are elements of C(p(z1|1), ¢’ (z1|7), ..., 9n|T), ' (2nIT)),
where g is the Weierstrass function associated to A, and o’ = dp/dz. Instead of z we

shall work with the pair of complex coordinates
x =g, y=¢'(). 4.1
We compactify the variety {(x,y) € C?|y? = p(x)} with
p(x) = 4(x> = 30G4x — 70Ge)

by including the point x = oo (corresponding to z = 0 mod A), and view x as a
holomorphic function on C/A with values in Péj. Thus y defines a ramified double
cover of Péj.

N-point functions can be expressed in terms of p(z1|7), 9’ (z117), . . ., P(znIT), " (znIT),

19
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or equivalently as rational functions of xi,y, ..., xy,yny. The latter possibility gen-
eralizes much more easily to higher genus. Instead, one can try to work with the
Jacobian of the curve and the corresponding J functions. This would generalize to
arbitrary curves, but it is unknown for which conformal field theories this is possible.

If g > 1, one can write X, as the quotient of H* by a Fuchsian group, but working
with a corresponding local coordinate z becomes difficult (e.g. [8], and more recently
[23]). We shall consider hyperelliptic Riemann surfaces X, only, where g > 1. Such

surfaces are defined by
z,: ¥ = p(x), 4.2)

where p is a polynomial in x of degree n = 2g + 1 (the case n = 2g + 2 is equivalent
and differs from the former by a rational transformation of C only). We assume p
has no multiple zeros so that X, is regular. Locally we will work with one complex
coordinate, either x or y. None of them is a function of the other on all of the affine
variety (4.2) (whence in particular we refrain from writing y(x)? = p(x)). By defini-
tion, the function x is called a locally admissible coordinate on an open set U C X,
if (U, x) defines a chart, and analogously for y. Thus x is an admissible coordinate
away from the ramification points (where p = 0), whereas y is admissible away from
the locus where p’ = 0. Let us recapitulate the behaviour of T under coordinate

transformations.

Definition 1. Given a holomorphic function [ (with non-vanishing first derivative
f’), we define the Schwarzian derivative of f by

f/// 3[f//]2
S = -
W= e

The Schwarzian derivative S has the following well-known properties:

1. S(f) = S(f), VA € C, f e D), the domain of S (f holomorphic with
f£0).

2. Suppose f : P}C — ch is a linear fractional (Mo6bius) transformation,

az+b
cz+d

firz0 fl@)= , where(a

b
e SLQ2,0C).
cd] (2.0)

Then f € D(S), and S(f) = 0.
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3. Let f, g € D(S) be such that f o g is defined and lies in D(S). Then
S(fog) =g TS og+Se).

Remark 9. Let p,y € D(S) with y* = p(x). Then by the properties 1 and 3 of the

Schwarzian derivative,

30 p P
SO =S+ 3 ”—] . (4.3)
P

Direct computation yields [13]

Lemma 10. Let T be the Virasoro field in the coordinate x. We consider a coordinate

change x — X(x) such that x € D(S), and set

512
T(%(x)) [Z—z] =T(x) - %S()?)(x).]l . 4.4)
Then T satisfies the OPE (2.3) in X. O

Corollary 11. Let S be a Riemann surface of genus g > 2 with a complex projective
coordinate covering (i.e. a covering by coordinate patches whose respective local
coordinates differ by a Mobius transformation only). Then for any state { ) on S,
and for any local coordinate x in this class, (T (x)) (dx)? defines a global section of
(T*S o)%.

This section is holomorphic by assumption.

Proof. By property 2 of the Schwarzian derivative, and by eq. (4.4),
(T(x) (dx)* = (T (D)) (d2). o

The equation in the proof of Corollary 11 can be read as the cocycle condition
on the 0-cochain (7'(x)) (dx)*. For a general coordinate covering U of S, g > 2,
(T(x)) (dx)*> will fail to define a 0-cocycle. According to eq. (4.4), however, its 1-
coboundary is given by {5(1)S ()(x)(dx)? which by property 3 of the Schwarzian

derivative satisfies the 1-cocycle condition

S(y 0 )(2)(d2)* = S M)(x(2))(dx)* + S (x)(2)(dz)* .
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A 0-cochain with this property is called a projective connection. Thus for any pro-
jective connection {5 C(2), the difference (7'(z)) (d2)* - 15 C(z) defines a global holo-
morphic section in (T*S 5)®* [16],

(7@ @ - 5 c@) € B (1,075 %) (4.5)

Example 2. Let S, be a Riemann surface of arbitrary genus. Let T be defined by
holomorphic fields of massless free fermions on S 4. In this case, the projective con-

nection %C is known as the Bergman projective connection ([18],[9],[31]).

By the Riemann-Roch Theorem (e.g. [8]), the affine linear space of projective

connections has dimension
dimec HO(T*S)®*) =3(g - 1), (822). (4.6)

Remark 12. Eq. (4.6) is wrong for g = 0 and g = 1. The difference from the
correct result is the dimension of the automorphism group of the Riemann surface,
(dimcS L(2,C) = 3 and dimc(C, +) = 1, respectively). For g > 2, this dimension is

zero.

Example 3. Let X, be a g = 1 Riemann surface. Then T*X, is trivial. When one uses

local coordinates given by the affine structure on Xy [16], then (T (z)) is constant.

4.2 Calculation of the Virasoro 1-point function

Associate to the hyperelliptic surface X its field of meromorphic functions K =
C(x,y). Then K is a field extension of C of trancendence degree one, since y> = p(x)
where p is a polynomial in x with coefficients in C. The two sheets (corresponding
to the two signs of y) are exchanged by a Galois transformation.

In what follows, we set

n

p(x) = Z a7,

k=0

where n = 2g + 1, or n = 2g + 2. For convenience of application, we shall treat both

cases separately throughout this section, though they are of course equivalent.

Theorem 1. (On the Virasoro 1-point function)
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For g > 1, let Z, be the genus g hyperelliptic Riemann surface
£y =p),

where p is a polynomial with deg p = n.

1. Asx — oo,

(T(x)) ~x7*, for even n,

(T(x)) = % 2+ 073, forodd n.

2. We have

_clpP, 1
PTE) = 3572 =) + 3000, 4.7

where O(x, y) is a polynomial in x and y. More specifically, we have the Galois

splitting
O(x,y) = OM(x) + yoI(x). (4.8)

Here O is a polynomial in x of degree n — 2 with the following property:

(a) If nis even, [@[1] + %%(1)] =0.

>n—4

(b) Ifnisodd, [0+ ¢ (n? = 1)apxXD)|_ =0.
OV is a polynomial in x of degree & — 4 if n is even, resp. =1 — 3 if n is odd,
poly 8 2 )
provided g > 3.

Proof. 1. For x — oo, we perform the coordinate change x — X(x) := i By

property 2 of the Schwarzian derivative, S (X¥) = 0 identically, and

_ [dx)P
T(x) = T(fc)[d—ﬂ ,

-2 .
where %] = x*. If n is even, then ¥ is an admissible coordinate, so (7(%))
is holomorphic in %. If n is odd, then we may take j := V& as coordinate.

% = —%x‘l'S, and according to eq. (4.4) and eq. (4.3),

R S RS
T(x)—32x +4T(y)x s 4.9)
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where (T(¥)) is holomorphic in .

. {(T(x)) is a meromorphic function of x and y over C, whence rational in either
coordinate. Thus upon multiplication by some suitable polynomial Q if nec-
essary, we are dealing with an element in C[x, y], the ring of polynomials in x
and y. Since y* = p(x), C[x,y] is a module over C[x] spanned by 1 and y, so
we may assume Q € C[x]. We conclude that the quotient field of C[x, y] is a
vector space over the field of rational functions in x alone, spanned by 1 and y.

In particular, we have a Galois-splitting
(T(0) = (TN +y (T )P,

(T(x)) is O(1) in x iff this holds for its Galois-even and its Galois-odd part
individually, as there can’t be cancellations between these. We obtain a Galois
splitting for (T(y)) by applying a rational transformation to (7'(x)). From (4.4)
and (4.3) follows

7 ()12
(T () zim[p (x)] . 1

(1]
32 p(x) 4 7@,

T )Y =i e (x),

where @1 and ®P! are rational functions of x. We have

1
2ol
4

_ m_ P Loy €
= p(T(x)) 32<1> P 4[17] (Tyn' + 12<1>PS(P)-

The Lh.s. is O(1) in x for finite x and away from p = 0 (so wherever x is an
admissible coordinate) while the r.h.s. is holomorphic in y(x) for finite x and
away from p’ = 0 (so wherever y is an admissible coordinate). The r.h.s. does
not actually depend on y but is a function of x alone. Since the loci p = 0 and
p’ = 0 do nowhere coincide, we conclude that ®!1 is an entire function on C.
It remains to check that ®!l has a pole of the correct order at x = co. We have

[p/]Z _ .2 n—-2 n-3 n—4
=n“apx"“ +n(n—2a; x"7 + OX"7). 4.10)

(a) If nis even, then p(T(x))!) = O(x"*)as x — oo, by part 1. By eqs (4.7)
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and (4.10), ®11(x) has degree n — 2 in x. Moreover,

®[1]()C)
- _ % ( 200X + n(n — Z)alx"_3) (1) + O(x"™).

(b) If nis odd, then p{T(HM = Sapx" (1) + O(x"?) as x — oo, by eq.
(4.9). Thus O has degree n — 2 in x. Moreover, by eq. (4.7) and eq.
(4.10),

o) = —% (n2 - l) apx" (1) + O(x" 7).
Likewise, we have

L 1 .
270N = ypT! = 21 PrT oD

the Lh.s. is O(1) in x wherever x is an admissible coordinate while the r.h.s.
is holomorphic in y wherever y is an admissible coordinate. Since y is a holo-
morphic function in x and in y away from p = 0 and away from p’ = O,

respectively, this is also true for

1 : 1 N
ZP®[y](x) = pXT(x))M = Zp[p’]%T(y»M.

Now the r.h.s. does no more depend on y but is a function of x alone, so the
above argument applies to show that p@®Y! =: P is an entire function and thus

a polynomial in x. We have p|P:
LN 20F (D]
3 YO (x) = y[p 1T (y)

is holomorphic in y about p = 0. Since P is a polynomial in x, and p has no
multiple zeros, we must actually have y> = p divides P. This proves that @’
is a polynomial in x. The statement about the degree follows from part 1.

O

Remark 13. The main purpose of Theorem 1 is to introduce the polynomial ®. Part

of the results actually follow from classical formulae for the projective connection.
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For instance, for n even and g > 3, we have [8]

2¢-2 g-3
PT() (@0 = 5p O+ (1) Y aix'(dx) + (1) ) pia (@)’
i=0 j=0

for constants a;, B, in the notations of (4.5). Here the projective connection 5C on

X is given by

3 712
pC) =3 [[P ] ] (1))’
p <n-4
and
262 83
(O], =41 > e, OV =&1) > gl
= i=0 =0

Eq. (4.9) (for odd n) follows from the formula for C(x) on p. 20 in [9].



Chapter 5

The Virasoro 2-point function

5.1 Calculation of the 2-point function, for genus g > 1

We first need to introduce some notation. For the polynomial ® = ®!!1 +y@V! defined
by eqs (4.7) and (4.8) of Theorem 1, we set

n=2

O = Agx" 2+ ) A" Acec (D).

k=1
Recall that Ay is known constant multiple of (1). In contrast, for 1 < k < n — 2,
the proportionality factor in A oc (1), though constant in position, is a yet unknown
function of the moduli of the surface. Thus (1) and the Ay define n — 1 parameters of
the theory which we shall focus on in Part II. (The parameters appear in bold print for
better readiblity of the formulae.) For g < 2, ®"/ is absent so there are no additional
parameters in this case.

It will be convenient to replace O!!l(x) =: —%H(x) for which we introduce even

polynomials 11! and TII*! such that
(x) =: T (x) + 2T (x). 5.1)
Likewise, there are even polynomials p!!! and p*! such that

p(x) = pMx) + xp(x). (5.2)

27
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Lemma 14. For any even polynomial q of x, we have

q(x1)+q(x2) + O((x1 — x2)*)

=2q(\x1x2) + (x1 — xz)zé—l1 (M

NEs +61”(\/X1x2)) ,

and

x1g(x1)+x2g(x2) + O((x1 — x2)*)

= (x1 + X2) {q( VX12) + (X1 = x2)° : (M

8 X1X

+4q"( Vxlxz))} -
Note that the polynomials ¢ and ¢”" in 4/x;x, are are actually polynomials in
X1X2.
Proof. Direct computation. The calculation can be shortened by using
x1 =(1+e)x,
n=010-9ex
where €] < 1. O

Abusing notations, for j = 1,2, we shall write p; = p(x;) and ©; = O(x},y;)
etc. For k > 0, we denote by [R(x1, x2)]sx the polynomial in x = x; defined by eq.
(2), with x; held fixed, and let [R(x1, x2)]”¥ be the polynomial for the opposite choice
x = x (x; fixed).

Theorem 2. (The Virasoro 2-point function)

For g > 1, let 4 be the hyperelliptic Riemann surface
£y =p),
where p is a polynomial, deg p = n odd. Let
(TODT(x2))e 1= (DK @)T(x2)) = (U7 T @)XT (x2)

be the connected 2-point function of the Virasoro field. We have

1.

(T(x))T(x2))e p1p2 = O(X173). (5.3)
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2. For x|, |x2| small,

(TDT(x2))e pip2 = D7'R(xp, x2) + O (1) |y =y 5

where R(x1, x2) is a rational function of x1, x and y1, y2, and O(1)|y,=x, denotes

terms that are regular on the diagonal x|\ = x and polynomial in xi, x, and

Y1, Y2
3. The rational function is given by

P1P2
(x1 = xp)*
[1](\/)61)62) 1 p[x]( VX1X2)
+ 4y1y2<1>( G 2)4 E(Xl + x2)m)
p1p2
(x1 — x2)2

_W Py (Vo) 3

+ E(xl + x2)

R(xy, x2) = <1>

—<>

32
1p1©; + pr0,
8 (x1 —x2)?
1, on (P VER) 1 PMI(yxIx)
g(yl(a 020, )( (x1 = x2)? +§(X1+ TS (x1 = x2)?
(P (Vxix) 1 (Pt (\x1x2)
e R e

c (H[“( Vaix) 1 1 \/_xlxz))

- = +
3272\ T = )2 + 5+ x) G m)?

(x1 — x2)? (x1 — x2)?

1 [x]y/
= () (Vx1x2)
+ —y1y2<1>[ e ]

Here p''! and p™ and I and TI¥) are the even polynomials introduced in

(5.2) and in (5.1), respectively.
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4. For R(x1, x) thus defined, the connected Virasoro 2-point function reads

AXT (x1)T (x2))c P1P2
= R(x1, x2) + P(x1, X2, y1,y2)
1 _ _ c 9 g
- gao (x’f 20, + x5 2(91) - a(l)(n2 - l)a%x'f 2x§ 2
1 n_5 n_1 1 n_1 n_5
—gylalxlz 2)622 2®£y]—§y2a1x12 2)622 2®[1y]
1 n_3 n_1 1 n_1 n_3
—Eylaoxl x5 2®g]—ﬁy2aoxf x5 2@5}]
3 n_5 n,l 3 nyl n 5
—Eylaoxlz 2xz2 2@5’]—Ey2a0x12 2x22 2®5y]
1 n_5 n_3 1 n_3 n_5 o
- Eylagxf 2x22 2@%” - Eyzazxf 2x22 2®[1)J ,
where
P(x1,X2,¥1,2) (5.4)

= PY(xy, x0) + y1 PP (xy, x0) + 3o PP (xp, x2) + 10 P2 (xy, x0)
Here P11, pbil and fori=1,2, PUil gre polynomials in x| and x; with

deg; P! = n —3 = deg, P/, forj+i,

-1
deg; pLil = nT -3 = deg; pnl

(deg; denotes the degree in x;). Moreover, PI1l, PD21 and y PD11 4y, P21 gre
symmetric under flipping 1 < 2. These four polynomials are specific to the

State.
Proof. Direct computation (cf. Appendix). O
In the following, let [T(x1)T(x2)]reg_+<T(x1)>C<T(x2)>c.]l with (T (x)). = (1)"NT(x))
be the regular part of the OPE on the hyperelliptic Riemann surface Z,
c 1
TO)T(x2) prp2 = 35 f (01, 20)° 1+ 2f(x01,x0) (B + )

+ [Tx)T (x2)lreg. P1P2 + (T (x1))e(T (x2))ep1p2. 1. (5.5)
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(y';yz)z, and

X1—X2

Here f(x1,x3) :

712
9(x) == T(x) p — 3%[’7] 1

(5.6)

satisfies (H(x))
(4.4),

}‘ B(x,y). ¥(x) is holomorphic about p = 0 since by eqs (4.3) and

7o) = = (9= 5pS@11),

4
[p'1?
where S (p) is regular at p = 0.

5.2 Application to the (2,5) minimal model, in the case
n=>3>5

In Section 2 we introduced the so-called normal ordered product

No(e1, 92)(x2) = xlhin)q [Qpl(xl )QDZ(XZ)]regular

of two fields ¢;, ¢, where [901(361),902(x2)]regu1ar is the regular part of the OPE of
©1, 2. For ¢1 = ¢p = T and the OPE (2.3), (No(T, T)(x)) can be determined from
Theorem 2.4. To illustrate our formalism, we provide a short proof of the following
well-known result ([1], Sect. 3):

Lemma 15. The condition No(T, T) < 8*T implies ¢ = —25—2 and

3
No(T, T)(x) = 0 O*T(x). (5.7)

Proof. The statement is local, so we may assume w.l.o.g. g = 1. In this case,
OM(x) = ~dex(1) + A, O =0,

by Theorem 1.(2b). Using Corollary 11 and the transformation rule (4.4) for x =
@(z|T), we find

712 T
T = 5o -+ £
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where by (4.7), (T) = %. Direct computation shows that
(No(T, T)(x)) = @ 0(T(x)

iff @ = % and ¢ = —%. Since by assumption the two underlying fields are propor-

tional, the claim follows. |

The aim of this section is to determine at least some of the constants in the Vi-
rasoro 2-point function in the (2, 5) minimal model for g = 2. We will restrict our
considerations to the case when n is odd. (Better knowledge about ®!!! when 7 is
even doesn’t actually provide more information, it just leads to longer equations.) In
the first case to consider, namely n = 5, all Galois-odd terms are absent. Restricting

to the Galois-even terms, condition (5.7) reads as follows:

Lemma 16. In the (2,5) minimal model for g > 1, we have

7 2 r o 4)
_c<1>[p] __( T LA
640 p2 960 p? 1536 p
Lpgm, 3P guy 3 @1
20 p? 80 2 160 D
[11y2 )2
<1> 1((® ), ©7) )
p
1 X2 1 x4
(1]
+ ZaOFG — ngao p2
c 1 , ,
(p[l])// L]\ (p[l])/ ]
R 5
256 < )( 2( - () 7 +5(p)

P[l](x, X) . PL2l(x, x)
P’ P

Note that the equation makes good sense since the Lh.s. is regular at x = 0. For

instance, (TI'!'!Y is an odd polynomial of x, so its quotient by x is regular.
Proof. Direct computation. O

Example 4. When n =5,

deg PM(x,x) =4, PY™(x,x)=0
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Thus we have 5 complex degrees of freedom. One of them is the constant' (1), and
according e. (4.6), at most 3 of them are given by (T (x)) (or by A1, A, A3). Set

PY(x1, x2) = Bop X33
+ Bz,l(x%xz + xlx%)
+ Bz(x% + x%) + Bl,l X1X2
+ Bl(xl + xz)

+Bo,

By, By, B j < (1) are constant in position, for i, j = 1,2. The additional constraint

(5.7) provides knowledge of
P[l](x, X) 232,2 x4 + 232,1 x3 + (232 + Bl,l) X2 + 231 X+ BO

only, so we are left with one unknown. As we shall argue in Section 6.2, it should be
possible to fix the remaining constant using (5.7), once the Virasoro 3-point function

is taken into account.

IRecall, however, that (1) and A, A,, A are functions of the moduli on the surface X,.






Chapter 6

The Virasoro N-point function

N point functions for N > 3 can be established from the correlation functions for
N = 2,3, using symmetry arguments. Thus finding a routine to compute the N-point
functions for all N > 2 goes with encoding their constituents graphically. For the
Virasoro field the graphical description has been formulated by [19] for the genera
g = 0and g = 1, for which Zhu’s recursion formulae were available [41]. Essentially
the same inductive arguments prove our recursion formula for the Virasoro N point

function for hyperelliptic Riemann surfaces of arbitrary genus.

6.1 Graph representation of the Virasoro N-point function

forg>1

For g > 1, let Z, be the genus g hyperelliptic Riemann surface
£y =p),

where p is a polynomial, degp = n, withn = 2g + 1, orn = 2g + 2. Let F be the
bundle of holomorphic fields introduced in Section 2. For N e Nand j = 1,...,N,
abusing notations, we shall write p; = p(x;) and 9¥; = ¥(x;), where ¥ is the field
defined by eq. (5.6).

Theorem 3. Let S(xy,...,xy), N € N, be the set of oriented graphs with vertices
X1,...,XN, (not necessarily connected), subject to the following condition:
Yi=1,...,N, x; has at most one ingoing and at most one outgoing line,

and if (x;, x;) is an oriented line connecting x; and x; then i # j.
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Given a state { ) on X, there is a multilinear map
( »: GuF) — C,

normalised such that (1), = (1), with the following properties:

1. Forallk e N, k > 2, and any ¢, ...,¢r € {1,T}, we have
(LT 2(z2) -+ . o (zi))r = {p2(22) - - - px(zi))r -

2. Forallk e N, (¢ ...0), is a polynomial in x1,...,x and yi, ..., Vi

3. We have

(T@)... T pr...py= ), FD),

where forI' € S(x1,...,xn),

FT) = (g)ﬂlooﬁs l—[ (% f(xi,xj))< ® P(x) ® T(X[)P[

(xi,xj)el" keANNENC (e(ANUEN)©

Here for any oriented edge (x;, x;) € T,

2
Yity;
X,'—Xj '

f(xi, x;)) 3=(
An,Ex C {1,..., N} are the subsets

Ay :={i|3 j such that (x;,x;) € '},

Eyn :={j|3isuch that (x;,x;) €T} .
U and N are the set theoretic union and intersection, respectively, and
denotes the complement in {1, ..., N}.

Note that { ), is not a state (it is not compatible with the OPE).
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6.1

).

r

(...

Proof. We use induction on N. By multilinearity of ( ), and eq. (5.6), F(I') for

I'e S(xy,...,xy)is determined by (T'(xy) ... T(xx)),, for k < N.

Suppose (T (x1)...T(xx)),, for k < N has the required properties for k < N. We

define
(T(x1)...T(xn))r
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by (6.1) and show first that (T'(x;)...T(xy)), is regular as two positions coincide.
In other words, let ['g(xy,...,xy) € S(x1,...,xy) be the graph whose vertices are
all isolated. Then ) r.r, F(I') reproduces the correct singular part of the Virasoro
N-point function as prescribed by the OPE (5.5) on X.

For N = 1, I'g(x) is the only graph, and

(T(x)) p = FTo(x)) =<Tx))p - (6.2)

For N = 2, the admissible graphs form a closed loop, a single line segment (with

two possible orientations), and two isolated points. Thus by eq. (6.1),

1
(T(x)T(x2))rp1p2 =T (x)T(x2)) p1p2 — 3%f122<]]->r - Zf12<191 + ),

where fi7 1= f(x1, x2). According to the OPE (5.5), (T (x1)T (x2)),p1p2 is regular on
the diagonal x; = x;.

In order to prove regularity of (T'(x1)...T(xy)),p1 ... py on all partial diagonals
for N > 2, it suffices to show that the coefficients of the singularities are correct.
Suppose the graph representation for the k-point function of the Virasoro field is
correct for2 < k < N—1. For1 <i < N, set S/ := §(x;,..., xy) and Fg] =
To(x,...,xn). For 1 <i,j<N,i# j,define

Sqj =0 e SM| (x, x)), (xj, x) € T},
S =T € S (xi,x)) €T, (xj, x;) ¢ T},
S =T e SN (i, x)), (xj, x) ¢ T}

S decomposes as
S =SunUSanUSenUSa.e.
Since S (12) = SB, the equality

D D) = 55 f5 (T(x)... TG p- . po
FES(lz)

holds by the induction hypothesis. By the symmetrization argument following eq.
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(A.2), it remains to show that

S Fm =22 05 0s) T py o+ O ),
FES“]\S(lz)

which under the induction hypothesis on S and §3!, we reformulate as

D Fl@™ D)+ F@™ (1)

rest?l

_Jn Z F(r)_i[pé]2 Z F@) |+ 0((x1 = x2)™")
) 32 b=
resiz I’es 3l

Here ¢, ¢ are the invertible maps

(773 S(1,2) - S[z],
QZJ: 5(2’1) - S[z],

given by contracting the link (x;, x2) resp. (x2, x1) into the point x;, and leaving the
graph unchanged otherwise. Let S ) C S!?! be the subset of graphs containing x; as
an isolated point, and let y : S(2y — S!*! be the isomorphism given by omitting the

vertex xo from the graph. Now for I' € § (2, the graph representation yields

Fe™' (D) + F(g~'())

-7 (F(F)—i[pé]z
2 32 p

F(x(r») +0((x1 —x)™h,

while for T € 121\ S 5),

fi2

F™'(D) + F(g™' () = 5 FID) + 0 - ).

It remains to show part 2. It is sufficient to show that (¢ ... %), for1 <k < Nis
regular at p; = 0. We use induction. From eqs (5.6) and (6.2) follows (), = () =

i@, which is a polynomial in x and y. Now suppose (J ... ), is regular at p; = 0,
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fork < N—1. ForI € P({2,...,N}), the powerset of {2, ..., N}, we have by eq. (5.6),

c [P c [p ]2
@1 By = (T(@) . TGN PN = 55 2 57|

1eP({2,....N}) i€l JeI©

+ terms regular at p; = 0

AL
=T T Py = 55 ’;11

+ terms regular at p; = 0.

(T(x2)...T(xN))rp2-.-PN

Here we have, using the graph representation,

(T(x)...Ten)rp1...pn =T (x1)... T(xN))p1... PN — Z F()
restnr!

[P} 17
=35 [T T2 py = S FD)

resi2nri!

+ terms regular at p; =0

. C [Pl]
T3 p

+ terms regular atp; =0.

(T(x2)...T(xN))rpP2---PN

We explain the second identity. Consider the augmentation map a : S\ ng] —
STy F([)l] defined by adjoining the isolated vertex x; to the graph. We have

[ 12
Fa) = 55 pl

F() + {terms regular at p; = 0} .

Indeed, all terms in F(a(I')) that involve ¢ are k-point functions with k < N, since
end points of edges are not labelled, and so are regular at p; = 0 by assumption. We
conclude that (¢, ... ¥y), is regular at p; = 0.

]

Since the proof is by recursion, it should generalise easily to more general Rie-
mann surfaces.

We illustrate the theorem for the case N = 3. Recall that the connected 1-point,
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2-point and 3-point functions are given by

() =1 Hp(x)),
(@1(xD)@2(x2))e =11 (x1)pa(x2)) — (1) X1 (x1)) {a(x2))

and

(@1(x1)@2(x2)3(x3))e = (1Y N1 (x1)2(x2)03(x3))
— (1) (@1 (x1)a(x2)) {3(x3)) + cyclic)
— (1) p1(x1)) {p2(x2)) {3(x3)) -

Example 5. When deg p = n is odd,
(T(x)T(x2)T(x3))e p1p2p3 = O(X]7) .

In the region where x1, x2, X3 are finite, the connected Virasoro 3-point function is

given by

(T)T(x)T(x3))ep1paps = RO(xr, x2, x3) + 0Dy, sy »
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where RO is the rational function

2

2 2
+ + +
R® )(xl,xz,xs)——(yl yz) Y1 Y3) (yz y3)
X1 — X2 X1 — X3 X2 — X3
2 2
yity2) (yitys »
1) (0, +0
(xl—xz) x1—x3) 1702 +8s)
v+ (2 +y3)
'O, +06
(xl—XQ) x2_x3) < > ( 1 3)
v+ (v +y3)
1O, +0
(xl—x3) xz—x3) D701 +8,)
2

1
1 (yi - xz) (T DT (3)]yeg Y13

+ (1) (T ()T (x3)] e, )P2P3)

1
+ (y LY 3) (O T DT (x2)g P12
X3
+ ()T )T (x3)]yeg.) P2P3)
1
Z(L— 3) (O T @DT )]y ) P12

+ (O IT DT (x3)]reg.) P1P3)-

Here fori, j € {1,2,3}, [T(xl-)T(xj)] is defined by (5.5). By part 2 in the Proof of

Theorem 2, ([T(x,)T(xJ)] ) pipj is apolynomzal in x;,xjand y;,yj.
Moreover, the O(1)|y, x,.x; term is a polynomial in x1, x3, X3 and y1,y2,y3. Indeed,
(T(x)T (x2)T (x3)). is regular at py = 0 because

(T)T(x2)T(x3))e = (1) UT ()T ()T (x3)) — (1) T (x)) (T (x2)T(x3))

— (U (T )T (x))e (T (x3)) + (T (x3)T(x1))e (T(x2))}

6.2 Application to the (2,5) minimal model, for n = 5
We consider the (2, 5) minimal model on a genus g = 2 hyperelliptic Riemann surface
Ty = p(x).

There are exactly 28 = 4 parameters, given by (1) and (T'(x)) (or A1, A, A3). As we
shall argue now, we expect that all other constants in the Virasoro 2-point and 3-point
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function are determined.

W.l.o.g. n = 5. In this case the 2-point function in the (2,5) minimal model
has been determined previously, up to one constant, cf. Example 4. In the 3-point
function, there is only one polynomial P!!!(x, x,x3), of degree n — 3 in each of

X1, X2, X3, free to choose. Set

P[l](xl, X2,x3) =B222 x%x%x%
+Bg,2,1(x%x%X3 + x%xzxg + xlxgxg)
+BQ’1’1(X%XQX3 + X1X§X3 + XIXZ)C%)
+ BZ,Q,()()C%Xg + x%x% + x%x%)
+Bz,1,0(x%x2 + x%)g + xlx% + x1x§ + x§x3 + xzxg)
+ Bi,1,1 X1X2X3
+Bz,070(x% + x% + x%) + B1,1,0(X1XZ + X1x3 + XZX3)
+B100(x1 + X2 + X3)

+Bo,0,0 »

where B, j; o« (1) for i, jk € {1,2} and k < j < i are constant in position. The

constraint eq. (5.7) provides the knowledge of

1 4.2
PM(xa, x2, x3) =B X5 X3
4 32
+Bz,2’1(xz.X3 + 2)62)63)
2By 1% B 2B 2x2 + By oxs
+2B51,1%,x3 + (B2,1,1 + 2B220)x5x35 + By ox,
3 2 2
+2B7,10(x5 + x2x3) + (Br1,1 + 2B2,10) X5X3
2 2
+2B11,0x2x3 + (B1,1,0 + 2B2,0,0)x; + B2 o0x3
+B10,0(2x2 + x3)

+B0,0,0

(obtained in the limit as x; — x3), and thus of all 10 coefficients. So given (1) and
(T (x)), the Virasoro 3-point function is uniquely determined.

Since ([T(xl)T(xz)]reg.) p1p2 obtained from (5.5) is just the O(1)|,,=x, part in the
connected 2-point function given by eq. (A.5), the remaining unknown constant in

the 2-point function is determined using Example 5.
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Thus in Part I of the thesis we have formulated a set of necessary conditions on
any CFT on a hyperelliptic Riemann surface. We shall not investigate the question

about existence, which requires different methods.






Appendix A

A.1 Proof of Theorem 2 (Section 5.1)
1. We have

(T(x1)T(x2)) p1p2
= (T(x)T(x2)) p1p2]—s + (T(XDT(x2)) P1P2) <3 »

where according to (4.9),

(TGDT () prpal,s = 3%aox"-2<r<xz>> P

= (1) (TGD)XT () p1pal,a»
50
(T)T(32)) prpa = (AT x)XT (02))p1p2
=TT (x2)) p1paleys = O™ (T GOXT(x2))p1p2) s -
This shows (5.3).

2. The proof is constructive. We build up a candidate and correct it subsequently

So as to

e match the singularities prescribed by the OPE,
e behave at infinity according to (5.3),

e be holomorphic in the appropriate coordinates away from the diagonal. X
is covered by the coordinate patches {p # 0}, {p’ # 0} and {|x~'| < €}.

General outline: The 2-point function is meromorphic on ¥ whence rational.
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So once the singularities are fixed it is clear that we are left with the addition
of polynomials as the only degree of freedom. The key ingredient is the use of

the rational function

2
+
V1 )’2) ’ (A1)

X1 — X2

fx1,x) = (

which has a double pole at x; = x; as y; = y» # 0, and is regular for (x1,y1)

close to (x2, —y»).

For finite and fixed but generic x;, and for the function f defined by eq. (A.1),

we have
c 1 2 c/2 c [P’z]2 -1
— (X, ) = ——+ ———— + O((x] — x .
s Y e e e O )
Moreover,
11 _1
———fx,x0) = —————= + O((xi —x) ). (A.2)
4 p1p2 p2(x1 — x2)
Thus
[p5]? 1 ([p)* [pT? _
s = o+ |, x0) + O = x) 7).
ps(x1 —x2)? 8pip2\ pi 2

We conclude that

c/2 c 1

= — 2
T VT o W
712 712
V2R 2Y )}+0(1), (A3)
2

p1

+

1
- Zf(xl,xz)(

where O(1) includes all terms regular at x; = x;. Now by eq. (A.2),

TE))+{T(x)y _ 1
(x1 — x2)? 4

Flxr,x) ((T (x1)) N (T(x2))
p2

) +0(1). (A4
P1
From eqs (A.3) and (A.4) we obtain

c/2 (T(x1)) + (T (x2))
1
(x1 — x2)4< I+ (x1 — x2)?

! 1
= (3%(1)f(x1,x2)2 + 1—6]‘()61,)52)(®1 " @2)) Lo,
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by eq. (4.7) Thus in the region where x; and x, are finite, we have

AXT ()T (x2))e p1p2 = RO(x1, x2) + O (1) [yy=y» (A.5)

where
1
ROx,xp) = éf(xl’x2)2<1> + Ef(xl,m)(@l +0,). (A.6)

Note that the O(1)|y,=y, terms are restricted to polynomials in xi, x2 and yj, 2.
This simplification is due to the use of the connected 2-point function (the
coefficient of any positive power of f(x,x2) in (T(x1)T(x2) p1p2 is regular
at p = 0, so all singularities in at p = 0 drop out when (T'(x1)T(x2). p1p2 is
considered.)

The degree requirement (5.3) yields the upmost specification of eq. (A.5), be-

cause some terms appearing in

RO = SO
g R
e el el

e (TN

are absent in eq. (A.5) and so determine some of the polynomials in the con-
nected 2-point function (which in the following we shall refer to as correc-
tion terms). To keep formulae short, we shall go over to the rational function
R(x1, xp) introduced in part 3 of Theorem 2, since it has milder divergencies

for |x| large than RO(x1, x,) does. Thus we show now that
RO(x1, x2) = R(x1, x2) + polynomials, (A7)

where the “polynomial” part is a sum of polynomials in xj, x; and in y1, y;.

Indeed, we have the following identities:

(p1-p2)’ _ PP
(x1 —x2)*  (x1 — x2)?

+ polynomial.
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Lemma 14 yields

¢ pP1L+ P2
hd LTz
8Y1y2( >(x] )
(11 [x]
c pi(Vxix) ¢ P (Vx1x2)
= Sy 2V C FYS DA ks
7712l =) gy1y20x1 + 22)(1) 1= x)
L L <1>ﬁ<pm)'< Vi)
32Y1y2 (x1 — )2
1 [x]y/
3¢ s (P (Vxx)
+ — + 1
ca)1y2x x)X1) G2
c (P (VX1 x2)
ey (LN
3ZY1y2( ) 1)
c (P (Vx1x2)
+—= + o l)———————
gz 120+ ) 1= x)?
+polynomial. (A.8)
Likewise,
1 elliel!
g)’lyz—(xl o)
c T (/x1x) N 1( N )H[XJ(VXIXZ)
= —— - —(x X)) —————
2 T T2 T G )2
+ polynomial. (A9)

Let r, s be polynomials in the only one variable x. Then we have

ris1 +rss risy +rsi

(x1 —x2)?  (x1 — x2)?

+ polynomial . (A.10)

Thus

1p1®1+ 20 _ 110 + 20,
8 (x1 —x)? 8 (x1 —x)?

+ polynomial. (A.11)

(A.10) generalises to terms including y; as

Yty _yintyrn proprrion 1
(x1=x)? (X1 —x)?  xXi—X X1—-X2y1+»0
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Thus

I p1+2y1y2+ p2 :
_—(yl(a[l_)] +y2®£y])

16 (Xl - )C2)2
1 +2 + S .
:E—pl o };_1};22)2 P2 (ylG)Ey] + y2®?]) + polynomial,

and Lemma 14 yields

I pi+p Iyl [yl
— = (0 +y,0Y) =
16 (x1 - )Cz)2 (yl 2 2 1 )

1 [y] Iyl
g (y1®2 + y2®1y )X
[ | [l
y (P (\/Xlx22) LY xz)P (\/Xlxzz))
(x1 — x2) 2 (x1 — x2)

+ polynomial. (A.12)

This proves eq. (A.7). Note that this result implies that in the finite region,
R(x1, x7) has the correct singularities. It remains to correct its behaviour for

large |x|.

. We first subtract all terms from R which are of non-admissible order in x;.
These depend polynomially on x, because this is true for [(xl - xz)‘[Lk with
t eN, k € Z, (x| large), and may depend on y,. The result may still be degree

violating in x;. Thus the corrected rational function reads

R—[Rlsn3 = [R— [Rlsn 3]
=R — [Rlsp_3 — [RI”"7 + [[Rlsp_s]">.

Since the subtractions could be done in a different order, the procedure only

works due to

[[RL 5" = [IR1"] (A.13)

>n-3"

The connected 2-point function is thus determined up to addition of a polyno-
mial P(xy, X2, y1,y7) of the form (5.4) which is specific to the state. The degree

and symmetry requirements for P(x1, X, y1,y2) are immediate.

For clarity, we first list the terms contained in — [R],_3 resp. —y; [R]s2-3:
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From (A.8),
3¢ \/#TZ(P[X])'( VX1x2)
— =2 [xl) > : (A.14)
04 (x1 = x2)
2-3
c (PMy” (Vi xz)]
- =y | ah)—— ) (A.15)
64 [ (x1 —x2)?  |ons
from (A.9),
¢ I x/x1xz)]
—VIV2 [ XI—————— , (A.16)
64 [ U - ) S1 3
from (A.11),
_le, [L] (A.17)
8 (i —x)?|s,s .
and from (A.12),
1 g p[”(\/xm)]
By
-y 05| ——— , (A.18)
g’ 2 [ (x1 —x2)? |on3
e 010y [xl— — (A.19)
(x1=x2)* |s23
1 pM(Vxx)
— y1x2®gy] [—2 (A.20)
16 ('xl - x2) >%_3
Now we give the full explicit expression for
~[Rlsn-3 = [RI" + [R5
(A.14) and (A.15) yield
oyl = Dagxd a8 = _ L A i
64y1y2 n apx; "X, © = 8y1y2 0X; X5
which cancels against the term we obtain from (A.16). For odd n, Ag = —%(nz—

Dap(1), so (A.17) yields

1 ) -2 c 2 2 .n-2 _n-2
—gao (x’l’ O, + x) @1) - 6—4(n — Dagx{ x5~
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(A.18) yields

1 2.5 2.1 o 1  n_l n_5
gy]a]xl2 zxz2 2@9]+§y2a1x12 2x22 2@?]
(A.19) yields:
1 n_3 n_1 1 n_1 n_3
Eylaoxl2 x5 2®gy]+ﬁy2aox12 X5 2®Ey],
1 n_5 n,l 1 n l on_5
gylaoxlz 2x22+2®g] + gygz,z())clerz)cz2 2@5’] ,
1 n_5 n_3 : 1 n_3 n_5
Eylazxf 2)622 2®£}]+Ey2a2x12 2x22 2®[1y]
(A.20) yields:
1 n_5 n,l 1 nyl on_5
Ey]aoxf 2x22 2®g]+ﬁy2a0x12 zxz% 2@?]

Since all terms are symmetric w.r.t. interchange of x; and x,, eq. (A.13) has been

verified. This completes the proof.

A.2 Behaviour of the Virasoro 2-point function under de-

generation of the surface in the case g = 1

As mentioned by the author in the viva, the formula for the Virasoro 2-point function
is consistent w.r.t. the degeneration of the Riemann surface Z,.

Suppose X, X’ are two different ramification points of any hyperelliptic Riemamn
surface X¢. A linear fractional transformation on Pé sending X’ — X results in
a hyperelliptic Riemann surface X,_;, since in the limit, X = X’ will no more be a
ramification point. Indeed, while on X, a path between X and X’ will change the
sheet, in the limit, winding around X’ = X will trace a path on one single sheet.

We checked consistency for X, : y* = p(x) with deg p = 3. The Virasoro 1- and
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2-point functions on X; are given by

2 —4cx + A
<[] ) + cx+ A ,
32 p? 4p

c 1
T T =—(1)—
(T(x)T(x2)) 4( >(x1 o)
< PP, _Cy P1Xat paxy
327 (1 —x2)?pip2 2 (x1 —x2)?pip2
1 +

+-A P 572
8 (x1 —x)*p1p2

c P11t p2
+ yiyll) —————

8 (x1 = x2)*p1p2
X1 +x 1
L2 + ZAlyIYZ

(T(x) =

C
- —(yiy——m—— _
2 (x1 = x2)*p1p2 (x1 = x2)*p1p2
xix2 Ay (x1+x2) N piil
pip2 2 pip2 P1D2

+ (1) YT (x)HT(x2))

+ 2¢(1)

respectively, where P! oc (1) is specific to the state. Denote by (T'(x1)T(x2))x, x,. X3

the 2-point function on the torus
Ty = ao(x - X)) - Xo)(x - X3),

(ag € C). A linear fractional transformation on ]P(}.j sends X3 — oo. Since

x— X3 _lxl—xz_l(xl—xz)z X o0
x1 — X3 2x1—-X3 8(951_}(3)2 ’
we have
lim (T(x)T(x2)) = S !
X31Lnoo X1 X2 X1,X2,X3 — 4 Xl’XZ (x,l _x,2)4
c S 1 ( Lo, )( Lo, )
32 2\ X)) T =X )\ G- XD T (g - X))
c Y T O RN SR D
+ §(1>x;,x§ +

= (o =X - X Jog - XDog - X))

c2( 1 1 f( 1 1 f
+ <1>X’ X! 7 N + 7 N / ’ + ’ / :
. (32)2 ('xl - Xl) ('xl - X2) (.X2 - Xl) (X2 - Xz)
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Here (1) X1, X; is the 0-point function on the Riemann sphere
2
oo YT =ao(x - XD - X3),
in terms of new local coordinates x’,y’. Assuming X| = 0 for simplicity, the coordi-
nate transformation is given by

Xz—XgX—Xl

X(x)=X ,
() 2X2—X1X—X3

(in particular XJ = X»). To check our result, we perform another linear fractional

transformation on P<1c’
/

’’ ’
xX'(x) = ,
) x =X

sending X, — oo. The 2-point function on the resulting surface X : y”2 = apx”,

with O-point function (1) and Virasoro 2-point function (7"’ (x{)T" (x}))o, reads

c c 1
lim lim (T(x))T =-—1)y—————+ —=1)p————
X, > 00 X3 — oo< (x1) (x2)>X1 X2.X3 4< >0 (xlll _ x/2/)4 32< >0 (x/l/ _ xlzl)zx/llxéf

[ ’” ’ ’”
1 .Xl x2
+

C
+_<1>0 7 7"
8 (xl - x2 )4 [xle ’xlll
2
c 1 1
b (1) — .
(32)2< >0x1/2 xr/Z

1 2

The arguments of the proof of Theorem 1 and 2 show that this is the correct formula,

lim _lim (T(x)T(x2))x, %%, = {T" )T (X))o -

H — 00 X3 — 00

Thus we have shown that our formulae for the 1- and 2-point function on the torus X

behave correctly under degeneration of X; to the sphere .
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Dependence on moduli
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Chapter 7

Introduction

Let
T ={zeCllgl <z < 1}z ~qz},

where g = ¥ 7 and T € H*. X is a torus. A character on X is given by

(r = ), 4.

@
{9} basis of F

Here F is the fiber of the bundle of holomorphic fields ¥ in a rational CFT on X, as
discussed in Part I of the thesis. By the fact that Part I lists necessary conditions for
a CFT on a hyperelliptic Riemann surface, (1)x, is in particular a O-point function
(1) in the sense of Part I. On the other hand, (1), is known to be a modular function
of T ([27], [41]). A modular function on a discrete subgroup I' of I'y = SL(2,7Z) is
a [-invariant meromorphic function f : H* — C with at most exponential growth
towards the boundary [38]. For N > 1, the principal conguence subgroup is the group
I'(NV) such that the short sequence

1 - T(N) = T, 25 SL2,Z/NZ) — 1

is exact, where 7ty is map given by reduction modulo N. A function that is modular on
I['(N) is said to be of level N. Let {y = ¢’¥ be the N-th root of unity with cyclotomic
field Q({y). Let Fy be the field of modular functions f of level N which have a

Fourier expansion

f@= > ag®, q=e"", (7.1)

nx—ng
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with a, € Q({y), Yn. The Ramanujan continued fraction

1
1+ —4

q
1+ I+...

(1) :=q'P (7.2)

which converges for T € H*, is an element (and actually a generator) of F5 [2]. ris

algebraic over F| which is generated over Q by the modular j-function,

&

jO=12=—=—.
&~ 2783

Jj 1s associated to the elliptic curve with the affine equation
Ti: Yy =4x—gox—g3, with g -27g3#0.

Here g; for k = 2,3 are (specific) modular forms of weight 2k, so that j is indeed
a function of the respective modulus only (the quotient 7 = w,/w; for the lattice
A = Z.w + Z.w»y), or rather its orbit under I'; (since we are free to change the
basis (w1, wy) for A). In terms of the modulus, a modular form of weight 2k on I is a
holomorphic function g : H* — C with subexponential growth towards the boundary
[38] such that g(7) (dt)?* is T-invariant [33]. A modular form on I'; allows a Fourier
expansion of the form (7.1) with ng > 0.

Another way to approach modular functions is in terms of the differential equa-
tions they satisfy. The derivative of a modular function is a modular form of weight
two, and higher derivatives give rise to quasi-modular forms, which we shall also deal
with though they are not themselves of primary interest to us.

Geometrically, the conformal structure on the surface
Ti: Y =4 - XD - X)(x - X3), xePy,

is determined by the quadrupel (X, X», X3, 00) of its ramification points, and we can
change this structure by varying the position of Xi, X, X3 infinitesimally. In this
picture, the boundary of the moduli space is approached by letting two ramification
points in the quadrupel run together [13].

When changing positions we may keep track of the branch points to obtain a
simply connected space [6]. Thus a third way to describe modularity of the characters

is by means of a subgroup of the braid group B3 of 3 strands. The latter is the universal

! As mentioned earlier, a modular form of weight 2k transforms as f(AA) = A7 f(A) for any A € C*.



59

central extension of the quotient group 1_"1 = I"1 /{£I,}, so that we come full circle.

Suppose X; = C/A where A = (Z.1 + Z.iB) with 8 € R. Thus the fundamental
domain is a rectangle in the (x°, x!) plane with length Ax = 1 and width Ax! = .
The dependence of (1)x, on the modulus i3 follows from the identity

(L)s, =tre™™ | H= f T%4x°,

where T% is a real component of the Virasoro field.> As mentioned above, we may
regard (1)s, as the O-point function (1) w.r.t. a state { ) on X;. Note that the same
argument applies to N-point functions for N > 0.
Stretching 8 + (1 + €)B changes the Euclidean metric G, (u,v = 0, 1) according
to
(ds)? — (ds)* +2e(dx")® + O(€?) .

Thus dGy; = 2%’{ and

d{1)y = —tr(HdB e 1Py = — dGT“ ( f <T00>dx0) B

S d(;_“ f f (T%dx"dx" . (7.3)

The fact that f (T9%dxY does not depend on x! follows from the conservation law
0,TH = 0:

d
-7 9§<T00> dx® = 5651<T00> dx® = - 9§aO<T10> dx’ =0,
X

using Stokes’ Theorem.

1
B/(2m)

(in the sense of Part I of this thesis) are thermal states on the VOA.

We argue that on S! x § ,é /) (where § is the circle of perimeter (), states

When g > 1, equation (7.3) generalises to

(1) = — %ffde (T"y VG dx® A dx' | (7.4)

2Any dynamical quantum field theory has an energy-momentum tensor 7, s.t. T,,dx“dx” defines a
quadratic differential, by which we mean in particular that it transforms homogeneously under coordi-
nate changes. For coordinates z = x° + ix! and Z = x° — ix!, we have [1]

1 .
T, = Z(Too =2iTy g —T).

For the relation with the Virasoro field 7'(z) discussed in Part I, cf. Section 9.1 below.
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Here G :=|det G|, and dvol, = VG dx° A dx! is the volume form which is invariant
under base chamge.3 The normalisation is in agreement with eq. (7.3) (see also [3],
eq. (5.140) on p. 139).

Methods that make use of the flat metric do not carry over to surfaces of higher
genus. We may choose a specific metric of prescribed constant curvature to obtain
mathematically correct but cumbersome formulae. Alternatively, we consider quo-
tients of N-point functions over (1) only (as done in [7]) so that the dependence on
the specific metric drops out. Yet we suggest to use a singular metric that is adapted

to the specific problem.

3The change to complex coordinates is a more intricate, however: We have dx’ A dx! = iG.: dz A dZ
with G_; = 1, as can be seen by setting z = x” + ix'.



Chapter 8

Differential equations for
characters in (2, v)-minimal

models

8.1 Review of the differential equation for the characters of

the (2,5) minimal model

The character (1) of any CFT on the torus X; solves the ODE [7]
d 1 1
—1) = — P{T(R))dz = —<(T). 8.1
dr< ) o 95( (2)) dz 2m.< ) 8.1)

Here the contour integral is along the real period, and f dz = 1. (T), while constant
in position, is a modular form of weight two in the modulus. The Virasoro field
generates the variation of the conformal structure [7]. In the (2,5) minimal model,
we find by eqs (3.3) and (3.4) in Part I,

2m‘diT<T> = 9§<T(w)T(z)> dz = -KT)G, + 25—ZG4<1> : (8.2)

Here G, is the quasimodular Eisenstein series of weight 2, which enters the equation

by means of the identity

1
f 9(z — wlt) dz = —2Gs(7).
0
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In terms of the Serre derivative

1 d ¢
Dypi=———-E>, 8.3
T omidr 67 ®3)
the first order ODEs (8.1) and (8.2) combine to give the second order ODE ([26], and
recently [21])

11
Dz o} DO<1> = W E4<1> .

The two solutions are the well-known Rogers-Ramanujan partition functions [3]

n*+n

11 1
(1)1:q602q(q) :q60(1+q2+q3+q4+q5+2q6+...),
n

n>0

2

n
(l)zzq_&z(qq) :q_&(l+q+q2+q3+2q4+2q5+3q6+...).
n>0 n

g = ¢*™7) which are named after the famous Rogers-Ramanujan identities
( 27Ty which d after the f; Rogers-R jan id
_u - 1 _
goi= [] a-¢0"'. goa= [] a-g"
n=+2mod 5 n=x1 mod 5

Mnemotechnically, the distribution of indices seems somewhat unfortunate. In gen-

eral, however, the characters of the (2, v) minimal model, of which there are

M= (8.4)

2

(v odd) many, are ordered by their conformal weight, which is the lowest for the
respective vacuum character (1), having weight zero.

The Rogers-Ramanujan identity for q‘% (1)1 provides the generating function for
the partition which to a given holomorphic dimension # > 0 returns the number of
linearly independent holomorphic fields present in the (2,5) minimal model. Recall
that this number is subject to the constraint 0T o« No(T, T), eq. (3.1) in Part L.

h o[1]2]3 [4 5 6
basisof F(h) | 1 | = | T | aT | 8°T | &°T | o*T

No(T, 8*T)
dim F(h) 1fof1 1 |1 1 2

Holomorphic fields of dimension /4 in the (2, 5) minimal model

There is a similar combinatorical interpretation for the second Rogers-Ramanujan
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identity. It involves non-holomorphic fields, however, which we disregard in this

thesis.

8.2 Review the algebraic equation for the characters of the
(2,5) minimal model
Besides the analytic approach, there is an algebraic approach to the characters. This

is due to the fact that (1), (1),, rather than being modular on the full modular group,

are modular on a subgroup of I';: For the generators S, 7T of I'y we have [2]

Ty = Ceo' (1)1, Ty = oo (1),

while under the operation of S, (1)1, (1), transform into linear combinations of one

another [2],
S(<1>1) _ i[sin% —sin 25—”J(<1>1).
(1)2 /5 \sin 25—” sinf J\(1)2
However, (1)1,(1), are modular under a subgroup of I'; of finite index. Its fun-
damental domain is therefore a finite union of copies of the fundamental domain
F of I'y in C. More specifically, if the subgroup is I with index [['; : I'], and if

Y1,..., v, € I'1 are the coset representatives so thatI'y = 'y U... Uy, .}, then

we have
Fr=v1¥f U...Uyr.n¥ . (8.5)
[15]. Thus (1); and (1), define meromorphic functions on a finite covering of the

moduli space M; =T'; \ H and are algebraic. We can write [2]

0 (o)
Iy = =2 (), =22,
n n

where the functions 7, 85 1, 65> on the r.h.s. are specific theta functions (e.g. [3])

0 = fo, f~q" . q=e&"T.

nez

The characters’ common denominator is the Dedekind n function. Using the Poisson

transformation formula, one finds that 1, 65 1, 655 are all modular forms of weight %
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([38], Propos. 9, p. 25). For the quotient (1);/{1), and T € H*, we find [2],

D _ 652
1)y 65,

#[]a-® =r),
n=1

where r(7) is the Ramanujan continued fraction introduced in eq. (7.2). (Here (n/5) =
1,-1,0for n = =1, +2,0 (mod 5), respectively, is the Legendre symbol.)

r(t) is modular on I'(5) with index [} : T(5)] = 120 [16]. The quotient I'(5) \ H*
can be compactified and made into a Riemann surface, which is referred to as the
modular curve

2(5)=T()\H".

Here H* := H* U Q U {oo} is the extended complex upper half plane. X(5) has genus
zero and the symmetry of an icosahedron. The rotation group of the sphere leaving
an inscribed icosahedron invariant is As, the alternating group of order 60. By means
of a stereographic projection, the notion of edge center, face center and vertex are
induced on the extended complex plane [5]. They are acted upon by the icosahedral
group Ggo C PSL(2,C). The face centers and finite vertices define the simple roots
of two monic polynomials F(z) and V(z) of degree 20 and 11, respectively, which

transform in such a way under G that

_F@
J(2) = 0

is invariant. It turns out that J(r(7)) for T € H' is I'(1)-invariant, and in fact that
J(r(1)) = j(7). Thus r(7) satisfies

F2) = jmV> () =0
(for the same value of 7), which is equivalent to 7°(7) solving the icosahedral equation
(X* —228X3 +494X% + 228X + 1)’ + j(OX(X*> + 11X -1)° = 0.

This is actually the minimal polynomial of 7> over Q(j), so that Q(r) defines a func-
tion field extension of degree 60 over Q(}).

This construction which goes back to F. Klein, doesn’t make use of a metric. In
order to determine the centroid of a face (or of the image of its projection onto the
sphere) only the conformal structure on S? is required. Indeed, the centroid of a

regular polygone is its center of rotations, thus a fixed point under an operation of
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Aut(S?) = SL(2,C).

8.3 Higher order modular ODEs

Sorting out the algebraic equations to describe the characters of the (2, v) minimal
model becomes tedious for v > 5. In contrast, the Serre derivative is a managable
tool for encoding them in a compact way [26]. Since the characters are algebraic, the
corresponding differential equations can not be solved numerically only, but actually
analytically. We are interested in the fact that the coefficient of the respective highest
order derivative can be normalised to one and all other coefficients are holomorphic
in the modulus.

To the (2, v) minimal model, where v > 3 is odd, we associate [3]

e the number M = % introduced in eq. (8.4), which counts the characters,

e the sequence

(v-2s5)% 1
=— - — =1,....M 8.6
KS 8V 24’ N ’ 9 9 ( )

which parametrises the characters of the (2, v) minimal model,
e therank r = %

The character corresponding to «; is

n’An+B'n

q
<1>s = fA,B,s = qKS - >
n»E(ZN;))’ (@n

where
A — C(Tr)_l c err, B c Qr ,

C being a Cartan matrix. The tadpole diagram of 7', is obtained from the diagram of
Ay, by folding according to its Z; symmetry.
It turns out that (1) satisfies an Mth order ODE [26]. Given M differentiable

functions fi, ..., fu there always exists an ODE having these as solutions. Consider
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the Wronskian determinant

f Df ... DMy
1 M M
dee| 1T T = > wiDf .
£
fu Olfy ... DMfy

Here form > 1,
D= DZ(m—l) 0---0Dy0D

is the order m differential operator which maps a modular function into a modular
form of weight 2m. (D is the first order Serre differential operator introduced in eq.
(8.3).) Form = 0 we set D° = 1.

Whenever f equals one of the f;, 1 <i < M, the determinant is zero, so we obtain
an ODE in f whose coefficients are Wronskian minors containing fi, ..., f3s and their
derivatives only. These are modular when the fi, ..., fir and their derivatives are or
when under modular transformation, they transform into linear combinations of one

another (as the characters do).

Lemma 17. Let 3 < v < 13, v odd. The characters of the (2,v) minimal model satisfy
D> (1y=0, (8.7)

where D) is the differential operator

M=2
D(Z’V) = DM+ Z Z Qz(M_m)Em (88)
m=0 QZ(M—m)
QoM-m) = CmE2M-m) » 2<M-m<5,

Qo :=agEn + CL/E)CMSP)A .

Here A = n** is the modular discriminant function, Eoy, is the holomorphic Eisenstein

series of weight 2k, and the nonzero numbers a,, and a/g"s’) ) are given by the table

below:
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2,v) | 2,3 2,5 |27 |29 (2,11) (2,13)
M 1 2 3 4 5 6
1 1 1 1 5

Km 0 o | m | "% ~3 ~T56

ay 1 1 1 1 1 1

o 11| 57 | 2313 _ 1153 _ 71367
M-2 602 422 362 22.332 1562

a 517 23.53 3-5-11-59 23.13-17-193
M-3 423 363 23.333 1563

o 31123 | _ 116151 | _ 5-11-13-89-127
M—4 367 24334 1564

o 24.17-29 23.3-5.13:31-2437
M-5 335 1565

@ _58722331.67
M-6 1560

a,(cusp) 52.7.11-232.167
M—-6 25.32.134.691

The nonzero coefficients in the order M differential operator in the (2, v) minimal
model. ky, is displayed to explain the standard denominators of the a,, (and mark
deviations from them).

Remark 18. The prime 691 displayed in the denominator of agy_sg) suggests that
Bernoulli numbers are involved in the computations. This is an artefact of the choice
of basis, however. Using the identity [38]

1 3 2
Eip = 5r (441E] + 250E7)

we can write

2
@) 52-7-23 (53-1069 5 6047 ,
OcuspA_ E

@En +a "~ 97.35.136 25 at 356

Only the specific values of the coefficients in eq. (8.7) seem to be new. Rather
than setting up a closed formula for «,,, we shall outline the algorithm to determine

these numbers, and leave the actual computation as an easy numerical exercise.

Proof. (Sketch) We first show that the highest order coefficient @, of the ODE can
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be normalised to one. For every «; in the list (8.6) and for 0 < m < M — 1, we have
D"(1)s o ¢ (1 + 0(q)) - (8.9)
Since the «; are all different, we know that

wy ~ 1_[ g, gqclose to zero,
S

where wy, is the coefficient of ®¥ in the Wronskian. By construction, wy, has no
pole at finite 7. The number of zeros can be calculated using Cauchy’s Theorem [38]:
Since ©"(1) has weight 2m, we find

M-1
weightwy =2 )" = MM - 1).

=0
The order of vanishing ordp(wys) of wy, at a point P € T\ H* depends only on
the orbit I'P [38]. Denote by ords(wys) the order of vanishing of wy, at co (i.e. the
smallest integer n > 0 such that a, # 0 in the Fourier expansion for wy). By eq.
(8.5) for the fundamental domain of the finite index subgroup I' of I';, all orders of
vanishing for I' differ from those for I'y by the same factor. Thus ([38], Propos. 2 on
p. 9) generalises to subgroups I'  I'; and to

1 MM -1
orde (W) + Z —ordp(wy) = MM-1 (8.10)
n 12
Pel\H*
where np is the order of the stabiliser. Since
M
MM -1)
orde(wir) = D Ky = — 5

s=1

we have ordp(wy) = 0 for P € '\ H*. Thus we can divide by wy, to yield

D@Dy, =0

for j = 1,..., M and the modular forms &; = X—A’d

By (8.9), D@ (1), is a power series of order > k; in g. The coefficient of ¢ is a



69

monic degree M polynomial in «,, and we have

M
[D>10g" = ¢ | | =« @.11)

s=1

since by assumption (1),, € ker D@ for s = 1,...M. (Here [D®*"], denotes the
cut-off of the differential operator D>") at power zero in g.) For 2 < k < 5, the
space of modular forms of weight 2k is spanned by the Eisenstein series Ey;, while
for k = 6, the space is two dimensional and spanned by Ej, and A. However, only
the Eisenstein series have a constant term, so that actually all coefficients «,, are
determined by eq. (8.11). Note that vanishing of ay,_; (the coefficient of DY~ in
DY) implies the equality

M M 1_5
—ZKS:ZT. (8.12)
s=1 =1

Indeed, the Lh.s. of eq. (8.12) equals the coefficient of ¥*~! in the polynomial
g “[D*"Nog"

in eq. (8.11), while the r.h.s. equals the coefficient of «¥~! in
q D" ]og"

where forO0 <i< M -1,

M-i-1
g = [ | -5
=0 6

Equality (8.12) thus states that g <[DY~!]yg* (with leading term ") does not con-
tribute, and so is equivalent to a;_; = 0.

a/E)CUSp) is determined by considering the next highest order [D?)(1)],, for some
character. (Since modular transformations permute the characters only and have no
effect on D), it is sufficient to do the computation for the vacuum character (1); =

g (1 + 0(g"))). 0

The external examiner has pointed out that the leading coefficient can also be read

directly from the equation for the singular vector (Lemma 4.3 in [36]).
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8.4 Generalisation to other minimal models

For (u,v) € 72, the (u, v)-minimal model has

_v=DE-1

M
2

different characters. The set of all characters is parametrised by [3]

(vr—pus)?> 1
Kpg=——"———, 1<r<u-1, 1<s<v-1.
ST T4y 24 K

Due to periodicity of the conformal weights «,; + 5; (which we shall not go into
here) this listing makes us count every character twice. The characters are modular
functions on some finite index subgroup I' of I'; satisfying an order M differential
equation, and it remains to verify that the latter has highest order coefficient ay; = 1.
We have

MM -1)

1
ordo(wy) =5 D, k=

1<r<u—1;1<s<v—-1

where the factor of 1/2 in front of the sum has been inserted to prevent the double
counting mentioned above. As before, we conclude that wy, has no zeros in H" and
with the

Corollary 19. The characters of the (u,v) minimal model satisfy an order M differ-

ential equation
D1y =0,

where DY is a differential operator of the form

M=2
DM = M 4 Z Z Qo(a1-my D"

m=0 Qoy1—m)

where summation is over modular forms Qoy—my of weight 2(M — m).



Chapter 9

A new variation formula

The present chapter relies on joint work with W. Nahm; Sect. 9.2 is based on his

ideas.

9.1 The variation formula in the literature

Formula (7.4) describes the effect on (1) of a change dG,, in the metric. It gener-
alises to the variation of N-point functions {p((x])...¢n(xx)) as follows: Suppose

the metric is changed on an open subset R C S of the surface S. Then

1
d{p1(x1)...on(xN)) = — ifj;(dG‘”) (T"1(x1)...on(xn)) dvoly,  (9.1)

where dvol, = VG dx° A dx' ([37], eq. (12.2.2) on p. 360; see also eq. (11) in [7])",
provided that

xi¢ R, fori=1,...,N. 9.2)

Note that in order for the formula to be well-defined, 7 ,,dx*dx” must be quadratic
differential on S, i.e. one which transforms homogeneously under coordinate changes.
The antiholomorphic contribution in eq. (9.1) is omitted. It is of course of the same
form as the holomorphic one, up to complex conjugation.

Due to invariance of N-point functions under diffeomorphisms, 7, satisfies the

'Note that both references introduce the Virasoro field with the opposite sign. Our sign convention
follows e.g. [3], cf. eq. (5.148) on p. 140.

71
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conservation law

0=V,T", =V, T + VT,
=9,T%, + G%0:T,. 9.3)

where V is the covariant derivative of the Levi-Civita connection on S w.r.t. the metric
G,y. Here we have used that 7%, transforms like a scalar [12], whence V,T%, = 9,T%,.
Moreover, V,G"" = 0, and V;T, = 0:T; [12], which is true since T, takes values in
a holomorphic line bundle.

A Weyl transformation G, — WG, changes the metric only within the re-
spective conformal class. (In any chart (U, x) on §, such transformation is given by
G (x) = h(x)Gy(x) with h(x) # 0 on all of U.) The effect of a Weyl transformation
on N-point functions is described by the trace of T (eq. (3) on p. 310 in [7]), which

equals
. c
T## = TZZ + TZZ = 2TZZ = % R.1 , (94)

([3], eq. (5.144) on page 140, which is actually true for the underlying fields). Here
1 is the identity field, and R is the scalar curvature of the Levi-Civita connection for
V on §. The non-vanishing of the trace (9.4) is referred to as the trace or conformal
anomaly.

Since T/ is a multiple of the unit field, the restriction (9.2) is unnecessary. Thus
under a Weyl transformation G,, — WG,,, all N-point functions change by the

same factor Z (equal to (1)), given by

C
logZ= - — .
dlog oy ff R dW dvols

While T, transforms as a two-form, it is not holomorphic. We will now redefine
the Virasoro field to obtain a holomorphic field, but which as a result of the conformal

anomaly, does not transform homogeneously in general.

Lemma 20. [7] Suppose S has scalar curvature R = const. Let

1 c
5=T(@) =T, -

2 245 &)

(with the analogous equation for T(Z)), where

1
ly = (azrzZZ - E(rzzz)z) 1.
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Here 1'%, = 0,1og G is the Christoffel symbol. We have
azT(Z) =0.
Proof. Direct computation shows that

1
aztzz = _EGZZ az(ﬂ-ﬂ) .

From the conservation law eq. (9.3) follows
0:T; = — G azTZz

c

481

Cc
GZZ az( \/ERR) = m aztzz .

O

Thus for constant sectional curvature, 7'(z) is a holomorphic quadratic differen-
tial.

Remark 21. t,; defines a projective connection: Under a holomorphic coordinate

change, 7z — w such that w € D(S),
tww (@W)? = 1, (d2)* = S(W)(2).1 (d2)*,

where S (w) is the Schwarzian derivative. t,; is known as the Miura transform of the

affine connection given by the differentials T'*,,dz.

T(z) is the holomorphic field introduced in Part 1.2

9.2 A new variation formula

Let S be a Riemann surface. We introduce

y: one-dimensional smooth submanifold of § , topologically isomorphic to S !,
R : atubular neighbourhood of yin § ,

A : avector field which conserves the metric on S and is holomorphic on R .

2Qur notations differ from those used in [7]. Thus the standard field 7'(z) in [7] equals —7T. in our
exposition, and the field 7'(z) in [7] equals —#T(z) here.
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We think of A = oz(z)a% € TR as an infinitesimal coordinate transformation

z B> w@)= (1 + Ea'(z)gz)z

=z+ ea(z), (9.6)

where |€| < 1. We suppose a = 1.

Theorem 4. Suppose S has scalar curvature R = 0. Let ¢ be a holomorphic field on
S. The effect of the transformation (9.6) with a = 1 on {p(w)) is

d
| tow) = i 9§<Tzz o(w)) dz ,
€ e=0 y

provided that
w does not lie on the curve y . .7

In particular, as w is not enclosed by vy, (¢(w)) doesn’t change.

Proof. By property (9.7), the position of ¢ is not contained in a small tubular neigh-
bourhood R of y. Let
R\ 'y = Riest U Rright

be the decomposition in connected parts left and right of v (we assume y has positive

orientation). Let W C S be an open set s.t.
Wny=0, WUR=S.

Welet F : R — [0, 1] be a smooth function s.t.

F=1 on RenNW,
F=0 on Rrighth-

Let € be so small that z € W° = S \ W implies exp(eF)(z) € R. Define a new metric
manifold (S€, G;Z) by

S€w = Slw

GE.(2) ldzl* = Gz(exp(eF)(2) ld exp(eF)(D)*, z€ W*.
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We have
dG,,T" = dG T% + antiholomorphic contributions + Weyl terms ,

where we disregard the antiholomorphic contributions ~ 73z, and the Weyl terms are
absent since by assumption R = 0. Alternatively, we can describe the change in the

metric by the map
\dzP & |dz + pdZP = dzd? + pdzdz + . ..

where
U = €d:F + O(e?)

is the Beltrami differential. Thus
dGz = 2Gz du(z,2) .
Eq. (9.1) yields
d(p) 1 ff Gy
2 = — —— |0 (T*" ©) dvol
e le=0 3 ), B le=0 <T™” ¢) dvol,

i ou(z,2) : -
-5 ﬂ 2G; L|e:0 (GZZ)2<TZZ ¢)Gzdz NdZ
2 S 86

i ff((?zF) (Tz p)dz Ndz,
R

since (GZX)* = (G)7* for k € Z. Here

(T @) dz = 1a((To; ) (d2)%)

is the holomorphic 1-form given by the contraction of the holomorpic vector field
A= a% with the quadratic differential (T, ¢) (dz)?, which is holomorphic on R. By

Stokes’ Theorem,

@lﬁo =i ff 0:(F(T;¢)) dz Ndz
de R

=i9§ F<Tzz90>dz+i§§ F(T. ¢)dz
Wgr WL

= —isg F (T, ¢)dz.
Wi
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Here Wr = NrkNOW and W, = N;, N dW are the left and right boundary, respectively,
of W in R. We conclude that

A g =i 56 (T @y dz = —i 99<Tzz ¢) dz,

by holomorphicity on Ryeg U . O

Remark 22. The construction is independent of F. When F approaches the discon-
tinuous function defined by

F=1 on R[eﬂ 5
F=0 on Rright s

we obtain a description of (S €, G%;) by cutting along y and pasting back after a trans-
Sformation by exp(€) on the left.

There is a way to check the result of Theorem 4: Let ¢ be a holomorphic field
whose position lies in a sufficiently small open set U c S with boundary U = 7.
We can use a translationally invariant metric in U and corresponding coordinates z, Z.
Then

1
T, = ET(Z)
in eq. (9.5). For A = -, we have
(Ag(w).. 9§<T(z)«p(w> Yz, ©.8)

This can be seen in two ways.

1. Eq. (9.8) follows from the residue theorem for the OPE of T'(z) ® ¢(w). Indeed,
the Laurent coefficient of the first order pole at z = w is N_1(T, )(w) = 0.y,

which is holomorphic.

2. Alternatively, by Theorem 4,

e (p(w +€).. 9§<T(Z)90(W)
€le

The two approaches are compatible!
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9.3 Discussion of the metric

Let X, be the genus g hyperelliptic Riemann surface

DI yZ:p(x), degp=n=2g+1.

Recall that x which varies over the Riemann sphere, defines a complex coordinate
on X, outside the ramification points where we must change to the y coordinate. P(]:
does not allow for a constant curvature metric but we shall define a metric on Péj
which is flat almost everywhere.

Suppose we consider a genus one surface with n = 3. By means of the iso-
morphism Péj = C U {co}, we may identify the branch points of X; with points
X1, X, X3 € C and X4 = {oo}, respectively.

Let 8 > 1, but finite, such that in the flat metric of C,

Xil<6, i=1,23.

We define |X4| := oo. For € > 0, define a metric

(ds(€))? = 2Gz(€) dz ® dZ 9.9)
on P(é by
(1+€6>)2  for |7<86,
2G (€)==
(1 +ez2)? for |z>6.

The metric on X is obtained by lifting.

Lemma 23. In the disc |z| < 0, the metric is flat, while in the area |z| > 6, it is of
Fubini-Study type of Gauss curvature K = 4e.

Proof. For p =2G,(€) with
1 r1=1\—2 ’
Gyz(e) = 2—6(1 +7'7) for || > Veo,
we have [12]
R = p~'(~40,0; log p) = €(1 + 2'7)* (89,0 log(1 + Z'Z)*) = 8¢,

and R = 2K. O
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Definition 2. Let X be a genus g = 1 Riemann surface with conformal structure
defined by the position of the ramification points {Xi}?: | with finite relative distance
on Pé. Let Gz(€) be the metric defined by eq. (9.9). We define <1>{Xi}z'3=1’6’9 to be the
zero-point function on (X, Gz(¢€)).

By eq. (9.4) and the fact that on any surface, R = 2K,

c

T:=—
“T 24n

G-K.1,

where 1 is the identity field. So according to eq. (7.4) we have for the 2-sphere § g of

radius 6,
c
d10g<1>{x,-}§:l,e,9 = 18x f‘f;z(d log Gz(€)) K dvol, .
6

Since G(¢) = (Gzz(e))z, for |z| > 0, the two-dimensional volume form is

1 7d(r?)

dvoly = GO dz ndz = 31" s

Now

d10g<1>{Xi}[_3:1’E’9 = dl\z|<9 + d]|z|>9 s

where for Q% := €6, the integrals yield

c6? Q(z)
dljjg = — — d(€) —>—,
S R et

o?de®)

C Cc
Iisg = — — (d1 =—— (dl 1 ) .
dlj>6 15 @loge) oo (170 24 (dloge) (1 + O(gy))

So for |og| < 1,

4
c c o
1 = 0@ 7 exp| - — 0| 9.10
( >{Xi}f:],e,9 p 12 (1 + 9(2))3 ( )
where Z € C is an integration constant.
Variation of € rescales the metric within the conformal class defined by the branch

points. In the limit as € \ 0,

) 1
G; = ll{r(l) G;:(e) = 3 for |zl < o0, 9.11)
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(and is undefined for |z| = o). Thus P(é becomes an everywhere flat surface except

for the point at infinity, which is a singularity for the metric.

Definition 3. Let X; be a genus g = 1 Riemann surface with conformal structure
defined by the position of the ramification points {Xi}?:1 with finite relative distance
on Péj. Let Gz be the metric on X defined by eq. (9.11). We define the zero-point
function on (£1,Gz) by

1 £ (140 4
Dy, 1= fim, X Dy o

ifi=1»
Thus (1) X2, = Z. We shall also write (1)sing. to emphasise distinction from the
0-point function on the flat torus (X1, ldz|*), which we denote by (1)fqt-

Remark 24. The reason for introducing € and performing lime is the fact that the
logarithm of the Weyl factor ‘W is not defined for surfaces with a singular metric and

infinite volume. We have
<1>sing.

<1>ﬂal

so ‘W is determined only up to a multiplicative constant, which is infinite for € = Q.

dlog =dlogW,

Our method is available for any surface X, : y? = p(x) with deg p = n > 3. When
n is odd, the point at infinity is a non-distinguished element in the set of ramification
points on X,. We shall distribute the curvature of X, evenly over these. Using the

Gauss-Bonnet theorem, the total curvature is recovered as

f Kdvol, =21 x(Xg) = 4n(l — g) = 8n —2n(2g +2) .
28

We interpret 87 as the contribution to the curvature from the g = 0 double covering
and —27x from any branch point.
The method is now available for arbitrary genus g > 1 hyperelliptic Riemann

surfaces and will in the following be checked against the case g = 1.

9.4 The main theorem

We now get to an algebraic description of the effect on an N-point function as the

position of the ramification points of the surface is changed.

Theorem S. Let X, be the hyperelliptic Riemann surface

DI y2=p(x), n=degp=2g+1,
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with roots X ;. We equip the Pé underlying X, with the singular metric which is equal
to
ldzl*  onBE\ (X ..., X}

Let { )sing be a state on X, with the singular metric. We define a deformation of the

conformal structure by
& =dX; for j=1,...,n.

Let (Uj, z) be a chart on Zq containing X ; but no field position. We have

o1
d((,D .- ->Sing = Z (% T@e.. -)sing dZ) é‘:j > 9.12)
J=1 i

where y; is a closed path around X in U ;.

Proof. On the chart (U, z), we have 21_” T(z) = T, in eq. (9.5), outside the points
which project onto one of the X; for j = 1,...,n on ]P’(lc. Moreover, v does not pick

up any curvature for whatever path v we choose. Since

y 0
d<1>sing. = fi_<1>sing. s

formula (9.12) follows from Theorem 4. O



Chapter 10

Application to the case g = 1

10.1 Algebraic approach

Let X be the genus 1 Riemann surface
2 v =px), degp=n=3,

with ramification points X, X,.X3. Throughout this section, we shall assume that

ixi =0. (10.1)

i=1

We introduce some notation: Let m(Xy, &1, ..., X,,&,) be a monomial. We denote by

m(X1,&1,..., Xn, &)

the sum over all distinct monomials m(Xy(1), Eo(1)s - - - » Xo(n)> Eo(n))» Where o is a per-

mutation of {1, ...,n}. E.g. eq. (10.1) reads X; =0, and

3
XX = ) XiXj,= X1 Xo + Xi X3 + Xo X3,
ij=1
i<j
(for n = 3). For any state ( ) on X, the Virasoro 1-point function on X is given by
Theorem 1 of Part I,

P, 0w

T = 557+ % (10.2)

4p

81
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where O(x) = ®!l(x) in the notations of Part I (the polynomial O is absent),
B(x) = —capx{1) + Ay, (10.3)

where qy is the leading coeflicient of p, and A; « (1) is constant in x. The connected
Virasoro 2-point function for the state () on X is given by Theorem 2 in Part I. Here

we note that
P(x1, x2,y1,y2) = P1(x1, ) (10.4)

is constant in position, but depends on (1) and A;. For the 1-forms &; = dX; (j =

1,2, 3) we introduce the matrices

X1 X X3 X X X3
Ezo=(1 1 1], Es1=| 1 1 1.
&1 & & X1 E£Xo &X3

and the 3 x 3 Vandermonde matrix

1 X, X}
Vii=(l X, X3
1 X3 X3

For later use, we note that

det V5 = ]_[ (X; - X))

1<i<j<3
= (X1 - X0)(X2 = X3)(X3 — X1),
det=5 &1 .
~ = + cyclic, (10.5)
detV; (X1 —X2)(X3 - X)) Y
det E31 §1X1 .
— = + cyclic . (10.6)
detVs (X = X)X - X))
We let
AD = (det V3)*.
It shall be convenient to work with the 1-form
det =5 ;
w:=-3 — (10.7)

B det V3
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A simple calculation using eq. (10.1) shows that

ddetV; = —3X1(dX)(X2 — X3) + cyclic = -3 det 231

so that
1 ©
w = 5dlog A (10.8)
= f;i - f(zz + cyclic . (10.9)

Lemma 25. Let X : y> = p(x), where
p=4(x—-X)x - Xo)(x - X3),
where we assume (10.1) to hold. Define a deformation of | by
&=dX;, j=1,2,3.

In terms of the modulus T and the scaling parameter A (the inverse length) of the real

period, we have
da
w=miE)dr—-6—.
A
Proof. By assumption (10.1), we can write
p(x) = 4(x3 +ax+b),

where on the one hand,

a=XX,, b=-XX>X;.
and [33]
AO = _443 - 27p% . (10.10)
On the other hand, [33]
a= —ﬂ—4/l4E4, b= —2—”6/16E6 , (10.11)
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SO

0 _ 4r'2 12,3 2
A —7/1 (E; - Ep), (10.12)

We expand the fraction defining w in eq. (10.7) by det V3 and show that for a, b

introduced above, we have
det(E3,1V3) = 24> da+9b db . (10.13)

We now establish eq. (10.13) under the additional assumption that € oc X. In this
case both sides of eq. (10.13) are proportional to A, with the same proportionality
factor: On the L.h.s.,

1 X xX?
detZs |y det V3 oc —det|1 X, Xx2| =-AQ.
1 X3 X?

On the r.h.s.,

da =§1X2 oC 2X1X2 =2a ,
db = — f]X2X3 o —3X1X2X3 =3b.

From this and eq. (10.10) follows eq. (10.13). Using (10.11), (10.12), and

2
E
DyE, = —?6 . DeEg = —74 (10.14)

([38], Proposition 15, p. 49), where D, is the Serre derivative (8.3), we find

0 0 in
2% —a+9b—b=-—FEA?.
“ ara ot 32

For the A derivative, we use the description of w by eq. (10.8). From eq. (10.12)
follows p .

—logA© = =,

a1 % 1
The last two equations prove the lemma under the assumption & o< X. For the general

case we refer to Appendix B.1. O

Under variation of the ramification points, the modulus changes according to
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Lemma 26. Under the conditions of Lemma 25, we have

dr = —ind? dggiﬁ: (10.15)
Proof. We first show that for
p(x) = 40 + ax +b),
we have
det(B30V3) =9bda — 6a db . (10.16)

Indeed, if we set

3

1 1 =

& Xi—&y, & 1=§(ZXL'2]=§ ;
i=1

then the condition (10.1) continues to hold, and both sides of eq. (10.16) are propor-
tional to A, with the same proportionality factor: On the Lh.s.,

& ax ax

det 3ol g det Vs o det| X X7 X} |=-AC,
30X X
since
&1 & & X7 X3 X3 o S0 o
det|X; X, Xz|ocdet|X; Xo Xzl|-—-det]|X; Xo X3,
1 1 1 1 1 1 1 1 1

where for the present choice of &, the latter determinant is zero. On the r.h.s., by the
fact that X; = 0,

g_lF_ 255 2a
0=3z4 =3 =T
X3 = -3XIX, - 6b,

XX, = X1 X2(X1 + Xp) = -3b,



86

SO

da= —EXi < -X; +&Xi = -X; = -3b,
- = - 2
db = — £ X, X3 o« =X?Xo X3 + X1 Xo = bX) + &oa = &ga = -3 a.
From this and eq. (10.10) follows eq. (10.16). Now by eqs (10.11), (10.12), and

(10.14),
0 0 i
- —b =2ri Dya — Deb) = — A .
9b aTa 6a (9Tb i (9 b Dga — 6 a Dgb) -y

The partial derivatives are actually ordinary derivatives since from eqs (10.11) fol-

lows

0 0
9b5_/la_6aa_/lb 0.

Factoring out dt in eq. (10.16) and dividing both sides by A©)/(=inA?) yields the
claimed formula. The general case (with the assumption & o X? — 1 X? omitted) is

proved in Appendix B.2. O

Theorem 6. Let

2 y2=4x3+a2x+a3.

We equip the underlying ch with the singular metric defined in Section 9.3. Let  )ing

be a state on | w.r.t. this metric. Define a deformation of | by
&=dX;, j=1,2,3.

Let w be the corresponding 1-form

det =3
det V3 '

We have the following system of linear differential equations

detZs3)
(d + vl w)<1>smg = ( l)smg W , (10.17)

det= =30

(d+ _a)) (Al)smg = Lsing. W s

24
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where for P11 from eq. (10.4),

| 2cap
Ciing. = — 2P - §<1>si:zg. (Al)fing. h T<1>Sing' )

In particular, in the (2,5)-minimal model,

11
Csing. = ﬁ<1>sing.02 .

In general, Cgjpg, is a function of (1)gig. and (Aj)sing.. Note that the occurrence
of a term ~ (Al)fing. in the definition of Cgjyg. is an artefact of our presentation since
P has been defined by means of the connected Virasoro 2-point function.

Remark 27. In contrast to the ODE (8.1) for the zero-point function (1), on (X1, ldz]?),
the corresponding differential equation (10.17) for (1)ine w.r.t the singular metric

comes with a covariant derivative. Denote by

(A])ﬂat = 4<T>ﬂat =: a’ﬂat<1>ﬂat > (A])sing. =: a’sing.<1>sing.

the parameters w.r.t. the flat and the singular metric, respectively. By egs (8.1),
(10.17) and (10.15),

<1>sing. _ c 1

dl = b
D | 227 8mi

(a’sing. - a’ﬂaz) dr.
Using eq. (10.8), we obtain
Dsing. o« (A F (Vg (10.18)

with proportionality factor equal to exp{m f (asing, - afﬂa,) dT}. In particular,
(D)sing. is not a modular function. This is due to the non-vanishing of the scalar
curvature R in the Weyl factor ‘W (cf. Remark 24).

Proof. (of the Theorem)
Notations: All state-dependent objects are understood to refer to the singular metric
onXi.

For j = 1,2,3, let y; be a closed path enclosing X; € Pé and no other zero of p.
x does not define a coordinate close to X;, however y does. On the ramified covering,
a closed path has to wind around X; by an angle of 4. We shall be working with the

x coordinate, and mark the double circulation along y; in Pé: by a symbolic 2 X y;



88

under the integral. Thus for j = 1 we have

! (T(x)) dx =2 lim (x — X)){T(x))
21 oy, x— X

~ 1( o o« O(X1) )
B X-X Xi-X3 (X1 - Xo)(Xi —X3)
_ lc(—le + X5 + X3)(1) — ApX1 — A
8 (Xl - X2)(X3 — X1)

( a + ) X (1)

(X1 — Xo)(X3 — X1)
1 A] C<1> X + X3

TR X)X —Xp) 8V (X - X)(Xa —X1) |

So

301 det= 1 detE
d<1>=21](% 9§Xy[<T<x>>dx)di ( 1y + ) etZar 1, det=s0

det V3 8 det V3

E1(Xo + X3)
(X1 - X)(X3 - Xy)

+ cyclic| ,

c
+ =1
8< >(
using eqs (10.5) and (10.6). When (10.1) is imposed and Ag = —4c(1) is used, we
obtain the differential equation (10.17) for (1). When (T (x)) is varied by changing

all ramifications points X1, X, X3 simultaneously, we must require the position x not

to lie on or be enclosed by any of the corresponding three curves 1, y» and y3. Then

( 56 (T(xX)T(x)) dX’)
2xy;

1
(< ) Sé (T(XNT (X)) dX) dX; + (1) (T (x)) d(1).
Xyj

we have

d(T(x))

>
3
j=

Here (T'(x)) is given by formula (10.2). For (T (x)T (x"))., we use Theorem 2 in Part

I. The terms o yy’ (with y’? = p(x’)) do not contribute: As X ;€ Péj is wound around

twice along the closed curve vy}, the square root y’ changes sign after one tour, so the
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corresponding terms cancel. Thus for j = 1 we have, using eq. (10.3) for ®(x'),

ﬁ (T(X)T(x))e dx’ (10.19)
2mi 2xy1
_ _ 1) < pNHp ) 1p(")O + pOx)
=2 n(x Xl){4( e - x)*p(x')p 8w - x)2p(x')p
. ptl B @x’@) + xO(x") B @xﬁc(l)}
px)p 8  p(x)p 8 p(x)p

_e D p1 ey
16(X; —x)? p 44X —x*p' (X))
2P[1] ao X1A1 ap X@(Xl)
pPXp 4 pX)p 4 pXp’

(10.20)

Multiplying the first term on the r.h.s. of eq. (10.20) by & and adding the correspond-
ing terms as j takes the values 2, 3 yields

’ fl ) B c pl 2
—( >_((x X2 +cychc) = 3—2(1)d(;) .

The cyclic symmetrisation of the remaining four terms on the r.h.s. of eq. (10.20)
gives d (G(x)) G(x) dlog(1). We deduce the differential equation for A ;. Firstly,

) d
d@(x):4pd( )+®—p
4p p

By the above, using p’(X}) = —ap(X1 — X2)(X3 — X1) with ap = 4,

0 14 1 £10(X) .
dpd|— )= - = + cyclic
b (417) 4(()6—?(1)2 X1 = X)(X3 - X1) Y )
&10(X1) ) )
+x + cyclic
((Xl - X)(X3 - X1) Y
det= det
22230 5 —22 log(1 10.21
det Vs + d Vs + O(x) dlog(1) . (10.21)

Secondly, using partial fraction decomposition,

0w 1 (X))
P (=X 4X - X)X - X))

+ cyclic.

Solving for ® and using that

@:_( &

+ cyclic] ,
p x— X yl)
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yields

3
000 d_P _P ((x SiCS) + cyclic) D - ff (10.22)

- XD)(X1 — X2)(X3 — X1) = j

Note that three terms in the sum on the r.h.s. of eq. (10.22) are equal but opposite to

the first term on the r.h.s. of eq. (10.21). Since & = 0, we have for the remaining sum

p o) £ .
- 1
1 ((x = XD — X2)(G - X)) J; -xp " ”}

B (®(X1)(§2X3 +£3X7) £10(X1)
X1 — X2)(X3 - Xy) (X1 —X2)(X3 - Xy)

+ cyclic) - x( + cyclic) ,
where the second term on the r.h.s. is equal but opposite to the one before last on the
r.h.s. of eq. (10.21). For the first term we have (cf. Appendix B.3)

OX1)(6X3 + £3X7) 2 detZ30 A det =3

- + lic = 1 .
(X1 — X2)(X3 — X1) eyete = Ca2< > etV det Vs

Using O(X;) = —4cX (1) + A, we conclude that

det =54 26612 detZ5
dA| = — A ——= + (=2pP1 — 1 = + Ay dlog(1).
1 1 det Vs ( (1)) det Vs 1 dlog(l)

Plugging in eq. (10.17) yields the claimed formula. To determine the constant in the

(2, 5)-minimal model, we write

p=4x3+a1x2+a2x+a3.

By Lemma 16 in Part I, using ¢ = 252, we find
P =~ L)+ osarAr + 1o a(l) - T ()7'AT
400 100

O

The formulation of the differential equations using determinants relies on the per-
mutation symmetry of the equations’ constituent parts. This symmetry will continue
to be present as the number of ramification points increases. With the genus, how-
ever, also the degree of the polynomial ® will grow and give rise to additional terms

having no lower genus counterpart (cf. Section 10.3).
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10.2 Comparison with the analytic approach, for the (2,5)

minimal model

We provide a rough check that the system of linear differential equations obtained
from Theorem 6 for the (2, 5) minimal model is consistent with the system discussed

in Section 8.1. By formula (10.18), we have
My =AOTEp A = A0, (10.23)
for some functions f, g of 7, with f, g oc (1),. We have [38]

AO = [ [ = X~ = g - 244> + 0(g")

i<j

and so close to the boundary of the moduli space where X; =~ X;, we have
(X; = Xa) ~ g% = &7 (10.24)

As before, we shall work with assumption (10.1). Since in this region only the differ-

ence X| — X, matters, we may w.l.0.g. suppose that
X> = const.

(&2 = 0). In view of (10.24) on the one hand, and the series expansion of the Rogers-

Ramanujan partition functions (1), on the other, we have to show that
FrG =X 0, or f~ (X —X)¥, (10.25)
Eq. (10.23) yields
d(1) = A" TFdf — Zw A0,

using eq. (10.8), and a similar equation is obtained for dA;. So by Theorem 6,

1 detZsp
df = — - 0 10.26
f= =38 Getva (10:26)
1 11 det E3
d—~w)g = — 9
(=308 = 1559 Gy,
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Since f ~ (X| — X»)® for some a € R,

&la
df ~ 10.27
R (10.27)
On the r.h.s. of eq. (10.26), we have by the assumption (10.1),
det 30 &1 . &1 w
= + cyclic ~ ~
detV;  (X; — X2)(X3 — X)) (X1 = X2)(-3X2)  (-3X3)

since X| = X, and we have omitted the regular terms. Eq. (10.26) thus yields
g =24Xaf .

Now we use the differential equation for g,

11
24X2a/(d——a))f 50/ ;"X)

which by eq. (10.27) and a; ~ —12X§ reduces to the quadratic equation

1 11
a(af——)~ —

900

and is solved by a = 30 and 3 “ . This yields (10.25), so the check works.

10.3 Outlook: Generalisation to higher genus

For X, : y2 = p(x) with deg p = n > 3, we have from eq. (4.8) in Theorem 1 of Part I,

O(x,y) = OM(x) + yOP(x), deg®M(x)=n-2

[i" is a holomorphic differen-

@1 does not contribute to the contour integral as y
tial on X,. As stated in the viva, the author has established a preliminary formulation
of the differential equations for (1)ne. and (7T'(x))sing for the case n = 5 (g = 2).
In the following, all state-dependent objects are understood to refer to the singular
metric on X. In the present case, @/ is absent, so

c p 1? 1 Apgx® + A1x% + Aox + Az

T =570+ .

B
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where Ay is known in terms of (1) by Theorem 1 of Part I, while A, A,, A3 are
parameters of the theory, in addition to (1). Eq. (10.9) is adapted ton = 5 as

" Z &
s=1 j#s Xs = X;

The differential equation for (1) now reads

—_ 3 -
c 1 det =53 det Z53_
d-< )1 = —|A 3N Ak
( gD 2(10( O det Vs ; “detvs

where V5 is the 5 X 5 Vandermonde matrix and

X x5 x3 x; x
X X X3 X X
Bsp=l X1 X2 X3 X, Xs |, k=0,...,3.
1 1 1 1 1
HX{ &XS &6X5 &X, &XE

The derivation of the differential equation for (7'(x))sing has been based on the con-
nected Virasoro 2-point function (computed in Theorem 2 of Part I) which resulted in
a non-linear differential equation. An improved formulation reestablishing linearity,
and the individual equations for the parameters A; (i = 1,2, 3), were not completed
by the time of the viva.

Future work will deal with a variation formula for the Virasoro N-point function

for arbitrary g and N > 1.






Appendix B

B.1 Completion of the Proof of Lemma 25 (Section 10.1)

It remains to show eq. (10.13) for general deformations & = dX;, assuming that

X, =0, eq. (10.1). We have

a=XXa, da = d(X1X2)
=56 X0+ 61 X3+ 6HX1 +HX3+ 86X+ 65X =6HX
b=-X\XoX;, db = — d(X,X,X3)
= — 61X X3 — E£X1X3 - EX1 X = —E1X0X3 .

Let a,8 € Q. On the one hand, since )Tl = 0, we have

X1X2)? = X2X2 + 2X1 X0 X3 - X = X2X2,

SO
aa’da+pbdb = « X%X% .
On the other hand,
&EX1 EX2 6X;3
detZ3;det V3 = det| X X> X3
1 1 1
X1 X7 &X]
=detf 0 X} X3
3 0 X7

E1Xy + BX1 X0 X3 - E1X2 X5 .

1 X X}

1 X X3
1 X3 X3

= S(Xf’ EXE-XT 61X

95

)o(sf &

(B.1)
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Here
72\ v\ 272
(Xl) —4(X1%;) = 4 X2X2 (by eq. (B.1))
&iX = -6Xa, (B.2)
and
HXT = -6 XX,
= —&X1(Xa2 + X3) +cyclic = X1 X; - € + E1X2X3 = E1X0X3 (B.3)
)?]3 = Xl(Xz + X3)2 + CyCliC = X1X§ + 6X1X2X3 = 3X1X2X3 , (B.4)
since

X1X2 = - X1 Xo(X) + X3) — X1 X2(X2 + X3) + cyclic = —6X, X2 X3 — X7 X, = —3X1 XX .
Moreover,

X =6 XX + X3)? + cyclic = X1X2 +2X1X0X5 - €1 = 61X, X2

X2 =6 X1X5 + £ X3 + 61X - X1(X2 + X3) + cyclic = -2 X1 X;,  (B.5)

and

XXy - &6 X1X2 = (X1 Xo + X1 X3 + X0 Xa)(E X1 X5 + £ X1 X5 + cyclic)
= X:X3 - &1 X2 + X1X3 - £1X3 + cyclic
+X1X2 - E£1X1X3 + X1 X3 - £1X1 X5 + cyclic
+ Xo X5 - (£1X1 X3 + E1X1X3) + cyclic
=XIX3 - E1 Xy + X1 X0 X3 - E1 X1 X + X1 X0 X3 - 61 X5

=X:X2 - 61Xz,

by eq. (B.3) and

£1X7 = -6 XX + X3) — &1(X1 + X2)X3 + cyclic
= —&X1X2 - 26 XX3 =61 X2X53.




We conclude that
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det Z31 det V3 = 9X1X0X3 - £1X0X3 + 6X1 X - 61 X1 X3 — 4X3X3 - 61X,

=9X1X2X3 - £1X0X3 + 2X1X2 - 61X,

andso @ =2, 8 =9, as required.

B.2 Completion of the Proof of Lemma 26 (Section 10.1)

It remains to show eq. (10.16) for general deformations & = dX;, assuming that

X; =0, eq. (10.1).

We use the expressions for a, b, da, db listed at the beginning of Appendix B.1.
Let @, € Q. On the one hand,

aadb+pBbda=—aX X, E1XX53 —BX1 X0 X5 - 61X

= —(@+PB) X1 X2X3 - E1X2 — E1XIX5 + E X2 X0 XT + E1 X0 E1X3X3

On the other hand,

det 30 det V3 = det

= det

& & &)1 X
X1 X X3||l X»
11 1)U x
0 &1Xi

0 &X2G+4HX0X2+6HX3XF X3 |=3

3 0

Y2
Xj

Egs (B.4), (B.2), (B.5) and (B.3) from Appendix B.1 yield

det 53’() det V3 =3 (—3X1X2X3 . f]Xz +2 X1X2 . §1X2X3)

(

X} EXi-XG-6X)

=3 (—3X1X2X3 61X + 26 X5X5 + 2X 1 X X5 - glxz)

-3X1X0X3 - E1X0 + 6 £1X5X5

We conclude that @ = -6, @ + 8 = 3, so 8 = 9. This completes the proof.
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B.3 Completion of the proof of Theorem 6 (Section 10.1)

It remains to show that

OX1)(&X3 +&3X2) . 2 det=3 det =3
- + cyclic = — —cay(1) —-2A; .
(X1 = X2)(X3 = X1) 3 det V3 det V3

We have

EHX3+ 65X = (6 + )Xo + X3) — (£X2 +63X3)
=&1X1 - (E£2X2 +6X3)
=26X) - 61X -

It follows that

_OXD(EX5 + £3X0) _ 8c(l) £1X7 - 261X,

+ cyclic = + cyclic,
Xi - X6 -X) X - X)X X))
since &1 X is symmetric and both
! +cyclic=0 (B.6)
cyclic=0, .
Xi - X -X1)
X )
+ cyclic=0. (B.7)
X - X6 - X))
Now
2 a
Xl = -X1(Xp+X3) = —I + X0 X3 ; (BS)

we claim that

&1X2X3 . aydetEszp
+ cyclic =

X1 = X)(Xs —X1) 6 detVs (B-9)

Indeed, since &1 X, X3 + cyclic = &1 X»X3 is symmetric, we have by eq. (B.6),

X0 X Xz3X| + X1 X
E1X0X3 +eyelic = — EHX3X1 + EX1 X

+ cyclic.
(X1 = X2)(X3 — X)) (X1 = X2)(X3 — X))
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Since f_l = 0, we have

_ £X3X1 +6X1X)
X1 = X2)(X3 = X))

(XX + X1X2) . ) (
+ cyclic| +
(X1 — X2)(X3 — X1)
_ ardetE3p &1X2X3
4 detV; X1 — X2)(X3 - X))
~ ( X3
(X1 — X2)(X3 — X1)

(&X3 + E X)X
X1 — X2)(X3 - Xy)

+ cyclic = ( + cyclic

+ cyclic)

+ cyclic] ,

using symmetry of £;X; and eq. (B.7) again. From eq. (B.8) follows eq. (B.9), and

the proof of Theorem 6 is complete.
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