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BammaTy:

o RELAPIVISTIOATLY RICID SUAFACES OF REVOLUTTION
br

J. R. Poundar

A Aefinitice of mperficisl rigidity recently propossd by Syegs
if applind to what sppemes to aoes Golileian obedfver A8 B AIT=
faze of revoluticn with its axis of syowetry fized. It is found
that the setrieal distariicss of the seridiasns aed the parallels
of latitude of sesh o movimg rigdd surface veloiive to the corfe-
ppocding murface ot rest in & Onlileisn referende aystes ars
governed by relnfions &nalogous to the Fitylarald-loremts con=
traction ralo. The opecial copss of (1) wnifors retation
gbout the axis and [2) uwnifors screw motion alang the axin wre
treatel in detail. In [1] thers im & radial contraction
witheot chonge of meridiss see-leagths in (2] there im in
nddition n unifors axial comtraction and telst about The axis-
If the amial compoment of velocity ia {2} ip mnde %o approach
tha spaed of light, the angular valocity fecoiming finite, tham
the moving surfage pheinks botdh rodioily and axially, ultiestely
howing the séape of an infinitepimal pirsular eylinder with £lat
anda; &% the pore time the leogth of the twisted carvas corre-
gpondimg to the crigieal seridions remsine finite. Imene com-
plugdomn are verifisd by tnking the lndtienl macface i cest to
& & @phere and o cylindery the seridian sectiona of the corra-
sponding mirfaces ik aotion are cosputed and ahown in graphe.
¥han applied te sertain surfoces in unifeye rotation, in par-
ticular multipip-conmectied ones, the sonddtions of superlficial
rigidity are mtuelly oontradicetary, unlesn ooe allgwe the forme

ation of sdgas.
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LIF? OF S¥MBOLS

Tn Sactiome + and 2, 0~ demotes oey rovwing rigid surfoass;
im Sectiom ¥ and Appeedix A, & rigid sSirfsce aoVicng aye-
rebrically abowt o fixed oxdls of symantry] alseshars; n
rigid smurface of revolution im wniforz rotatios

surface at raet cofPesponding to o7

Lagrangian dabels for particles A& of o™ and 0 {28
& #, in Seotiono 3, 4, 5]

arc-longth along seridian of 07

Cartenian coordimates on o ik fraac of maferapRce &

Fartenian coordimates on O 1k Teaes of reference 5,
t, time relotive ta frame 8 ; o, =psed of light

welagity nf particle with coordicatos Eg b |.|.2 = fl""f*"'ﬂ
) 1

tangontinl ood rormal compoRcTma of 'uj=l (ralativae ta o)
cFlindringl polar coprdi-mtes on o

eFlindrical golar coardifmton on e

sngulsr wolopity of o aheut axim (constast frea Section 4 on)
wuElsos of rewoloticon, correspomding o o, ned O, in
unifaps peros sction

Cartenian and polar ccordimmses on o'

angular welosoity and axial velooity of porew moticn of O 3

B o G -uE) W - e

parallale of latituds co 97 , =, #nd O

meridiana o -f'.l‘:'I g T, and ot

cuFves on O, ' corresponding to meridiaEs H, ow ﬂ:
EUFVRE &0 4?;' s & W' oorreoponding to one anotier ond
having egEs ors=lopgth

teridian peolicnn of &, &+ &, and T

angles mde By narenls io = L n" with axis of oyzzatry
langth of meridian seciiom @,

rodiue of aphore [Baction 5} or oylimdsr [Sectics T

SHFrasponding unbarred ganmtitios waltiplicd by ._y";-

meridian setion &' asgnified im the ratic wWDfc 1 9
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{¥s nmed not distinguich betecsn tws bodies whoss hisioriée im epmgs-ties can
te apdd fo0 coincide by o fronoforration that leavas 41l "distamces” Seeariant.)
Trwr wnswers e looedioie for the MBewionion rigid Sody: 3% has six
dagress of freedon, ite angulnr velssity and the rotion of one of its pars
ticles boing arbltrary functicas of She tise; all corzespondics bodiés are
coBgruent, no nettor what their motion. On the otoer band the Born righd
body hom in geserel ondy throe degrees of freedom;  but §f &y ales asve in
such o way tkot no corresponding body ocould Ba st rest. In Taot the world
liksa of the papticles either (a) fora o aorval coagrusmoe in opacs-time,
pr (Bl mave constant corvetures ned correspomd to wnifors sarém motions in
space {peo Herglotz 1510}, Ewven n finite ausber of diecrete particles all

rigidly connected o one snother cRo ke giver cnly opecially restricted
ertions — such & cenfiguratics is "over=rigid®.

The poosibility of restoring the additicmal fracdon of melion Ly apply-
ing Born'm definition of rigld corrsxion anly to the garface of the body wam
mupgpeated to Jynge by the gkservation that im siwple motions Loes Ivem 1945,
Gl 1552) oms oould mneesr gueeticn (3] abave for the surface of the body
rithout gomeidering the interdier &t all, and tkat 1B any case one oam hardly
Juatify tee asssapticon of flat spoce-tive in the intdrior of An agcolerated
body. Ome is thes led to the notico of n clally vigid bady, its aur-
face beieg locally rigid in the sense Shat ewery pair of adjsosmt particles
matinfies Morn' o rigidity condition) %he probles in theg o lewestigate teae
fragdca of matlen of sech & £igid surface. For slow sotions ooe obtains mix
gogrean of fresdos by Saking the Jewtoninm rigid sotion no & firet spprozi-
matlpgsn, and the genaral walidity of thisz rosull is at least plauaibler 1t
ahould be poassible to iEpart te any sclested particle an arbitrary motion and
move the pdjmoeot particles with three mors degress of frecdor by giwing tha
Bulafisan abglaes of a trind ortbcgonal €p the eprld Lime of tha Cirst partizle
and requiring thnt mearty particles cn two of the orme of £he tripd remnim
fizmd $o it

Tha ootinome disupmsd in this paper are Bowsvor malnly very special, and
relote ratier to the goestion of correaponding Tigld surfaceas wo stk the
rélation tetwoen Sao msuh marfaces Loy pad 7, wherw gy ie at rest in



¥ FELATIVISTIZALLY RIGTE SMEFaCRES 0OF AEVILUTION

1. Igtpeduction

i3 o poesible extensden of She moiion of rigidity to the speoind theory
of relativity, Synge (4953} hos regintly defined o moorficinlly cigtd hody.
In this paper T snell comotder somd kinammticnd conpoguences of the defini-
tics, partiseinrly for an axielly syssetrie body rotetine niferaly reund ita
nxias

A rowing rigid body in Fawtgnian wechanics say be Fagsrded oo o cone-
tieuss of particles in ectian soch that tle Euglidean distance heiweon any
two particles is ibdepondomt of the Sies.  Troa the relntivistio polo? ef
view dhip peoperty is eot choolaote bt selates te o porticalnr feees gf
roferenoe.  The simplest dafiniticesn of abooluts rigidity is thet of Porm
{19090, aooocding bo skieh twe particles ars rigidly copsected 1f their werld
Ymem o spece-tine are sguiddgtagk, in the sonse thok thoir nafsal Niekow-
gicion separation [i.s. the crdinery distonce Beteacn the perticles as meamured
i the ingtantaneous remt=frass of one of 1%} resains constant throughowt
the motion. A& combimoen of patticlos all rigidly commegiad Zn thin woy o
then 8 rigid hody in the awnse of Boone

1? definition of Tigid hody thesed an the acoigning of copsiast "dia-
tampoaa™ o prirs of partinlss oun ha estonded ig the $31loriay whd L Tiii=
tweun T particles of Teo Tigid bodden =itk dliferent woticmo thers axipla
4 ano-to-gpe correspondenne or Sepping mach that the “distancee™ betacca
corrésponiding pairs of particles moe sgeal, than the teo bodies will b eadd
te goreespond, ond the Sag moticse asy be regorded wn tro poseibld 2otlons
of & mipele ricdd bedy, avan thoigh nothing say We kpgan of the tronsdtiom
bebmuen them,  In particu’ar oss of she two egtisrs say bo, 1% eoze Gali-
leiak frave of referemce, o stals ol =eEs. Felative %o o portioelar deflmi=
nipe of “distonce", thres related questioas e orles:
(4] How many Segrese of freadom s o ripid “ody, L8 bew sory erbdtroTy

funptions cwn Gorur Gn the ssustipns demrikies iz sstiom?
(2] Weot motioms ray & Tigd body B Fare 1f 2t ia o serrerpond Lo pee

other body B, ot rest?
(3] How doom the implestanccus appearamoes of B Siffor feem that of B 7
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Sooe Anplications and peraibla extanaions of the thiory are heiefly
dimcugsed in the copeloding mestiod.

2. Ihe geaditieqp for miperficial rigidity

The prly abssrvaticons of sowing parsiclen we consider are Shoss of
speoinl relativityr relative %0 any inertin] frage of TofoPonPs We oA
deteraine the positlong of aay fmebar of pardiciée ot any ineipot and hénce
their mutual Atsteaces. Tha kietory of théee pariiclen in Minkowakinm
spacs-ties ip n congruence of world linos whose Swierscctics hy o hyparplans
te tu- fialda the ioetantomecus configurntion in o particular referancs
frame 5 . Ihe distance 4 batwesn tep rarticlos in mach o oonfiswratdon
will depend an the cheice of 2 , and aloo in gmnstal on the inctont g -
If; 1n a fiped maforemncs grotea 5 |, 4 remdns constonmt throughest the
mxtlon; Than reletive to 5 the jarticles ore rigidly connected tm tha
Hewippdnn semoe,.  They are rigidly ceamectod S0 the goulativietis semes &F
d peialng ocoeinnt when = in ni.w._'.'n taken to be the imstantaneous Past-
frame of one of the particles: is the sest-Tmne of the other particle 4
hag then tha =ame walae. The world lines of the iwe particleos thos bave &
single infimity of cowtom noreals |im The Bickosakipn ganes ), nll of léngth
4 4 aed are sald to b squidietest, 4 veing the distemce boisees tham.

In & relativiotically rigld material ceotinuws pdlscent macticles mast
b rigidly coanpgted, their world liner Yedkng scparated hy ceqgtent infini-
tapiral dictonces; we shall nge axpress <his cordition resdyticolly.
Relutive 2o the referspce frome 9 the sspediquieor 2 of 4bw particles
of & pontimum C  are cestinuctimly Aifferontinble fomctiong of & curPent
paraseter T and of one or eare Tagreeglen labols. Hers %, mre reots
angular Tortesinn geordinmtes amt xg - let ,  The I kewstian eetrio being

dey dey = dxp d:l:l.c = EE d-'li-E (Trroagbeut the pngst latdin iedicas taka

tha walizes 1 to &, Greck indlese 1 4 3%, —itk the surmetlen cob-
vention for reqeated indiges.]  The rotifon aed earalileg distorticn heing
described moet neturally in o defimize frome, the pacaseter 7 will
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& Galileism frase of peference 8, snd ke oo rore or léss pRosiTibod
motion relative te a frade of roference B . %o may regsrd O Aa the in-
ptantaneous appearsnce o the obmsrvar B of a eoving sarface thet wmas
foreerly at rest (7.}, aod spask of the distortios of o relative to
fr, (as in the Fitzlerali-lorents ontraction duz to unifors tranalaticaf.
This #ill Be, 1B the first place, & mtrrinl distorticon; i.@. & COFPATLOOL
af mrfoce oleneats conedsting of the sseo mrticles;  sach elesemt inm
fuot undergoes the Fitelorald-Lorenis contraction oppropriate te tha Teal
yelooity-  Hewn thope relaticas ard applicd to surfaces of Fewelutlon 7y .
= [4ke moticn of T Baing symaetrical ahout ite awie), which are chites-
terized ap te thelr form by eeridips sections m, ood =, iy yleld cther
pealogoun Pelatlonn, o.g. between the cleosnts of the Fespeciive eeridisn
soctions cat off by coprespording parallels of latitade; 1% turne cut that
m, &nd & are related exactly sa thay woald be if o Bad me angular velo=
clty atout 1tn axie.

In order te chtair fron these loondl distertices the deforastico of a
finits meface, the wotion of o be specialized to be, in particular:
{1} & uniform rotation sbout the azisg 411} o unifors sore® estlon olong
the axin, the Temilte i (15) Being obtained fron those i (1) ty Lorents
traneformstices. In aach cape the form of ¢ i& Cixed in tzoe. Certadin
cosditions mmt Br fulfilled by the fers of & 1f Op is to sElet, aed By
that of 1 Tp if mingular limee of gdgeal are not fo arisd o 0. The
affent of Polatick an a surfece of revolation is to prodfoce o rodial ooo-
tyagtiesn without change of meridien marc-lomgth; an omal componsnt of vele—
pity enhonoen this effeol and superposcs on it o wniford aelal controction
nrd twist. An imncrease in speed of pototiom leade te o aoedle-ahaped figurse
4m tha liwlt, while nn incresse in the saxzianl velsclty brings aboutl & simal-
tanecus shrinkicg of all Minesr dissnmions of &7, io muoh & ey ikt ite
phape apgredshen Shot of o circular oylinder; owing to the acooapanying in-
crapes in twiat, however, there are corpRsgending raterial carwes on o
and o~ whosé lergths reeatn TimiSe even in %he lislt.

Thame dufprmiicna are worked cut in detell for gpherss ood aylinders
(including dimia}, the semlis being pressatied graphically.
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By alimimmting &8 we therofore get Tor the lafiniiorimel distanse Fn
btetaoen the world lissen L &ed M

b - fag ey m b e 4 (11.5,112 . (.01}

If She comtimuwum C Lle Flgd, then for every pair of adjsoesnot particlos
thip sxprossion (2.0) most be constamt throughcut the Sotlan 8.
{elepepdent of ¥ .

To imterpret the qoamtity fe we goapare O with the gorrosponding
aoitlinsun '3,:,, at remt in & reference frane 5, . Ae explained in Seotiom
T p we hove merely 1o efmure that the eorld lices of carseeponding ad=
Jacent particles arm seporated by oqual normml dietescen.  For ':¢ e
evidently hove AL o= 0 h: n i, so that

I R L B e R
wkere &x2 im tha displocesesnt vector betwsenm the martiicles & eed B
in the seetimuun £, | fno i fp thereforc the digtomon Betweomn thom
particlom.

Let un moppose that in and partliciles roferenca ayelan & the go-
ordinntes x; of the particlos have beon erpru;ﬂﬂ an furctlomm of T 4
whioh im oow identified with the mesrveter 7 .  Te may take -!u:_! = 0,
s that fr s identified with fz, , the instactandcus displuceasnt
wector from A to B in the contimaum € . Dutsting She veloclty wectos

iz
EI;E B¥ w, s with @ oa lul___ uF| v Wi than hawe, sdaga ﬁ't-'.. n dg ,
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ultirnSaly b talen @a X, . af yather % . Traating ell four ceordinntes

x; wlike greaerven ik Torml ipvariangs of gur resulte; Lt would alss

fapilitate the discussion of certain spegisl eotions [#ege linear aooelerntionsl
Consider now pi ovent P {xq) oo the world lise 1 of 8 partlcels A

of our oortimuus.  ¥e deoote the untt vector tangent to Lot P OBy Ay 4

Ay heleg tise=like, i haw

-
r

Lo-
5

| ¥

Hlk 5—'!_.!“2
TAF -

3lE

§ A4 = =]y .?'i-

]

Let 9 (= + i) be a pelghbouring event on the world lise W of om sdjwosnt
gariicle B . ¥e conexprens the norsal dastons: bedenan L asd M in téres
of 3, sod the displacenent G2y from P to @ [eee Fig. 2} We write

et
|
& i)
-\_\-‘-‘-H_‘_‘_‘I IIIII-
P -
| f
g
N /
Alag B o, +ta,l

Fig. Zh: Tws rigidly conndcted particles in spoco=tims

by, ms the mn of two orthogeeml displaceésantan EFIR - parallel to L 4
and fny perpendicwlar to L (ond therefore ppata—Like]. Thus
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amution {2.03) , wy ehich the rtios of fx , 4 te &% , 00 are

Fig: #¥B: Correspoading elesaste of rigid contdsgom at vost and in ootiom

deterairsd. It folléss in particular trad Uf tes dnfinitesiml limear oleessts
af € afe &t right ongles ool @ither of then 1o perpendicolar ta the walopitr,
then the corresponding elemeats in L, #re alos at right angles lam migit ha
imferred direcily feom the “loonl" Fitzdernld-lerente santraction).

Tre dimengion of the cpaBinuea © being 3 [shere ¥ s 9, 2, oF 3} , dn-
depemdent variaticn of the lagrongion pareietsers am  distinguishdng the partie-
les determines; &t euch podnt of £ and ©, , § porsactric lises.  (fopitol
indines toke the volues 1 1o H .] Do infirdtesisc] alesasts of éaoh of
Thami lines we can opoly eqestisn (2.03) , wed %0 seeh Dair we com apply ega-

atdon [2:95) § thore are thus § & H;"_"l = E ledependant gon-

ditiors o b stisfisd by the fusstiloma £ I:m.;1 TR t} - Thege
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he m uﬂ':,c?-'u?]ﬂ"'?. Ay = s (e - u2)" 'R

Thus eqeetion (2,01} becoaws

f-&:"'}! - ;’,-:F-Stl_ - [-:!z—I-I-E:I-II [u'_!nr.‘_.:lz v [2.02]
shich oan he written im the {oris
2 a ., 2 g o
(") o= om0+ LE'I;NT}' . [2.0m)
ot =g
2
(82 = (fmming) - LEsmmEl (2.04)
v - e

whage f&x = [h J_‘.::ll__ ]1"'II= ig the instastandous distence hatessn the
particles A ped I i the comtimue @, Al 8 2o iha pAgls Batwoon
she dimplasamont -En:F_ and the velgsity ug .

Equation vir the Tundan tion t Lad

the pquatippe of fotios of o relofivigticslly eigid conptimaus C  and showes

how 4t 4n related to the corvesponding contimsam O At rest.

It folloma from (298] mnd the fundomenially Mesar relotion batsecn
!u:F_ wnd .E.;;'i', tnpt the defareation of ¢ in the iooedints npeighbourhood
of & gartlele & oroumts to s usifors contraction i the dirscilon of tha

local welooity w, 4o the Patio {1 = 1.|?,.-"|:|3:Il|’lllE P4 § thup ihe Fits-
Sor = 1 tiow N h vnlid for 1 jeil oleoont
g 8 rigld contimup-

By applying {2.00] in turn to fhe sides of the trisngles fermed by
shyen adjscent porticles A, By B im the comtlres © mnd O 4% iw
pagy to dofuce n rélation Batween the correspondieg ongles K e mab=
tended m% A by tha cther ten particles, The diptomces fron & to B
wsd to B being Ax and BE la ©, A0 wnd BE im Gy , we gt

br EX oon My o ke &X [-:c-u',u * .;F'_vuz } § {2.0%)
where v asnd ¥ are iba corpomentn of the velosity ug  (by erthagoeal
projestion) aling AR wmd AR respectively [ess Fig. )y Shie sspplemeets
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2 g ﬂﬂﬂc'z';h:l_'l'? + 7 - 2 ¥ T ol .

Flg. 200 Welocaty comporemis esn & sicfnee '

The cendition thet o linonr slesemt  fxgp  at nnx point  (my, @) should
Fave at & particulse fnstant the ssae length on 9 ne it head on ﬂ;' im
that it ahould he perscndicular te the velecity:

A i
uF_E.:li'ﬁz uF-él?ﬁn.+.uFTpE{nE - ., [2:08]

'Hnm.r-u:.'l the motlon e Knome e can intermeet this ss a Aifferential equation
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relntiopm, obtaimbls by puttiing £'|: }__.-,;g Lag E-:r.':' E_;i !'"ﬂ"

dirnctly in (2.02) and cgamting coefficiemts im the remulting quadsatis

ideatity in the -'!u.E v ik ghe fors of noe-lirdar partind Aif ferential
syuationg, alresdy given by Bymee (les. git. )

\ '-'I LE =1 i
P O -'“n_"‘"; # o - u®) :u,,;:]tu.,.%!-':. {2.08)

]
e

Hore the g2 [ = EI; } are the coefficiewts of the lins-slemenmt in
the centleeae C, , and are independent of £ ;  in egressent with the
erigiml definition of rigidity, they slsc give the sstele in tbs naighbeur-
hood of o particle & (ng ... syl whonsver ite velssity ventehes (1.0. 2@
shenrved im its instantsnecas rest [ratel.

If ¥ed weoare lod by the glx eqoutiasns (2,98} to the Dorm rigid
body, with ite restricted fresden of sotich. From eow o » aball take

He 2, so that [2.08] jgiwes theee difforentipl Iﬂ:‘i:““ 2p bo gatiafisd

by the thres fumcticms X (s Loy mog t}  {wath !gl-:-"__,l Auperiblng &

lattiwimiical A gurfaces t T to ik corre i
_i.um_ﬂ:.,r 1 _at rugt.

For mich a saefese se¢ can dsducs from (2.03) , oF directly froa the
FitzGerald-lorermtz comtraction rals, that in ibhe nedighbourhood of p partigle
A ;EP—.’ﬂl i garfare  OF o controotod relative to  O0F, im The mtio

vt M
{ L p———— } P | [E_ﬂ‘ll'_}
u? - 'qu

in the direoticn of vy , ihe tesgeetiel corpement of welpuites bere vy
is the comporent noranl to &, with Wl = 'rni + ...tE « In this eons
nootion we note that 'r-g;E in sxpronpible in teyes of ¥ aml ¥ , the

quantities sc denoted La (F.05) , wiz. bthe orshogomal projectioms of thi
valecity w, oneey teo ligcs of 0 roking an angle =y with apeh otbse

r
[mem Fig. 20] =
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g = 'l'-‘.n*"'lfu:r t} , B Amd P,:, being the Lograngisn labols of o particle
L of o 7 r,t snd @ arw oplindricssl poler coordirmtes [esa Fig. 34 ).

The skape of ¢ ia detereincd AT any lestant T by its moridiagn eeotior A
whigh i3 & ourve im om Ty@E-pland with parwIntris dgewtlcas
¥ o= rles 1), 2 = 2 lms &) i 3.02)

The parallels of Latitude P em '-T.uru given tr & = gonofant; ihay ara
permanent in the senes that the particlom ey il_ﬂ:l formieg F at cee in-
atoet fora anothor parallel F' ot angtker instamt. The mridians ¥ orfe
aivan &t aay inetsnt by @, ¢ ¥ (s £} o ponstant, end are evidently pot
pardmaent Lo @epEral.

The corrésponding —urfaoe ar  at reat in w roference frome su. im
alsn aasurad te be a pacface of revolution, ae i indead ispliad hy ihs oon-
ditioms of rigtdity; so Tar as iie corraspondamss with o is coucearned wa
Ny Suppose Su_ nod 5 to colncdde, and ikewlsc the two axes of aYEEREY
[any Lorents transformtbion required to brimg thin sbout pressrwes gll Mine
kswakinrn distancen; and tharefoss wha property of rigidity)s The murface
T con therefors be described by egquatdions (2.01) At the inatast t = t,
my, wken the velooities wll wanish., By redefiping the paraoeter &, i
pechosary, we can assunc thoat P (&, t&] = 0} demnting [, 1:.“} el
2 |:u1 ‘l.,,] k¥ rn‘l,u]' and lﬁ,l:u:l » ®8 get as the emantioms of &, :

:? voix, = rle) e (1.03]

i - Ea[u:l ¥

Tun 9 1is the osimoth of the particla A (&, Dn] oL Ty . oand clearly &
By be leterpeetad an i ﬂl'l:—lﬁll&":.'lhflrl itm eriding pactian gy LT mn add

the condition

ar 2 'E-h'?
(g1 + lg ) =.1. (3.0¢]

P ghall sy, bY exteosicn; thet painte irs s} of m oand frg, 5,0 of

pprrespond if they have the pome o5 .
The parallels of latitude T, aAkd the seridians "n of  J; 6re glwam

by o & ponstant and "q = congtont pegpectively. The parallels P? are



=

for the finite curvos whess lakgths are uicharged; they are the crihogonal
trajectarian an & of curves given by projecting gy OB a” o,

Ie order to dctermwine the fors of the foving sorfacss O whap ite iod-
tinl form @, 0t vest i givae, we ehall wesslly have to apply tEE aon-
ditigna of rigidity io the fora {2.06) .  Qur next tesk 1o to see how
these partinl differeatinl cousticne sitplify when & in token to o o
subfacs of revolution in ayooetrical =otion.

R ] cal
In &his section the conditicas for guparTiclal rigidity #ill ba agplied

te & eowing surfoce U thot appesrs te & certsle Galileion shpayrver 5 to

be pervanemily aymmctric about s fized line, ite pgip, its sotion boing axi-

ally ayeetric se welly OF may change ite sfape Drow instent S0 iooant.

Under Shess ossusptions Lt i enpily seen thot with oo lcon of generality

the equmticas of metion of & gan ke written in the form

Xy = Lwg = ¢ lm, £} et

2 = oz ls ) (3.01)

whers the I?.'-IIIIH Fog BCom taken nlang the axin of oyometry. s

Fig. M. Ogordisstos for surfeoe of revolution im symeetrical motion
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paralicle of latitads P, ond P and between the seridian pesmtlons B

mnd m. W put s and 9, for ng snd &z respeetivelr.  For ike
A=
i "
v=looity ooaponoaba u, = EE s hove fror (3al)

gy * 1duz = |:I't  ir ut:l o1# ¥

Uy 8wy

with pimilar expressioms for the partiol decivetives wlih regpect <o the
Lagrangisn lekale = and &, - (Fre and elsmehere partaal deriwmtises
with respest te @ and t ore dencted hF mobscripts.) By sultiplying
ann of the oomplex QTR RN hy the corplex sonjuate of itself or an-
other one, &nd tRkieg the resl part, we gt

u:‘l I.l.|= - 1.IE = ':_I'.t_E + 1'?"1_&:' + '1?1

Tz, 0=, -
. A S I

uprlnrl‘z'li'_:r “I”EE - [I'.ru"rz?t‘;-:lf 5y Sy F

thus [2.06) gimwo thres sguatione to determine the funoiicmm © . & , &nd =

- - 2
r.E + :I_E P I:'; + {a® - uf) lI[:|.-Ii L r-zl:'!'-!.r_} a 1,
(3.05)
. N T X S (3.06)
e L [ef -uE}-1 I:rg'.-"t] (rpry = 2.8 + rzi'u'l'._:l s . 1307

Theas s=mntions smphoaize the dlstertion of esterial slemedte of O
rolative to tho corresppnding oleserts of Oy . o= oxpledned et longth in
Begties 2.  But mow the relntion betwsan cofrenponding elensnin fo of the
meridiom goiiogn © snd 8, can b isniated fros the slmelteskous tejet-
f_-qg of o [indicwted by the curves H 3y S0 the following woys oo oub-
ghituting for ut , agetion |508) gives

s . I r
.:|2 - 3 N a " ;,E . a ' l.}-llﬁ:'
=iy T % o



)
reopp=d at ;ul;l'. instant late GoirhaneadliisT ii-t- heaving the s & ) parallels
P of o, sharens the meridions M, ore sppéd ot dnto saridisne but inta

tatated curves H on O all congruent to one another, bty oyooetry, and

hawimg the equetion @ = F {m; %] * oconstant [oee Fig. 38}

- Ma)

. Bla + &al

Fig. T surfens of revolution 1 opametricol soticn

We pext apnly the comditiomg of mperficial rigiddty (2:408) 4o de=
scribe the two pspects of the correopomfdence batwesn Oy &nd £F ¢ First
1 polotelies sapping by corrésponding partigle e, ard Then the relaticn

tatwpes The farqe of {.-""n and & na o whole, 1.6. beteren correoponding
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% be tbw aro=length along the mecidism M [or &), with 3.2 = 1'.E T l|'.-nE 1

¥, the componsnt of welooday im the asridiso plane, =ith 'rE w r,.‘E * I‘El

L the compozent of velooity morenl $o0 o with an""u. T TRy = BT 4

“_F
Wgr tha ceapoesmt of velscity along W, with S0, & Bony b oE20
and ruo s 1 By oy thd cosponent of wdlopity slong the parallel P .

Than the eganiions above my be writien in the form

2 L
B|= - Ezur?z = - . g ! {212)
) =] —'l'u_ -:IE-'rn
i 2 g_ % 2 2
O N < TR, = SRy g
rf .t i Q. By .’ L ' o = w?
-] &
. z 12
E o By g o, {/1_3') ) (%.14)
R PLT T he® L E

The firet tws give the pontrsction of linear elesents of N and P oralative
L] l':| mnd 'F'Icl . The third tells ua ‘.H'ﬂ.t- if r ped £ ace dndepemdent of
% , B0 that v = 0 , and fenoe v,_‘:rl:l ¢ then '?u vanishen; +that ism, tho
particles fopsing B, ape napped idte & mril:un.:_. E of J" Convergaly,
it com be shows that ¥, = 0 only if I;.] r~"omd v are indepesmdent of + .
er  ih] Fp = O, the mptlon them bolng wBara rigid notlos parallel to the
axin of symnetry, with r constant for soch particle [see Appendix Al.

Thi three yelaticns [3.92 —-9.14] obcild bi seapared with tha senaral
relations {2.4% = 2,08} amd, {2.07) , which are piedlar in forg. We con
then sugaarigs cur results for the aprmeirical rotion of 8 murfoce of révo-
lution ¢ ma folloms)  Belasive o 1ts imttial foen ) (1] eooh ole=
et of fhe seridinn eection is comtraoted by the pame maoust oo it would be
if i1 were o material elemost and thers were ng axisl votaticn; (i) emch
parallol of lotitudes comtrocts opecording So the Fitsfemmld=lorentz comtrectica
rule for surfacom, remaining & parsllel of Labitude; l:i:::l wmck preallal of
latitade in rotated oo o whole, in addition to ohrimking radinlly, d.#. the
gurfacs in Teieted aboal ite sxie. ’ '
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prd equation (3.07) con edindlarly be eritien
“‘t |:I‘El'“1-_ "'. Eint ¥ IE?IPt] + "E |:I'!E - 1]2} L] a ¥ [],H]
P I::rﬂrt_ * "11’1:] LI {of - :I:'LE' - :.t_z:' - O . (310}

The last iwe torms on the isft hand side of (305} are, b3 (3.09) , equel
ta

4 2
rzi‘: o (e =ud) '?,,?_.-"F'ta T "t-"‘:' F.?ﬁ'ta .

Thup, fEoa L3100 , squation [3.05] takes the form

(rory + mgel’
b mm——————— o4 15:11)

‘¢2 - rt? = ;tz

Figs ¥t TValoclty corpéments in ssridian plann

Tha relaticns [%.71), (%08), &nd [3.90) can easily be interpretad
grometrically Less Fig, 300, Let



gnd M Ln not less then thed betwesn |, osnd My . Since the rlgkt-hasd
gides of thass o thane Lavolva only = , Lha serTacds T and 7 arc
covarad ot cach ivigtomt by am ipfimity of congrueas curves I"u and -rr "

Thems remults w11l be ymed in S3ection 5 io dealing with unifors sorew
moticm.

4. Upiform eotation about axis of ayrmctry

Ie Begtion 3 wma agpliad the sonditians of rlgidity to a sorface of
Faviluticn = whowos sxis of pymastry wos fimed relative fo 8 particular ob-
sarver, but which could changs its fope fros inatedt to ioptart. Tha ge-
laticne obiminsd there are gtill too corpliomted fo yield solutions of our
fundaakntal probler, and we mny anek %o saaplify them by restricting the
antlone to be rigid in the Heewtonism pecps. Ap gen bé ssen from aquations
(306} o {3.07) , aed (3.05) , tha Mewionian conditicn S = f2° maquiren
thet r, ¥, , and 5, should cach be independent of % ¢ by [3.11) and
[3.08)] , the pame must be true of £, and 9 , which are therefors con-
stante.  Teue 0 eust be o upifore sores motiom along its axis; w0 phall
Tirat mpposs that the axlel velpeity cowponsat waniskss, pestporing the

ganeral anes %o Sectiom B -
Fe goneider then the uniform rototion of & surface of révolution o
with oogalar wolocisy oo - This 1o dencribed BY the egoutions {of. [3.64)]

X, + ir, = :t'I:l-]-:-i':';"l‘-""""t:I v

1 (4.4

=, = & [a),
Whara, Gp befere; @y im the azisuth and = the meridian arc=length on the
initiml sarfoce 9%, = Sinoe the welocity Lo now wholly circenferemdiol,
the conditions of sigidity (312 = 3.18) reducs to twe equotiona for ¢
and = , relmiing the moridise sestles & af o Lo the seollon L afl i
indtinl surfane oy st remts

ru 4 |IEI ] 5! & 1., Lq.02)
e

i _ =z bt

7 N = 3k L4.05)
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In the exceptional cape whers
aRd  wp
L3a14 )

r
wamigh, it folices from | 3.12
that ©J 18 @ pure ocnnisnil.

st

Thas the meridion

caly; oo that
} that 5, =1, and froe [3.13) and
ip unsontracted

L

g degand on @

relative %0 A, ; thers Qg ae Telst, and oo the seridiens M are permsnems

prd of fized phape. This spacial chae

will be ireated dn Ssctlon 4.

Fieally we note the condition for no gontraction of & saterind liosar

alemint of cur smarface of Tewolwtion:

acparding to cquation (2408)

much

oo elessnt (A8, S8l Tes ot the imatamt € %he evEe lengih on & om oo 0

ir

':-rgrt *oE g, 1 'rzﬂﬂ'ri_:l fm o= T

which, by eeans of (1.09) aad [3.9%)

:I:"u' '\.:IE

7, (o - u?) fa

or

e (2% = ¥} fa = :|.'_tE wt

Eeealling the geoariric sipmificemcs of

initind sarfaos (7 ; we may srite the

o

I_:‘:I thet upderge ne contraction in the
L
da "-'q.I? . 2

The corcaspending curwea | o8 7 are
and @y whore, oa e (00, &= 4,

‘Eiven

Yo, 08, = 0.
» oAu be reArltian o

i,

a LR

LR (3.15)
thae pazaseters @ and iﬂ om She
differential sgastion for the ourwes
fomm

=}

a ¥

s {246

L

bettnr deporibed im teras of &
+ 7 (@ ©} ¢ equatier [3.18} then

E B ﬁ “- i
1 'h_'? rE
pe, in terms of 5 , the nro-lasgtk along M (% of course reasindes fized),
2 L T
'lg = . = T - — [3.17]
: 2 5, e
(In (378} amd {%.77) , the saltermstive axpressions ore obtadined fiua tha

eelations (%.1%) and [3:98).) It 1

ri

elloms thet the angle beimean



=2l

From thess relstions it io eagy to infer from the mere exigtenss of the
fnitial surfana u;l cartaln choracteristics of the rotating sarfoce O,
particularly as ib pogulor welooity (o is taken larger and Jarger:

L8]} lesprding to (4.08) . T £ 15 in GEher. edrds the clrcusforsn-
tial welocity of {7 newhore oxceeds the gpeed of lighf, however large b
Eay ha, although Tor sey finlte ¢, We BAVE QO —b @ 28 od — @

/2

{11} Ascording te (4.07) , cose  cannst cxesod {1 - p 8V e
oppronckes sero with increasing &2 o In particular, ®_and 5. ssonst
warigh except on the mlis, bAaving le foct lossr boumds given By [L4.08) .
n may Sqanlly say that the curve of & agsinst 7 lor of & ageinet ¢ )
has &t avery peimt s elogs axcesding that of the furction B, (P) of

(4.06) . Thug me=—b + 9 pn W' —3 3 , opd the chape of o therefore
speronohen that of o needls pf {iaester Zoflo apd lenath 28, .

A Aiffirulty ariaos &f the alope ig of differont olgme on eslghtouring
aros of the veridisn pection m , eloow i1 oaet ool wanish anywhére BETWad;
thia goestion, which is particularly scuie for suliiply=commected martacom,
»ill be discassed in Section 8 .

[:I.i:.:l Tha precading remsrk [1i) deplies that 1f tha slope of B van-
Lahes at tbe pols \r = 0) , thesn ite curwatwrs thers, A 4 is bounded
talow. Inm faot differentiating (<07} +twiom yislds the ralaticn

_HE ,nr: + -%E, )
o

whers M, ia the polor rurvsture on &y 1 thus 1Ml e wt lzu.L._thn -
H o in aet mefo at r o= O ; thes plopss ond ourmiares of o sod =y af
egual thera.

fe may sumrarize our primcigal remlts for o mrface of revolutior O
rolating with constant u.ua.'.aln.':" vedoodty e oo followas: Helative to the
lettial mefacs O 1] tha mezidisn are-langth ip asalterad; 2} ikere ia

a1
o rasinl contrastien of aseunt i1 = el ;._;Elu'rn-d] "II‘E t 1 4 er aguivelomtly

@
i 1 11 + ,ﬂE ‘Jl.-"nﬂj.l"'r ¢  Whord L and ¢ are tha indtial oasd cor-
tracted distances from the axies: 3,0 ihe parallels of latitude are aot
teripted about the axde relotively to one anctbsr;  and 4) tha ligiting fars
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Therpe pguabints ore fundamentol in oll the following work of thss ond loter
Aigtions.  The micond of thas can b avitten [of. [3.13])
- -2 12 :
o T? z .2
£ . f+_“_ 1.{1_‘“—7—:] . 4.0
£y o2 at

and yielde on differentiation

fa

7ol Eh

-ﬂ[- - (4 + = 'b J} = L] - 'EJE;IEl) ] ‘1-“5]
&

!rU E?

T 1he elomonts of the meridisn ssction %, are et contrasted by
fhe rotmtions  the eearidisne 8 and M, now conslst of the same particlos
and kave the saoe lesgth, 2 &, , say: Ao 1la the pore gecerol cass, the
parallsls of latitude, aloo formed of the mae particlsp on T meon G »
underga the Fitzlerald-lorents contraction dak to the totation.

The probles of detersining cither of & amd OF wkem the other ia
Ziven in ewidently now peduced to the cwaluntioe of om integrel for = {a)
er u;(a} 5 obtained by substituting frex {4.05]  inte (4.02) § this
will ba dome for particulay mefuesp ©F in Eeetliona © med 7. Buot
mithowt sotuslly irSegrating, ar cun raks severol deductions from the M=
Lations above. We first maks sore abbrevintions, needed agein i later
sactionet  w¢ dencts tha produstes of it with T orp 5 % s Bp 5 ARd B
by the o PPaspondiag harced myshole, snd intredasd o aed  oly o the 1B
climmtions of the tasgents of the seridiasn sections @ asd L to the
aquatarial plass | pses Figs 30), Setwesn which there sy much relstions na
{-'lilId:."l'I'E"g, uinu:-suﬂ-%a

In thip motaticn pquntioms (4.0¢) and [4.08)] Becons

142 =1/2

L I A S TR B {4.05)
. 7] =3/2

Shuad = Wﬂqi"n (" =7 2:I = oomal, (1 9+ f:] 1 [4.07)

thas
e

- -3
g, = =@nd = 4 |1 - l:l:-uE-utalh'ri'uE',I i . {4.08)
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Undér this traneforratios the congruemce L. given by (4,090 takes the

form
%, % 1x = riia) ol (@ le) [5.02]
r_'L = zfig] » D", [5+05]
o= Ao, [5.0a)
nith
' = ria}, = = gla} SV, U'-ﬂn—%l':.!]1 and Wl e,
o
5.0}

Na ghnll deoote the congruances of -p:-}d.. liren whone asestiess afe exprenosd
1 the fors (502 - 5.04) Ty E5' , althoush 4% is of courss fdemtical
with ¥, . The morface whose himtory in space-tiss ip  E.° i Bad mhoos
tian im Tk i Era ! i - %, will

be demstod by ot

¥ pote firat tkat the soticn of any particle of ' 1im eoFpounded
ef 1) o uniforn rofadion rourd the zi-sxan with oongalar veleedty wi
ot 2] & usmifors axial tramslotion with spead U . Becomdly, tha fors
of @' ot tioe lestart ' = 0 inm giwen by

o+ ix - w(e) et [5.06)

. = w'ie}, 1507 )

il i thereforr o ourfece of rawsluticn wits seridisn seotion o'  obtoined
Zrha the saridisn seption B of o7 asserding 4o {5.05) , by o unifors
mxinl cemtractian io the metic 9 3 # 1 the pertislos formSng 8 meridian W
given by &, = 0, sy, mow ooApoos the umifornly twisted carwe ' glven by

a4 o= -5-:;': = —&:‘—:EJHI TR L [k srapahot of O " ot eny
I

athar tizs t' would have the sacc form e et t' - 0 ; #ionca tke incresss
im aziruth @' ond ie x'  would Lo the msme for all particle=s.] Ike sor-
regpondenice betaaan ug,'.fﬂ!' iom anifors peean [} LEasg
Emiahll t iptories of mha tw 151 P 2 made

e ilay welapsdtia ipg 1 ratl
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of o Ba L —=3en  im that of & needls of ddarcter 20w and length aqual
%o that of the imitial saridian eectiloan.

W #wll eext sec how Sheoe conclupicas are aspdified when the rotatieg
marfacs Bap 1B additisn & constant velocity alomg 1de axis of spaeatyy.

5. !Ju.lﬂiﬂ aeped retion along axias of symastry
Wi amall comiless to doalgesic By o s rigid srface of revolution

rotating wlth constont angular velocaty o skowt ite sxie in o Galilainn
roference frome 5 i and we chall denote by AL thoe congruence of world
lines of its particles in spece—tisa; thelr equatices beoiog tekén in the fors
[2.01}  mpplonented by the releticn ®, = dgt . From this notlos con T
dorived others ot sgpentially 4ifferent, aieply by taking the polmt of wism
of ohhes Galilaisn shaerweras, whoge Jdescripticme of tha satice &ad the cons
goquent deformation relotive to & oorrospondieg sorface ot rest will depend
on their own motdion relative T2 2 . We shall show im this sestien TRAT @
unifors screw notien of a surface of eevolutiom slong ite A%is can be &o do-
fivad [although of courss it could aqually nn_ll bo deduced from the gensral
thecey of Beetlon % by appropristé specislization).

The eangruence of world liaes [ consietie of helices whose axes oo=
ingide with the x -axla; toe norld lipes of perticles lylog om one porallel
af latitudes T of O lm = congtant) menerate n cirouiar oplinder of redius
ris] im the 3-flat x, = gla) « WMo wish to interssst this cosgrusoca
Altk the 3I-flat %' = constamt, where &7 dangtes the il ao eeasured im
g Galileisn frwae of eferanes 2' Boving o woloodty =U in ik direatics
of +he :ra.liu. Wo tharefore ioke the new coordinatés 2] e be reiated

ta these of I by the Lorents tremeformaticn .
::; = 4 Ié = E, + 1 E5,
1; a2 fixy ¢+ W), [2.01]
' = Wit e l.l'.-'.‘_.-"c:] '
e U n:?‘.l-”lE v the lmet twn relatlons being egaiwmlems

to
I = x, 6+ D, o~ 7 - I.Ix!l,-"-:a.
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Fig- S4: [detortien of serldios ecctlca dus to welicrn sorew s3ticn
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13 41 - ,_.z‘,ruz]‘--'"g , skare U ia the prial yelpoiiy in the serew
Zokien-

Throwgheut the reeainder of this section w6 shall adapt the pelst of
view &f tha sopsrver &' and vogord the gaatitiles ' snd U {or ¥ )
@ bhe twe fuedsiertal parazeters detersising the sotion of the rigid eur-
fues o', amd therefors its deforsetios relative to the initisl sorfese 0.
It is iportant to bear in vind, hewevar; that only the product %o’ = '
hos an obooluts significanse, snd we ohall soloalnte the effect op O of
vorying " or A By first recalling the ~ffegt on o of the corresponding
ohangs in «F ®nd then awperpoging the two effesta of The axal veloolty u
amtablisned above [eoc Fig, 8], E

e effcct of worring o' . Witk ¥ fimed, is saey fto deecribe.  As w
{amd therefors oo} ieorenpds, the eadius of o' shrieke, and the longth
apprombes the fimite walus 2 K0 ¢ , where 2 K 18 the length of the
imitinl seridinm; ot the swes tise ihe twlst ilpcrenses, ib@ nuster of oo@-

| S
i
whon el

plete tares in the curve 97 being agpeocimate ly "E".'_J: ’
4g lorge. (It should ba esphanized that in thias discasaion we are mot sn-
vimmging lineny o an@aler ascelerpijone;  the words "varping”, "spprossklag!,
#te. do mot refer to Slzd.)

More intereniing, tkough nore coaplicated, im Ghe betavicur of o' as U
im mried with w' fiwed, partioularly as ¥ —am . W begln by dls-
rapnrdleg the twist about the axie and cencentrating on the melatica betwson
the asridian secticans o' and oy - The gelaticn between n" pod & 1a
glwen by the formilas ' ar, §' @ gf%, whara T mod 5 are detarminad
pompletely in Séree of the coardleaSes Ty By of B, Dy toe relationon
(4,00 -~ 4.0%) (with shich we oy assocints (£.06 - 4.08)).  The poraostier
w! peeurlag thare 1a to be repluced By o' £, and so waries when 1 docoe

kn f dnercancs, Shenm, the szial soutraction of o' de usigealy com=
taned with the radinl sentrecticn of =a gives by (4.04)1  according o
remnrik Lii] of Bmetion 4. ike abtimte disseter aed longth of € (B wy - )
ara Zefwd amd 2 Gln , o3 that %he ultirate diaweter snd lergbth of o
(6g ¥ —1m} ors Zofed F) and 2 £ . Vorepver the ultinate diaséier
ig tbw some for all poimte on The reridian igitiolly ot & Tieites distence from



ooordinsten ' o, E'

of A"

tio £ B§F The foroulas

Fr o=

wherd #wh FecAll that

]

Fo= urc_,-"-a.

==

F r owrf,

T .

f = uizfo .

are reloted to the baryed cocrdinates of Beo-

(5.0}

The Limitlrg velus of 7' is scoordingly unity {of, remark (1) of Bection 4)
The ramilis of the oalouwlsticns in Approdix B ore paemerized in the fallswing
table, and confirm the miotement made above abaut the ultiests shaps of &°

e its axisl sphad U ip increosed while ite angulor velocity gaf

fimad.:

im Wept
Thaps concluostoma will he werified lator in particulny onsap | mes
Bactioms B amd T).

ul'e e Cra=ty | o=+ | Fo=22y | 86172 | rinsee
B, a Kafrge| mmee [C(HVE et | a0 | e
o= Tt £ o o ~ar ]
. rinite | (E 25 | opa - | g
S I [ .
Slope of @° Sanll el —\'.i."_.-"S-:l Fiuite a0 s 1""EE:I Targe
Curvsturs of §' Small Finite Ll Tm:l Fimite . | Small
Althosgh the mawivum disdneions of o surface of revolsilos o' poteting

Wil wagular welasity d!

o opaed U

aprronch sers whor it la saved alodg its axis with
eporonching that of light, newertheless there are mteripl supwep
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the Aaxima Tha satioc of the npfisos dizsanslons hea ultieatoly the fipdite
valug Lot fq_.ul'r: 4 @nd g0 depends only on the oheerwed angular welogity snd
the length of the meridian of the ipdtinl marfocs G0 .

More precisely, it cnn ke mhosn that whalews g tha T
ki altimat [ E-i.u_ﬁ. =168 Ll regaiming Finite, is o clreular

sylinder with flat cnds, ita dimdnsions S=ing thoss just given: To pen this
it 48 sufficiest to studr the dependénse on < of the slope and cupvaturs af
thia saridisn sotics 2' o The detalilod investigation im derscTibed in Appen-
fix B; o sapcary of She resulis appears beolow.  Here we aholl aerely show
that, whem X 4m large, the alops of ©' 4= finite only on eeall aros for
ahich the Padiug im pes® Lte eaxisoe velue, oRd that the coryenpondieg a¥en

on m, ore very grall opd 1is meor the oxig. In the first place, we hove
from [&.04)

IR
—_—
= - (1 YT g
[ l"a /
po that ' will diftfer from o lia'f ) bty orly & smll ascant provided
aflir,) i emally i-#s provided offci'r,] da (WD . Thiz allows T,
2o ba of order pmhe VE 3 0} 4 and en aroe of (I, mear the axlp oan
sarrespond to aren of o' where pfose o/ . Hew 4F 27 hae s finlte

ilopa, UL ey 85

[+ ]
in As i migi bo of the soe grdar in H |ty ot

ol =

- ar,®  am.E
theraforn e of arder 570 4 siooe, by {4.02) ':E} t ':E] = 1.
Pat since from  [4.0%) we have

-1z
& | Zog, ow® g F)
an dn ||L i a - '
-2/5
it fallomm it l-a"f.,.-l'r’-' im pf order 0 It can Be goee alsc thot i

u'rufc ig of lower {nigher) order im § , then the alope of m" will ka

— - -
[ T .h'.l -"'r.u..lrul

For the more detailed Savestigailon of the curvoturse it is convemdest to
conosdder, imstend of a' ¢ the findie carwe T obtnined from it by oag-
Eification fn the Fatio wifo 1 1, f.e. 2" ¢ 1 (mee Fig. 8. The

panll [largs) mnd the cormesponding aro wili hewe T
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Bn B —4m | near the pole of o' thin angls npproachsa FI:,."’; s s that ™'
il therd approXimetely an éguissgslasr gopiral. The sorresponding carwe r:'.
im detarained frow

and ia therefore inclined to the meridiom M, at an angls of order -7,
camept near the pola wheps &t is m ecpiral similar to T .
The lengik of theor curves F;:l and 77 ig givem by

.:,;'b .
|:1 + '-IE—MIE]E ds .

Wea Ty N

i

takun along .. This evidentily éxgecds 2 JFH ¢ the length of o meridtan Mo
ty wery 1ittle 4f K ia very lavge. )

%o now loave the thecry of = General surfane of revelutien im unifors
sores aoilon and Apply the results to particular werfacen.

Fa 4 . hare

The shope of amy surface ef rovaluticn & in unifora rototion can Be
found from that of ite initisl fore i, &t rest by svaluating the indefinite
integeal for wlm) obtolmed frea acustions (4.00 = £.0%). The affect of
tha mate of rotation o) of such quontdties os the axtal dissnsigns of o ey
bir found by & process of pewsp-ssries exponsion and tera-By—ters integration,
provided i ie safficiently amallp et for eves apdarately large ratan of
Fetation it in mecessary o consider spesinl surfaces Ty v In this pectios
W tals o7 o be o mphere of radius B, and [ind ite distoriics when asde
to rotate sl constanmt speed ). he Lageengisn labrls we taks toe aglmuth
% and the colatitude o (o need conmlder o, only in the eangs 0 to
nA2l.  The saridinn arceleafib memsured from the pels im @ = Byel, , and
thé oeordimates of the meridion secting £, ars P = E:“:I mn . and

o
By = ELD co@ el « Be fmirpduse np o fundaEeetal parsaeter W 4 whers
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an' " whoge lemgihe veamin fimite eves in the liait; tThis is due to the
exiregs Lalpt miffered by o7 when 0 ia laege. -

Lt ue first study the corve B an " iobo which o oeridian N
[gr ®] 1o moppeds accordimg to (5.05)  fte egastion own be weritten

at - - ﬁ zial - - yf‘i 2. |:5I-|:"g]

2 o

o
fhisz is o apirol, or belix: while @ dnoresges by 2% fedians, ' im=
crapma by .H-r.al."'[ :.I:E U  mkleh approgches sero rapidly na § —omo g
emch paraliel of latitude P! bon been rotated by an sngle proporticnal to
ito digtance from the plame of sooe porticulor ones If ' dafctas Lhe
angle beteeen 7' and WY, and 5" denotes She aro-lengih along ', ther

tan ! n r'ﬁ - :f:"'Eniu..\-".

tan o' Balng the alege af W' ¢ for any finite r, » %an .|:_".:' —1 & o
§ —b o , 6o that the holix &' sokes & svell constent angle with i
parallels P' . If the mlopen of the serldisne wanish &t the poleas, them 1t
1a sasy S0 e that tan O s l"?i i"? thero, 80 that ' is tangent %o W'
nt the pole.
e plememt of lewgik oo this helix &' 1o ziven by the formula
g - {1 - !z-mh.h - ;-?}} a

o2

wWnick mows that W and '.'-; haTe paaTly the same loogth sen 0 1a Gear
the spasd of light.

Lot us gext Tind the ssterinl curves [7 ea ' that hawe sxactly
the mare arm-length ss the porerssonding carven i, on O, & In accords
gres with She grneral egestion {%-1T) , and keepimg in mind ocur present
umd of prined oynbols, we deteraims :l!l_'ul

Rt IS

Thus by (5081 the curwe 7' lm dnelined te the seridisn N° Rt an angla

zan™! | J‘E' wn &' | which for aey Tinite 1, approsches T2 - €77
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wirfa = |:'I'_!IE':|.B - 1_.?}‘."%“

HI
il

. {£.05]
- I [I_'I * :E]2 - ¢ min® .‘-tﬁ-i 12 (=X + I'.'ﬂl?':'ﬁ:l_-! i .
L

Tee integeand in {6.05] oen be exgemded and fotegrated SoER by tars for

gex value of .o, the resalt Being ¥ = Iﬂ-%I.I--é:?_....nhﬁ
E m i-Zn -1

I, = ] {x min g, ) [+ 2% i v cos® ¥,) dx; 606D
=)

the firgt few of thase aee giver in Appendix @  Putting = = m");ﬂ . WE
find for £ the foreula

E,-"!H._-, = ':iﬂ #Lﬁ',i,; ¥ can }-,:I - %cui 'ﬂn (tar Tein ']l:n = ':tﬂ_ com }'n}

- &cnt X, [[é - %:nf‘ru - '!-:-1-2':1.‘: cost %) tan Vg *,
=%, nutalxn l:w:l:r'l‘; - g ,-nrau?-_.:-':l (4 & 5 ""“E"'-u-] { #+nim? -;.:n]rz_'l
- e {6.87)

Aben &) is lorge, l.o. W, neer 12 . this can be shown to yield the
myaptotis a¥pression

S LR R TR I A=l ewe)
sy = 3o R0 e b e e v e BA) + FER)

Thi salsticn hatwsen 2 and R giver bty thooo wericus expréssican is
ahawn in Fig. BA ps the curye & = 1 | GA ®e ohould expect, B decréasmas
from B, 4o 0 ond £ inecreascs fees Ry to _—é'ﬂu sg - inereases from
F ts & .

Befors emamiming the sbape of the secldian & in doteil let us comaidar
the mpecdal cooe where Tn is @ plane, lun. & spbere of infinite radiuae.

In teemn of the varishls x  we have

Fo- -y, g . Jq (e 21 = 212 x| (6.09)
1
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DR e = i;- = tanX, 1 then mocording to [&.02 - 4.03)] the coordimates
r s @ af the aoridion section m of the solating surfaca o are

2, W2

T o= “u g[n-.;_n (4 + 1.|:|r'_=l;|l:I sin #ﬂ} 4 [Ba01}
/2 : T
g & Hu [ 1 - EDHE-#D [+ + tlﬂ?':l.c l‘lEE nf,_-,}' ]] d-'lfu -
* Yo {602}

The maximia radiup of o fn B = B, com i, = o) min W, ., o that

the graatamt welscity on 7 1le oosn @, § B8 Ja® T .
ia mufficiently edmll, dirapt espannlon im power scring gives

- Z = 4
r s By omnag {1 - J':.'ﬁ{, r'-rl.ziﬂ + -I.;Eﬂ. -I;d.u",.rn = ase ¥y
2 &
g = B, ooomld, {1+ %ﬁﬁ coe’ i, - M, (oon®u, - gmu*i.,] * el

froa mhich we get B and £, the maxivum valuse of F aed 2 (attainad
Wt & a /2 and O mesprotiwelyl:

= &
]-B,pl:*-xﬁq-

Fal=

i
E
[6.0%)
5
a

Luga
P 2
e, = 1+ {1 - BA) - 1 - BAE)V ¢ e
Treor expressions being usslaop for even sodarste valuoes of Eﬂ y B

tmmoaform o & new varinhle = , Iping dn ths Fange 0t ain, . such
kat

=1

tan} aina = I:u:l.n:'ju - FI'&IMF}_& * x%) . E.04 )

As ghowe in Appendim ©, r omd = mre ther givon By
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The effect of ¥ go dbe asglrus dimsasicss of ' hes boen included in
Figs A, whare gurrén d = cometent  and ' = oofistant  see platied in g
By &-plamey the pxes correspond to the perdls<ghoped ond digke=shoped liniting
formg of o' @@ &' amd W rogperiively opproach infimitys

The teisting of ' described in Seotion 5 bme besn suggeeted in Fig. EC
by indicating the curwma T om 7 ikl gerresBond 1o Tha crigipal aayi-

disea Hﬂ [ 4 |.-_°..

Te  Agpligtion to cipouler exlipdst

We now take the surface of rovelatica IF'; 4o br o olroular crlinder
aith Flat onda, its rodive beimg ., end ite beight 20 . The probles of
daterairing the correapending merface of revelution o in gaifars roteticn
dividam into two parte, the distortion of the mantle -11;1 and the flat end
':';z baing found independeont ly. Continudity im enmread aioce =2(n] im de-
termined by [4.92) only te within & cosstest snd ris] ie & oontimaous
functionm of r,la) o eecordieg f0 (403) & We cust note here the sabiguity
alwsyn presant in the sdgs of 2 ; 4% Bas no significences by itoelif, but
must be taken imto ascount when dittdng the surfacas Fy and . oor-
rospaading 1o 1‘-':” and Do 4 tegethar- By regarding the cylindar T,
ag the Lipit of surfaces with conlicucas tangemta for which dks wlops of the
mapidian peotion ® never chioges sign {oee Section 4) , we comclude thot
the enda of fur oylinder should Tolge @ut when it is made o Totate.

T sbEapk of tha namtle 7 o correspending fa SOy ¢ le fand ab once:

by (4.03) fte sadiue ¢ bag the oonmant value R o= Ry 1+ E,,,E:'-1 s
stwge B, = "-'ﬂu.-"":“ voaed BF (0B} we heve d5Me = pinet @ 1 1, @0
teat tha genarstors My of 1 are stradgst lines pomllel 4o the axis,
of leagtk 7R .

km for T3 , the roteting murfocs oorrespomding to the £lnt end Oz
of the oylinder, we reasry thot the suisatity B, Elaya Ae sagmntisl raler
ﬂ"a? might be any plane regiom perpendicular to £he axis of retatioe. The
deteraimation of EIE-. hos therefars beon sifficisatly describaed in the pre-
ceding seotion (oee eguations (.00 = £.44] Grd Fig. 8B).  1a particulor
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wsore the change Lo the loser lisdt sigréfies that 2 fp now oessured Troa
the 'FII:I:I.'I': the integral can b evelusded in teras of tabulsted elliptic im-
tograla by mitiing = = tan &2 {o=s Appemdix ©).  Whem <3 in lorge,
ooy ofud And me Zet op result for the surface o anslogous to 60603

-x o= owy v e [2ER) - 2R ] 4 ., (6.10)

whire E{k} and ®©k] nre the siandard conplete clliptic integrals of modu-
lam k 3§ tTho cesflicient in square bracketo ooy be werified to be the sare
am the goeffipient of RBA, in (F.0B) . For suell velues of o3, direct
SEpaEAion givee

~-F = %1[-}?+%1‘+%IE1- T (611}

i agresment with rezark (114} of Section 4. The relatice hetwesn ¥ and
Fodsplied by (600 = 6.91] 18 of ike farm sooWe in Fig. 6H.  Thees remultio
will Be waad in the next sootion om ke Potating cylinder.

Returnieg now to the figite sphers, we swalunte (6.085) by oeana of tha
alassrtnry integrola Ip . the convergence Baing quite rapid; we thus howve
the meridinn seetics ® of the rotating surface (r correoponding to the
ofigissl ciroular section 2, of tha sphare o .

dn shewn ie Bection 5, this calewlation provides at the sanme tine ths
shaps of the moridion scetiesm ®' of the corresponding surface of revolution
TP rotating with constant sogular welocity of = w3 = L1 - 0%/}
ond moving nlsng lte axis with ponstant apeed U 1 wecaliisg tkat ¢' = §F ,
ai meed enly divide the function 20 #,) ef (6.5} bWy ¥ to obtain the co=
ordimates B!, a' af ' . The codbieed remalia of ihess salswlationo,
depanding on the two porescters X and o' |, are preseoted im Figo. 6C, D, E.

The variation of the seridtas soctice &' ®ith 40 im shown io Fig. G0t
g ' —F o . o' heconcs sero ard Sore needlo-shaped, 1te ultinate length
being =R/ {which équals the crigimal dismter if ¥ - 1/ ).

Tiw werintiom of @' with ¥ is phosn in Fig. 600 on o -2 e, g
repeables aAore and more a cylinder af ksight '1:|1u_,-"’|" and dinoeter E'e_.l"‘ﬂ'@'
(wbich ore egual 1F wolBo/m = 2% b The cooe curves sagnifiad approsis
wwtaly in the ratlc o #% 5 1 ore shows im Fig. &0 .
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Ihe determinotion of the faps of 7 wiwn thel of g 1o given e
Bagn shown %o h:;uml. on a gingle guodratare in the case of pErTAces of PE-
valution rotaiing with conpbant sngular velooity about their ayes or im
unifera sorew motiom along thelr axos. It sse found neceesary to apcume
thet tha derasl ta the marfoce Ty 0ot reot wos moshere prrallel te the
axie [ewoept ot the pele); Lo ander that the conditions of mupsTIicial
rigidity shovld mot comtradict ore anctksr. The S&farsotion of undforely
rotobing opherod and cflindors hona been computied ie deteil; the gepsral pre-
dgtions for ssch motion being soafivsed: as the angular welogity spprosnches
infinity, the seeface ™ heconem mers ond moPe meedls-shaped, ita uitimats
langih teing egaal ta that of its imdsinl Aeridisa.  In pocew motiom thers
im in sddition oo avtal eostrection snd nxtnl teiof, aed e She translo*tisnal
wvelovity sppromchen thet of 1ight the surface 7 ahrinks in nll disecindcms,
ite altiasts shéips buing Shot of o cylipder with flat ends.

The coly siwple generalization of Shaoe rosulis peooe To B %0 lecluds &
anifera translstionnl welooity perpendioular to the oxio of rotations +whis
woruld Tollow BY apelying a loreots translormiicsm to Yhe equatican of notionm
giver here ([Sectiom 4},  Sech o aotion 1@ of ceuran pelativintically rigid,
t'lm;l.a:h not rigid in the Fewtoniam penes: the surfacs would sot b ayometrlcal
abput its axia Bt Aculd B0 of ellipiical crope-seciion.

It would be exiressly useful to Fave selaticas of sur fundesssinl aqan-
tions of muperficinl rigidity otker tkan ihese 1im which the asgolar velseity
ig cenatant. It dla oaay tg wepify that it 4p omly in the® speoinl ppes that
the mru=length of the meridion section o 1s not comiramctod relative to that
of my - It was this reguirement that forced ue to festriat the shape of r?';.
For azafmple ocur theory connot be opplied o n torus, anleoss we odedt the
poRalbl ity of & rigid mirfacs developing m sfecp gige wben it sowee, and =ven
than wa mast be allowsd to choose the gdte for thio odge oo the surfaco 1m
much & way thet ke fprus will not bresk. If the adge peroistn throughout
the transttion froo rest 4o the fimal atate of aetlown, than it Lo eamily madn
that it suet alwsys consiot of the mos porticles apd sonnet b chosos i
will: It io suite possible that the edgn oy rp.;l. ka preasant ezcept ot ine
stante ahen Lhe asgular soceleration wvonlshes, but this solutiop af tha Jif7i-
oulty only replaces it by aesther; =ince the position of +he =dge on o maply-
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we note that the mawipum height hy of 07 i glven for w0 large by
hy = R, = Owa0fZ 4 E{?] (mes Appenfix ).  The meridian sectlom

ap s draen in Fig. 7A& {for vwarioas mloecs of ic, » The gurves have bSamn
Bhiftsd s the Xs-dimotion so se to give 2(Ry) the walue sero, nincé wa
wigh to fit the mrfase O to the mentle Ty &lresdy obTaleed abowe.
The additien of an axial welosity U te the unifors rototion so far
gonaidered resulis, as stated in Section 5y im an orinl comtraction in the

ratin 1: & where &€ = (1o U4 | thus we bawe merely to reducs
ike ardimates of cur eeridion = in dthie Fatis to find the eeridiom sectiom
' of the mrface of raveluiian 07 ik serew-potion with aogalsr velocaby
e = wdSH ond axial gpeed U . The offect of the tes poraEcters N
-n.m'.l. 43 o the swmpe of o' is ahowe in Fig. 78, whers in fitting uppér
amd lower caps ,‘_:-"i to the mantls T w8 aseuse h-lu-

Fig. TH showp the pieultaneous Fodinl ond orizl comtroction that oocurs
gg ¥ —pi with o' fixed: the mpsiowen height snd disseter are ulti-
mataly ARSE emd ZoSMed

By toking h© = 0 thr origieml oplinder 74 bagoieas A Tlpt disk. It
pppears from Fig. 7B that ite two purfaces sspamte whén it rotateés; and
trere Lo an additionndl flottesning and twictisg wken an axial velocity 8 super=

impoaad; thess resalis &re in galitotive agroresmt wlth teces of Ivens (1945).

B.  Conclumions

In thie paper we have shown thaot betwssn cormamponding alesents of a
woving rigid murince 7 and its initial Coma '1; at rent thers is & relatien
anolagous %o the Fitzherald-Toraniz contractlon formels:  infinitesianl @la-

pants of OF are contracted im the direction of the fargentlal vulocity cob=
l!l e

11, where v, io the

pememt vy in the ratio f1 - v A0e® - e "
rorml velpooity coaponent. For a surface of revolution 7 moviog egoeit-
rlenlly mbout its awis the differemtinl relstion beimsis the seridian eecilon ©
armd the corrésponding seridian sestion &, of T, i the pame as if the
cirrorferentinl weloeity cosponent were shsent; b&ing giver in fac® by the mule

1=y
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Apendix Ar Conditione under whieh o @rface af sevalution Beviag
ip oot ted

Tt wan shown in Bection 3 that, when a rigid sirface of revolution o
st reat in snde o move syrIctrically mbout 1te axls; the resalting surfeca
of révolution 7 im 4in geoornl twisted abowdt the pele, the asrldisms M, of
9, belng mapped lmta twisted curves T on 0 (eee Fige %) I+ wam
pioted thors that 7 could Poendn ostwisted anly if I:n:l tha radial amd
axinl waloodty cozporents waniohed (the metion then peorosnrily baing a iand -
Lore pPotetisn), or {b] the rndial npd rototionnl welocity compomemts wan-
1af0d |the maties thas necepesrily beimg n Born rigid motiom pumilel to the
axis of gymmetry)., This ptatoment sill now he proved: w8 have to conmider
wivaral popeibilities in turm, and eliminote most of then by appealing to
the conditlens of mparficisl rigidity and the extatence of the iefitinl sur=
faon ﬂ"é w

Singe a meridian N, of O, with oquation &; = constant ip mapped
ieko B carve A ocm O wlth eooetion @ = P{e; 1) ¢ conetant (of . [3.011),
e hivid o irevestigsts undor what cirounmtonoca W will depord on t alsna,
so thot Py = 0 . Becordisg te (3.4} ¥y oz 0 only if sifher tbe
valseijty componént vy nlong the meridian, or the cospoment * %y alang tha
parallel of Zatitude, vardishas jdentioslly.

[#) lst ws firot oomoee that Vg = @ « This seans that

Ty Tg + Egy Tt & 0. |:M]

The comditicone of rigtdity [5.11] nmd (3.08)  then gzive

rf- -;“E = 1, (&=} wad hi - L L s {43}

where T, deponds on & only, aed - ;—1_2# "'..2 s To patisfy
(a2}, {a1)y lo% us put

Fg ™ ooBgly  #y = - oplne, Py & ¥ Blocy 2 = ¥ 0B 1a4)

= K= Tpp @ Cpp B0l B = 2.0 w0 fied hy diffapeatiating [Ad)] that
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gonnected sirface would then be ipdeterminate.

I & @enge owr treatsast of the rotating dlek or cylinder with flst ands
L3 11legitimatn, mince the wormal o &, Lo parmllel to'the axis.ever o
finite surface: it may be geestionod ehether our decisian fo toke She rota-
tieg marface s gonvex is physically mebdslaciory.

Mara gemernl quesiicas alght be raimsd: fer cxarple 1% has TeeR a0
thot the imwteetanccus fors snd valpeity distribution detormine the lines
slamert of the initial surfsce aod presurably ite fimite fora, ood they sight
therpsfore be regsrded am given guantities chefactorizing o rigid sayfosen.

On the gther Fand, if two msorfeces are giwen, either with or ®ithout a par-
ticulse mmppieg of their psrticles, one might ask shether there existo o welo-
pity distribution over cae of them thnt wold oeke 3t correepond relativie-
tieally to the other {regsrdad an at reat).

im applring mich A theeTy as the pressst gne to experimente carcied out
on She rotmting earih, the abeence of any leterpretation of chesrvaticas
using accelernted meomring-rods and clocks will be felt at gaca. Desplta
many previcas diosoussions of thio problem, it is quéstionsble whether an
mdequnte solution cam be geovided by the Speoinl Thasey of Relativitr.
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R R b =8
{a+ al¥ p 3=
a
drn-_
Bince 35 Connot be greater tham 1, it follews that £, = s+ & = ¥

pnd that £ =03 , 1.0 “F'.* w0 . Thim matiesm 1z a 'l.ln!r'_r wlkgular onet  tha
mrface O ip plane, snd eowven norml to 1toelf with arbitrary wlasity Wt}
apd withewst rotation. [The dnitinl sarface @y io aleo plans. |
{h] L mttunggthny_&ﬂ ﬁuﬂ,mmig
im 4n fact constamt. Frow (5.08) we fgve £ o= r':ll:l-:l ¢ and Tpom I:EI.'|1:I A
g9t & differentisl sgestion for alp, +) which ocom be sTitter
1/% dz
amg = (o = Bg°) -;;E' - {410}
The stondard sethods of sclutior. ie which a amd 1 are treated on Ehe sama
footing, sreé not so conveniemt kere oo the followings  We take £, =V asan
indapendant wariahla in ploce of 4 , amd write o= 5, ela, t] = 2i(5 ¥}
god to= T{8; ¥] . For {A0) =& thun gt
1
H'E:I Sz By

—_— (a11]

0lfg = T2 & [of - o

with
Iy - VI = d. [a12)

mifferantiating [A32] with roepect te B, and [A11) with respeot ta Y,
L {1 . .

:-.-5 - ¥ r|||5 = [x I tJﬂ]'

dgz
=1 &
oTyg = Wic?a= ¥y 2 i {2814)

Thim, frem TA11) .

—1ig A2y
a8 -

ig = o (o = 'F"! {.i.ﬂ_:}l
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vau. = 0, [a5) and L PR {48])

11l ur £4 & that 4 n W i wom
s thet py =0 aod sy = 8. (At} end [AZ) are thes satiafied, and
{a3} tella ua thot Fy i= 8 oonstant ol sl that oo la im uniforn rotation.
{41} Ieh us now spuse thet v dp #0 . Them, from (AS) ;o saet
dppend on t along, and (A5} gives v o= W[4} - pag o Accordieg to (M)
v Rave

r = @ rcossd + alt) . 2 = - pmine+ with g (A7)
thy theas mnr:ti-@u.-h af t thas introfaced are comnected by the relations

a'lt] = Win) min o, - BUE] = W) comoat . LA
Wi can now write (B3} im tho Tora

9"

I i a3}
Ta

(g ooma + &) ﬁi—':'l'—a.l.t_]"z
The right hant mide of {83} in n pabioeal fosetice of @ , and et be
motunlly indepandént of % , L. agissl T8 its value at anmy particulor ime
LTI T The remaltine ideniity in n opo bé Leanslfof®ad inte & poly-
nomial identity, ond tharefore holde for cwepy waluc of @, whetker physis-
wlly plgnificamt or not. It follows that <he zerce, polee; and reaiduas af
#h= right Mand pide arm pure gonetpnte.  In pactiulae, aioce tkw pecond
depeainntor cormot have o double cero, we conclude that of and s{t} must
be conotambe. Assuning for the moment the® oL is oot zfro, w8 me CEgo
(48] that Wt} =0 ,ond Shue v = ¥ =ax, » 0. Dat this isin
pontradiction with ths papesption, made st the begioning of the parasrsapk,
that w o 0 . The alterestiwe iw that =0 , with w = Wt] | fram {AF)
wA then have

S T S B {congtant) ,
e+ 1]2 rﬂ:' of oy

and, by Aifferermtioting with regpeci ™o &
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Appendixz B: uturs of soridian eecticn of surfoce revolution i
unifera soped Eotion

In this oppendix we ghall discose, 1e oore detsil thsm in Saction 5, the
daformaticn of o surface of revolution 7' in umiform soré® @otion along
its axio, The angulsr welopity o' of the sugfsce Le 1o be keph Tlzed;
we shall be pmpsoially intéeresdsd in the fora of T an the axlal spasd U
apsroschas ¢ , tha speed of light. As before, the deformation of &'
relmsive o the initinl surface ¥, ot mm will be foand fron that of i1k
intermedinte surfsce of revoluiisn OF rotat ing uniforaly with anguelar walo-

=1
ity et = Koo' 4 where T o~ (1 - TR -l'dz_
The fusdnecoinl eoaailons comnncting the corresponding neridisn sectiona
my oy sl 2! wma (ef. (e0d4) , (4.02) , (40070, (5.0%) , and Fig. 8):
o -1f2

.E! ﬂ-'l'p
o= org 1 "“'_E'L:l
&

anm o, m om—
' o da

2 ¢ g
[k:l . [_ﬂ:, - 1 cngd = S . —.—-—E‘-.—-—jﬁ
48 o ' in (1+ w?r,2/o?)
o= F, ' o= nlE o, (o= Fea'] -

Hara @ La the arc-lengih along g, (end o ) 5 T, = ru[l] iomnd ol 9l
are the nngles snde by the poreelp to 2 o, with ike Axle ol syoaeiry-

If ws ooneddéer a dafinite parsllel of Llatltude on 'T-ﬂ g lee Z1X @ 4
then no eattey ehat it initlal radlus =, w=ay bo, we ghall hawe oiTfD =1
ag § —3 @ , &0 shat all the partiolen of 7 (ezospt those at poles,
where = rp = 0 ) ultieotoly find thbeaealvos at the sege digtance frea tha
agde.  {This La the poiat of wie® odepted in Canc © below.)  Om the other
hand; far a fizad walue of % , no mattor how large, thers will be wmlaes
of r interandintn tetween 0 and the eexisue poesibla, &fn . o orpder
o etpdy the shape of o' (l.2. of af | we therefore f4r A ot o oon-
vepleotly large wolue and then drvestigate hos the slope and curvature vary
an 1, 1o varied pver She mefidian ssclics & - {Thim im the poimt of
view afopted 1e Casna A and B helow, )
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Ietegrating [A14) snd (A15) Witk reepest fo 3, we get

s = Wigd- uE]'ﬂ B + o 00T, LERLY]

:o= etetow Mo 4 oagry, (a17)

whars T 4s some fumetior of T | we choone T &0 that cari‘l'z - :;I;E' = 1
[tk dmgh indirsting differeniioiion with Pespect 46 7 ).  Them, diffeyen-
tiating [A16] and  [A97) with respect to ¥ and agplying  (812) , we ees

that 27 = VI, Tms (oF - UEJF”IE = rf oant v (e - '.rz]""f? = 8,
and =

LT X o i‘% ER LY FGY

2 = 20E) + 02 (T sgla} {a13)

Interpreting 7 /¢ ae the proper iime nlong the world lime with coordinatas
ol T) o L0 . We pee that the gotion given pameatrically by (A18) aed
{#18) dis the general "arn motion in ooe dimensics (papsllal $o the g-axisl.

Ko gon mammarize tho several altormstiwe mops in shich the seridinnn of
Cry are mapped lets seridianc of o as Zollasss

Py, =0
k . !
Vg = D 'ru!.l"!]
: i I
'illﬂ I.'-p'rl},',..-utl:l thn
! | |
2l ==0. P =0, r=const.,  Bars sotipn

(uniform rotation) {plane movipg ansaslly)



L.

Tn diprogsdpng the uliimte sheps of 7 it is scre coovendest to constder
Ingtaad of &" the [iaite ciarve T cbieiosd by eagnifying o' in the
ratio w0z 1 9y dede ¥l foor 1 0 The coordinstes of & typieal point

en B are B e F ' e wfafe; thue the sexisse redius of B'  spprosohe
én 1 am K—pm (ooe Fig. 5)e  The alepe of B fa §' = p' . but tha
curveture Jr° in otaller than that of @' , boieg in Teet K'e S K of) o
How by uweing (E1) o (B2} it com be seen thot, so long @ Ty £ & 5 tha Tirst
term im the mumarator of the expreasioe (B3] for K is negligltls ik cos-
parince witk tha sepand, snd s gan thersfore arits

Riom o B mece (10 NI (15}
]
5 =5
% e 3 T, oossod {1+ E;} (r, & &). [B&}

Or; the gthas Fand, since T, %33% 1 when T, f , we can writa

2
K . [+ E . 3 0 oon” ol .
= _'_Wffl: o ma, ———E_‘J. T ] {z, » &1+  (E7)

the bracket beleg imdepopdent of ¥ . 0 By the myebel S A6 Senn thet tha
relotive srror being mede will oppronch sero me W lRcToonsa-

In writing |;BT:I fE antlelpatad tha fast that aingl ek 1 whan fﬁ'p LH
¥e pom write such approximntioms for oodge AGnd  adeel 16 three sxheaumtiva
= TP

(&) TF ¥, € & and T, {{ 't , then mnj.q:ﬂ-%i_f el .I:I.Ilﬂ.,'.‘-ll.‘,."i"nl
[P}

(B} Ir e, 5 amd F 5% 1, then const r;,._.,-i!',:.]_5 and  ainel Tt g(BO)

(€] If T,y &, ther comel gcosal [iu]'E' aed sinol 21 . (B0}

Dot ue write " ru,-"; = ,\‘.'lu . @0 thot !: - EP::- . T2 folloms
from (B2 - B6) by uaing (BB) tkat dn Cneo &, wiz. B, {41,

» oo 1 P mmt R g Sy (Be1)
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It turen out that by mestricting § %o psefficieatly lamge velues we
meod sonalder rainly the neighbourhood of & pols [r, = 0F o For Seflmite-
meas we gholl asowse %hxt (o) ﬂﬁ 't At the pols, 00 that ﬂ‘_,-.,_ ke &
unlque tangent plann therey amnd (h) the curvaiues KW, of T hoa the
finite valus H’m At Sha pole asd im a4 cortimious fumcticm of A in ite
moighboartosd. Ascordiagly thers existe o mazher & mach thet for 1, g &
wa have ’

Wy 8% 1 [oy = Krl G K,

feod Which it Tollows thet

o8 A% 1. i8]

ro

For r, T & we maks no ssmiaptions obout ihe curve . oiber than thot el
snd M, s#xist evaryehors oxcept posoibly st imclated polote.

%e ore now in oo position to fix ¥ . Ae alresdy stated, L3' (7 &)
im o given fized quantity; ik fect & Tomdemenial ddnensicaless poramster im
this Alacussion 1a a's lo .h"m] ; for which kowaver we ey substitute w2f e .
¥e choose for ¥ o murker st leset so large thet ¥ od'dfz ¥R 7 ¢ in this
muy we guarantes that !'c:_ - J.a-ra_-"c can e larges owen thousgh -:l.u La muffi-
cleptly apprexiscted by W T, . Wo may oote heres a conseguence of our
ohoios of W = usming [B1] w8 have

Betfe 3% g, ex  E o33 K r . {me}

Wa atwll oeed exuct expreasionn for the slopes p o, p' and the
urvatures K ., #" of our meridisan sestlome B o, ' these are rendily
Tound to be

= 2
N 3Ty drons
noBeD B ' mEn -iﬂ - "
’ af1+ T, 0

(22)

w2

g - tangd, M - [1+:'E_E]-

Poepfly Koe 'E- {con®d + —_]F pdo® o 3-3;3 - —':_- waetel (14 P.:r]-!u"'?_

(m4)
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Appemdix [: E n Sectink &

This appendix supplies nome of the mathematical atepe aaltted in Sections
f and T oo the retutilng sphece and oylinder.  Startieg fyem tha funda-
epntal squntions {(8.37 - 6.02) for the coordineten r and 5 af the
rotating mardace T, we intredsca the wariskls x by the relation (ef.
(604}

tan~1 [z s K.l = ade=! {eoa g aiu.):ﬂ}_ .

In terae of = =& haws

E--n:'i-;-= |:-l.‘-.|'l.2.ﬂ,¢ _12}1-"&’ |:1—i.'2:| = mtz'.‘:a-f:?r
-!Eﬁ-“ = eee {cauEftt + :?:1_11

pine = P [EHF]E = :E'nin?‘.l.,._] " '

po that the integrol for £ cam be writion

x T
. - ety
= [N , 7 1
:.u —ei = L |,1+:E] I:[:l}u"_:j_nt]:::l [1 - mﬁ'&] -h1'[ﬂ1.:'

which La equivalant to gquatipn 16.08] .
By putting = = tan ¥ we can pxpress @ in terms of incomgleote
alliptic integrala:

- & 2 14 _ tan wlE 1)
2 & tan= {1 = wt ) 1 1
] T 35 tan . tan '[E..,I"I:' B 1:3,11121..]]

4
- Fh - lzﬂ.h?d.-:lll'&ﬂl . &E (1 = 1 wie? )7V oy
o

.
2+ 'ur.E); v 2., 2 =i/ 3 g =
+ '—E«t 01 = k¥minsd) i1 = k tn.'u‘z'l:ﬂl:lu!.n. ) oA,

a

(oz)
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In Cape B, wizs. ¥, 3% 1, w mc fron (B9] tmat

M -3 -3
' ome g0 Hu}, &ndl -2‘_:'" = 3T BT (E12)

but o estisate & ' an et detinmiiel ten sub-cascs acearding ag pt % 15
them (5] shows thot

(B irop' £g 1, then R ww 3 E Fn:' ' (813}
(%) tf p'yy 1, them T o 367 7V (514)
Fieally, in duse @, vis. r, 3 & ; the mae egaticon with (B0} ehow
shat -
] i k- B {! 1.}
P = ! IP:- W - ]

s Ko stndy | 3 conely ik (B16)

Lad I

or wi omay iy that Jx L ﬂ[ﬁ_?] a
Cagig A and B ars separated by wolees of 2 of order FTT, for

TR

which F, dis fimite, p' and ;7' wedng (=7, f.e. both esall.
Cagen 'B._' wnd BE are separnted, pooarding 4o (2] 4 by values

of 2 of arder $-2%  fir weich ' fa fimite and Fota EEET
fa#c large-

The curvoture X ' 1o findte dwiop in Case B @ firet when By do
&g 'q"q"ll » B hidng I'.'I"I:‘E"'E"'r"‘"} » Lot maell, and phgondly when 2 Le

ﬂ-l:ﬁ_ll""z] » ' being ﬂ'l:l"'."'&'l 3 hans luFga.
Fltizately, <n Cose ©, §' Za ot lesst FIA%) and R s &)
Ihep conélunions acd in aqgedsnnt wilk the sissary i Bestlen 5.
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H{d] oar be axprossed an

i) = aot e (o - ke 1)

/2 142 i
+[ (4~ ate? 40 a0 - 3[ PRREPE UL

4 4

aT @A @ sarics correspondimg somewhat ta (O3] =

Hidl = 2 oot + {EL-H:I%IH + % - ﬁ +  waa |

-;Ln%[#tﬁf T T [05]

Né ape particalsrly iotecosted in the behavicer of thees: vwmrioge éx-
pressiond e G —pm o For emaaple; fros equation (6.47) 5 ee patting
-:-nn]'.ﬁ = & . :H_.-‘.'H‘ s Wa got the expaneica (6.38) ¢ ard mimilarly froe [05)
we dedupe thot if o iag seall, T, large, then

.HEIJ [‘-31—.';21“313'1F-+E-¢'.u:|+.“]
v (1 = Ded0F F By ) .

The squality of the confficionts of the terae ldmoar in [-:!.u'r-'J:I in thasd
evpakaicas far the sphere and the plang gng ke eetablishad dlrectly by taking
the approgpriste lieits im the letegral L=t

Rocmived Septsgber 1993
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whata k = -}:gin':lu «  The elliptic integral of ke third kind det beding
a tabulsted fanotion, the lapt term g (0F] w&ould heve to be expamded in
gerien. Thd bedng so, it im just os convanimnt e return ta (C4) ned

sxpasd ike pguare Bracket Wy the hinomdzl theaorem. {Ths comvergenos in
142
‘either onne 1o ot least no eupdd ma thet of the sorien for (4 = '}J 2]

W thas get

Fow o, -dr adn k-, (g3}

FYTRE

whers

& .
I“_ = [ WE uiu"il:':.}zn [1+ :I:E':I‘I.Eu I'll:lln-ui":l,l:r & :I.'?}--' dx - In

particular we bEve

1 s ox o+ Wan, tan,
1, = tan Tl x o= K oeosW,

I, = l:% - g-:!u.l?':l.n - untE}:umuzTn} tar | ®
+ W oont® x, coat,

o x
_1. 2 b - el -.,In
FlE s Rt T - T TR

By putting X = niln':lin an [oz) #2 gt Foreuls [8.07) for T , the Bedght
af the pala abgvs the sgundorial plene.

Tha analogous foreulan for n plane can b= obtainsd by letting B,—3m®
im sdther (21] or (02) . It 1% conwemisnt %o sawsure = from the pole
Fwaf | tha resli ip

iz
E = g (4 - slef H”t' capiet b Ak = K (0], my. (2]
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Fig. Bir Maximom hedght § and raddus B of rigid ephers in uniform soges
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Fig. 60: Tofersstian of seridiasn seotion of sphers in wnifors ssrew
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Deformation of mridiag ecction of sphere in aniforn screw
mtion (€)' fiwed]. [The miwultaneous teisling of tha sphere

#shout bk saxie ie indicated for ¥ = 7-90.)
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Fig. &E1  MNeridian seoiicm of sphore in wniforn sgree mction enlorged By

a factor 1R = Bew'fo (R o= orl )
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Fig. M1 Ieforsaticsn of seridian section of flat oed (cop) of siegular

oxlipder im unifers retaticg






=h3=

5K

__"-h'-"'“”'*-Hilf_,h
Irﬂr___. - —— e — o — —ima

fa}
— — h
. H e
w' M, fe =00 (1) / 0
{2y | o 995
(3 | roe EYITEY

Fig. TEr Deforwmtics of spfidian seation af slrsulaf cylinder in ueifors
poran wotion (1T fimed]



